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Abstract
Purpose – This paper aims to establish a multiscale topology optimization method for the optimal

design of non-periodic, self-supporting cellular structures subjected to thermo-mechanical loads. The
result is a hierarchically complex design that is thermally efficient, mechanically stable, and suitable for
additive manufacturing.

Design/methodology/approach – The proposed method seeks to maximize thermo-mechanical
performance at the macroscale in a conceptual design while obtaining maximum shear modulus for each
unit cell at the mesoscale. Then the macroscale performance is re-estimated and the mesoscale design is
updated until the macroscale performance is satisfied.

Findings – A two dimensional MBB beam withstanding thermo-mechanical load is presented to
illustrate the proposed design method. Furthermore, the method is implemented to optimize a three-
dimensional injection mold, which is successfully prototyped using 420 stainless steel infiltrated with
bronze.

Originality/value – By developing a computationally efficient and manufacturing friendly inverse
homogenization approach, the novel multiscale design could generate porous molds which can save up to
30% material compared to their solid counterpart without decreasing thermo-mechanical performance.

Practical implications – This study is a useful tool for the designer in molding industries to reduce
the cost of the injection mold and take full advantage of additive manufacturing.

Key words 3D Multiscale topology optimization. Additive Manufacturing. Injection mold.

1. Introduction

Molds used in the plastic injection molding process must withstand extreme pressure loads and thermal
expansion, while at the same time providing dimensional accuracy of the molded part. These molds
are required to efficiently and uniformly transfer heat flux from the molded part to cooling channels
[1]. In conventional molds, the cooling system often consists of straight-line cooling channels, which
can be manufactured using machining processes; however, they are thermally inefficient and unable to
cool the injected part uniformly. The emergence of metal based Additive Manufacturing (AM) enables
the design and production of intricate conformal cooling channels in molds, offering significant cost
savings, particularly in designs having high geometric complexity. These AM technologies include Direct
Metal Laser Sintering (DMLS), Electron Beam Melting (EBM) and Selective Laser Melting (SLM) [2].
The unique capabilities of AM technologies allow innovative design approachs that challenge traditional
guidelines of the several major industries including plastics injection molding [3, 4].

These approaches, aiming to reduce the AM cost without decreasing the performance of design part,
can be divided into three groups, namely macroscale (structural) design, mesoscale (meta-material) and
multiscale design. In macroscale, structural optimization, including size optimization, shape optimization
and topology optimization, are the most commonly used methods for parts design of additive manufac-
turing . Among them, topology optimization has the best design flexibility since it allows material
distributed in terms of physics requirement, offering the potential to create novel and complex parts
with high performance and reducing material cost [5, 6]. Some studies have been investigated to de-
velop design frameworks of topology optimization for additive manufacturing for mechanical, thermal
and thermo-mechanical structures [5, 7, 8]. In mesoscale, the solid phase meta-materials can be replaced
with open cell lattice or porous materials, without changing the macroscale geometry contours [3, 16, 17].
Finally, in a multiscale design, both macroscale and mesoscale design method are simultaneously applied
[11, 9, 12, 14, 15]. The most computationally efficient and manufacturing friendly multiscale approach is
called Topology Optimization with Functionally Graded Unit Cells [14, 15]. In this method, homogenized
properties of a series of pre-defined lattice unit cells with functionally graded relative densities, from void
to solid, are derived. The properties of these unit cells are synthesized and implemented in the macro-
scale topology optimization, leading optimal structures that composed of quasi-periodically distributed,
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Figure 1: (a) The lattice structure of the design domain of the cavity; (b) The lattice structure of the
design domain of the core; (c) The final design of the cavity; (d) The final design of the core; (e) The final
3D-printed cavity in plastic resin; (f) The final 3D-printed core in plastic resin; (g) A lattice structure
sample 3D-printed in stainless steel.

functionally graded unit cells. As an example, in our previous work [15], injection molds designed using
this method can ideally save 10% to 30% of material cost without compromising thermo-mechanical per-
formance of the mold, as well as maintaining the geometry in contact with other mold assemblies (Fig.1).

Despite of the straightforward of this method, in such optimal design, the geometry complexity of the
unit cells are limited since they are controlled by limmited functionally graded parameters. Furthermore,
these lattice unit cells may consist of some undesirable long overhanging struts, which lead risks of
deformation or sagging in the manufacture process. To support these unstable structures, additional
material would be required during AM process. As a result, the actual material usage is more than
anticipated. In addition, the removal of large amount of support materials for delicate lattice unit cell
structures is time consuming and may breaking off small pieces of lattices. An efficient strategy to reduce
support structure materials is to construct self-supporting lattice unit cells in mesoscale design. Self-
supporting strucuture ensures that, during the manufacturing process of these cells, one building layer
can be supported by its underneath layer without distorted too much or even fail [16]. To obtain a
self-supporting lattice structure, the fabrication angle between horizontal plane and downward face of
the lattice unit cell should be more than some critical values between 40◦ to 45◦ [17]. Typical design
strategies to design structures fulfilled this fabrication angle criterion include Computer Aided Design
(CAD), biological architecture image data based design, and implicit surface design based on analytical
mathematical equations. However, all of these strategies are developed by means of designers’ intuition
and experience, often requiring a tedious trial and error process to achieve the expected properties.
Fortunately, the inverse homogenization method can complement this weakness [18]. With application
of inverse homogenization, the optimum topologies of a lattice unit cell with maximum bulk modulus,
shear modulus or heat conduction can be obtained [19, 20]. Among these topologies, the lattice unit cell
having maximum shear modulus represents a diamond shape that benefit to reduce the support structure
material in AM process.

However, inverse homogenization method is mainly implemented in a mesoscale design rather than
in a multiscale design, probably due to the high computational cost to optimize each unit cell. In
this study, a multiscale thermo-mechanical topology optimization algorithm involved a computationally
efficient inverse homogenization method is proposed. A multiscale topology optimization specifies that,
the optimized topologies are achieved in both macroscale structure and mesoscale unit cells. The two
scales topologies can be optimized either concurrently or hierarchically. The concurrent approach is
computationally efficient but it results in only one periodically distributed mesoscale topology [11], while
the hierarchically approach can attain optimized properties for each lattice unit cell but it costs significant
computational resource and time. Although this hierarchical approach has been an active research topic
for many years [9, 12], few of them are applied this approach in three dimensional design with consideration
of manufacture issues. In our study, by implementing a computationally efficient inverse homogenization
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method to maximize shear modulus of each unit cell, the whole structure is self-supporting and easy
to manufacture. Furthermore, a Hybrid Cellular Automata (HCA)[30] updating scheme is employed
to guaranteed the thermo-mechanical performance of the macroscale structure. Also, compared to our
previous work[15], the method brings a manufacturing friendly design and the design accuracy is improved
since each mesoscale unit cell is optimized.

The paper is organized as following: homogenization method, which is the foundation of the proposed
approach, will be briefly reviewed in section 2. Then, the proposed multiscale thermo-mechanical topol-
ogy optimization is presented in section 3. In section 4, the method is demonstrated by optimizing a solid
mold to a porous injection mold. In Section 5, the issues with respect to final design, manufacturing as
well as future experiment plan are described. Finally, conclusion is presented in section 6.

2. Homogenization method

The material design is formulated as a structural optimization problem and be optimized using inverse
homogenization method [21]. The objective function of this method contains effective properties of
investigated material, which are found by numerical homogenization. Numerical homogenization can
be implemented in asymptotic method (AH), mutual energy approach and represent volume element
(RVE)-based approach. All of them can be used to derive homogenized elasticity tensor DH

c and thermal
conductivity tensor κHc of an a-priori defined unit cell. In this section, these methods are briefly reviewed
before presenting the proposed multiscale thermomechanical topology optimization approach.

2.1. Asymptotic homogenization

Asymptotic homogenization (AH) assumes each mesoscale unit cell in a macroscale structure follows
periodic boundary condition (PBC). The measurable quantity of a unit cell u is the superposition of
macroscale quantity u0(x, y) and a small periodically fluctuated mesoscale quantity u1(x, y), which can
be represented using first order asymptotic expansion:

uε = u0(x, y) + εu1(x, y) +O(ε2), y = x/ε, ε� 1. (1)

Asymptotic homogenization can be rewritten in an equivalent discretized form in terms of element mutual
energies:

DH
c =

1

|Vc|

ne∑
e=1

∫
Ve

[I−Beχe]
ᵀDe[I−Beχe]dVe, (2)

where ne are the number of finite elements of the discretized unit cell, |Vc| is the unit cell volume, I is the
identity matrix, Ve is the volume of the finite element e, Be is the elemental strain-displacement matrix,
De is the elemental elasticity tensor, and χe is the matrix containing the element displacement vectors
χije resulting from globally enforcing the unit test strain fields εij ([χ11

e ,χ
22
e ,χ

12
e ] for a 2D finite element).

The elemental displacement vectors χije are obtained from the global displacement vector of the unit cell
χijc , which is the solution of the equilibrium equation[

ne∑
e=1

∫
Ve

Bᵀ
eDeBedVe

]
χijc =

ne∑
e=1

∫
Ve

Bᵀ
eDeε

ijdVe. (3)

The first term in the left hand side of Eq. (3) is the stiffness matrix of the unit cell and the right hand
side is the nodal force vector of the unit cell.

In analogy to homogenization theory for elasticity tensor, homogenized thermal conductivity tensor
κHc of a discretized periodic unit cell is given by

κHc =
1

|Vc|

ne∑
e=1

∫
Ve

[I−Bt
eTe]

ᵀκe[I−Bt
eTe]dVe, (4)

where ne are the number of finite elements of the discretized unit cell, |Vc| is the unit cell volume, I is
the identity matrix, Ve is the volume of the finite element, Bt

e is the elemental (temperature gradient)-
temperature matrix, κe is the element thermal conductivity tensor, and Te is the matrix containing
the element nodal temperature vectors Tij

e resulting from globally enforcing the unit test temperature
gradient fields ([T1

e,T
2
e] for a 2D solid finite element). As before, the element temperature vectors Ti

e are
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Figure 2: Comparison of Dofs setting between energy-based homogenization and asymptotic homoge-
nization.(a) The discretized unit cell. (b) Dofs used in energy-based homogenization.(c) Dofs used in
asymptotic homogenization.

obtained from the global temperature vector of the unit cell Ti
c, which is the solution of the equilibrium

equation [
ne∑
e=1

∫
Ve

Bt
e
ᵀ
κeB

t
edVe

]
Ti
c =

ne∑
e=1

∫
Ve

Bt
e
ᵀ
κet

idVe. (5)

The first term in the left hand side of Eq. (5) is the “stiffness” thermal matrix of the unit cell and the
right hand side is the nodal heat flux vector of the unit cell.

2.2. Energy-based homogenization

Energy-based homogenization is an equivalent approach to asymptotic homogenization. In this
method, the mutual energy form (Eq. (2) or (4)) and PBC are adopted as well. The difference between
these two methods are the implementation of PBC and test strains. In energy-based homogenization,
nodal displacement constraints are imposed on each pair of opposites boundaries k− and k+ to satisfy
PBC:

χk+i − χ
k−
i = εij0 ∆y, (6)

where εij0 is a given strain and ∆y is the length of the unit cell [22]. In asymptotic homogenization, each
pair of opposite boundaries share same Dofs (Fig.2) [23], and the test strains are imposed on the whole
finite element.

2.3. Representative volume element method

Compared to above two methods, Representative volume element (RVE)-based method is straight-
forward. It is derived based on the assumption of constant strain fields are uniformly distributed over
a RVE, thus homogenized elasticity tensor can be computed by average stress and strain using Hooke’s
law:

〈σ〉 = 〈E〉〈ε〉, (7)

where 〈σ〉 is average stress, and 〈ε〉 is average strain of a RVE. In finite element analysis, by applying a
group of prescribed unit test strain on the RVE’s boundaries, the homogenized properties can be obtained
through computation of average stress of the whole element. Using the strain and displacement relations
(for 2D problem):

εx =
∂u

∂x
, εy =

∂u

∂y
, γxy = 0.5× (

∂u

∂y
+
∂v

∂x
), (8)

applying prescribed displacement [u = x v = 0] on RVE’s boundary yields an average stresses equal to
E1111 and E2211, applying prescribed displacement [u = 0 v = y] yields average stresses equal to E2222

and E1122, and applying prescribed displacement [u = 0.5× y v = 0.5× x] yields E1212.
In analogy to this, homogenized thermal conductivity tensor can be computed by average heat flux

and temperature gradient using Fourier’s law:

〈q〉 = 〈κ〉〈∇T 〉, (9)

where 〈q〉 is average heat flux. It can be obtained by applying prescribed temperature T1 = x and T2 = y
on boundaries.
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Figure 3: A comparison between RVE-based method and asymptotic homogenization method.

To compare RVE and AH methods, a test using a group of 3D cubes with rectangular holes are
implemented as Fig.3 shown. The resulting values from RVE-based method are slightly higher than
those derived from AH method and the equivalent energy-based approach, which implies using RVE-
based approach may over-evaluate stiffness of the structure. However, RVE-based method has two main
advantages over AH method. First, this method is appropriate to evaluate properties of non-periodic
mesoscale material, because assumption of periodic boundary condition is not required. In addition,
since prescribed displacements on the boundaries are linear functions of geometry coordinate, symmetry
condition can be used for finite element analysis, if RVE’s center located on the coordinate (0, 0, 0). The
computation cost will thus be saved.

3. Multiscale thermomechanical topology optimization

In this section, proposed multiscale thermomechanical topology optimization is presented. A flow
chart (Fig. 4) is shown to describe this approach. First, in terms of the force f and heat flux ft applied
to design domain Ω and surface Γ, a conceptual design having a density distribution θc is generated,
using macroscale thermo-mechanical topology optimization with a linear material interpolation. Elemen-
tal strains ε1 · · · εnel and relative densities θ1 · · · θnel of this conceptual design are evaluated. Based on
these information, each unit cell is optimized through RVE-based inverse homogenization. Then, homog-

enized tensor
(
DH
C,1 · · ·DH

C,nel, κ
H
C,1 · · ·κHC,nel

)
and local stiffness matrix

(
KH

1 · · ·KH
nel,K

H
t,1 · · ·KH

t,nel

)
of

each optimal unit cells are computed through asymptotic homogenization (AH). With assembled global
stiffness matrix

(
ΣKH ,ΣKH

t

)
, the macroscale thermomechanical finite element analysis is performed to

re-evaluated the objective. After these steps, the first iteration of multiscale optimization is finished.
Since in the conceptual design, the linear interpolation represents a stiffer property than the actual ma-
terial with same densities, the internal energy or compliance of resulting porous structure from the first
iteration would be underestimated. Hence, design variables are updated by enabling additional mass and
next iteration is performed. The approach contains three key concepts, namely macroscale structural
design, mesoscale material design, and design updating scheme, which will be described in following
sections.

3.1. Macroscale structure design

The purpose of marcoscale optimization is to use given mass, minimize the internal energy or compli-
ance arising from external load fᵀu and thermal expansion fth

ᵀu, while remaining thermal compliance
ft

ᵀT that adopted as a measurement of heat conduction, employed as a constraint. The constraint aims
to use relax factor CQ to define an upper bound of thermal compliance, in order to ensure a small
thermal compliance which indicating high thermal performance. Additionally, In the optimization pro-
cess, Hooke’s and Fourier’s law are served as physics constraints. Finally, macroscale thermomechanical
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Figure 4: Flow chart of multiscale thermomechanical topology optimization.

topology optimization is stated as

given m(θ1)

minimize fᵀu(θ1) + fth(T)
ᵀ
u(θ1)

subject to ft
ᵀT(θ1) ≤ CQftᵀT(θ0)

m(θmin) ≤ m(θ1) ≤ m(θ0)

θmin ≤ θ1 ≤ 1

satisfying K(θ1)u(θ1) = f + fth

Kt(θ1)ft = T(θ1),

(10)

where θ1 represents relative density distribution and θ0 is the initial design; m is mass of macroscale
structure; f is mechanical load and fth is thermal expansion load; u is nodal displacement vector; ft
represents nodal heat flux and T nodal temperature. K is global stiffness matrix for mechanical; Kt

is global stiffness for heat conduction. The sensitivity analysis of a coupled thermomechanical topology
optimization is described in [24]. To analysis sensitivity of this problem, Eq. (10) can be rewritten as
the form of Lagrangian function L:

find θ∗1 ∈ Rnc

minimize L(θ1) = (f + fth)
ᵀ
u(θ1) + ωft

ᵀT(θ1)

λm
ᵀ(K(θ1)u(θ1)− f − fth) + λt

ᵀ(Kt(θ1)T(θ1)− ft)

subject to m(θmin) ≤ m(θ1) ≤ m(θ0)

θmin ≤ θ1 ≤ 1,

(11)

where ω is a weighting factor, λm and λt are adjoint vectors. Notably, here the design dependent load fth
is not only a function of relative density θ1, but also a function of temperature T. Indeed, T is a function
of θ1. Thus, by using chain rule, the derivatives of the Lagrangian for each element θc are written as

∂L(θ1)

∂θc
=u(θ1)

ᵀ ∂fth
∂θc

+ u(θ1)
ᵀ ∂fth
∂T(θ1)

∂T(θ1)

∂θc
+ (f + fth)

ᵀ ∂u(θ1)

∂θc
+ ωft

ᵀ ∂T(θ1)

∂θc
+

λm
ᵀ
(
∂K(θ1)

∂θc
u(θ1) + K(θ1)

∂u(θ1)

∂θc
− ∂fth
∂θc
− ∂fth
∂T(θ1)

∂T(θ1)

∂(θc)

)
+

λt
ᵀ
(
∂Kt(θ1)

∂θc
T(θ1) + Kt(θ1)

∂T(θ1)

∂θc

) (12)

where λm
ᵀ and λt

ᵀ are the vectors of adjoint variables. In order to cancel ∂u(θ1)
∂θc

term and ∂T(θ1)
∂θc

, the
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value in adjoint vectors can be defined to satisfy

((f + fth)
ᵀ

+ λm
ᵀK(θ1))

∂u(θ1)

∂θc
= 0(

u(θ1)
ᵀ ∂fth
∂T(θ1)

+ λt
ᵀKt(θ1)− λmᵀ ∂fth

∂T(θ1)
+ ωft

ᵀ
)
∂T(θ1)

∂θc
= 0,

(13)

where
∂fth

∂T(θ1)
= Kmt(θ1), (14)

where Kmt is the thermo-mechanical coupling matrix. By sequentially solving the above two equations,
finally, the sensitivity is derived as

∂L(θ1)

∂θc
= u(θ1)

ᵀ ∂fth
∂θc

+ λm
ᵀ
(
∂K(θ1)

∂θc
u(θ1)− ∂fth

∂θc

)
+ λt

ᵀ ∂Kt(θ1)

∂θc
T(θ1) (15)

In proposed multiscale approach, macroscale topology optimization is only called one time to generate
a conceptual design. The design is generated using linear material interpolation, method of moving
asymptotes (MMA) solver [25] and no filters.

3.2. Mesoscale material design

By using the information provided by macroscale conceptual design, maximum bulk modulus, shear
modulus and heat conduction for each unit cell can be found through RVE-based inverse homogenization
method. With application of elemental relative density m(θne), strain ε(θne) and temperature gradi-
ent ∇T(θne) derived from macroscale conceptual optimization, an inverse homogenization is written
as a minimum compliance problem. It is stated as a displacement based, multiple-load cases topology
optimization:

given m(θne), ε(θne),∇T(θne)

minimize

n∑
i=1

fi(u)
ᵀ
ui(m(θne), ε(θne)) or

n∑
i=1

ft,i(∇T)
ᵀ
Ti(m(θne),∇T(θne))

subject to m(θmin) ≤ m(θ) ≤ m(θne)

θmin ≤ θ ≤ θmax

satisfying K(θne)
−1u(θne) = f

Kt(θne)
−1T(θne) = ft,

(16)

where mechanical compliance (extreme elasticity property) or thermal compliance (extreme heat conduc-
tion) for each unit cell is stated as an objective. n is the number of load cases. For a 2D RVE, n = 2, and
for a 3D RVE, n = 6. The loads in each load case are induced by prescribed displacement or temperature
gradient, which are defined in Fig. 5 for a 2D RVE.

The inverse homogenization problems for 2D RVEs are solved using in-house Matlab code, in which
solid isotropic material penalization (SIMP) method [26] , MMA solver and density based filter are used.
Fig. 6 shows resulting topologies using given relative density m(θne)=0.19, 0.5 and 0.81, prescribed strain
ε(θne) = (1, 1, 1), and prescribed temperature gradient ∇κ(θne) = (1, 1). Each unit cell is composed of
80 × 80 elements, but only a quarter of the structure (40× 40 elements) is required to be analyzed. The
results are consistent with reference ([27, 28, 20]). 3D extension is developed based on Top3d program [29].
Similarly, the optimum topologies are obtained using SIMP method, MMA solver and density based filter
with m(θne)=0.259, 0.5 and 0.74, prescribed strain ε(θne) = (1, 1, 1, 1, 1, 1), and prescribed temperature
gradient ∇κ(θne) = (1, 1, 1) (Fig. 7). The results are shown as a distribution of 2 × 2 × 2 unit cells to
illustrate the connectivity. Each unit cell is composed of (40 × 40 × 40) elements, but only 1/8 of the
structure (20 × 20 × 20) is required to be analyzed. To facilitate the removal of extra material cost in
AM process, open channels are defined as passive elements, making m(θmax)=0.8.

As mentioned in the introduction, among the optimum topologies in Fig. 6 and Fig. 7, for the unit
cells having maximum shear modulus (the first row), the angle between each tilt bar and horizontal
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Load case 1	
𝑢 = 𝑥 % 𝜀''(𝜽*+)

(a) Maximum bulk modulus 
min	𝑐(𝐸'''' + 𝐸''33 + 𝐸33'' + 𝐸3333)

(b) Maximum shear modulus
min	𝑐(𝐸'3'3)

(𝑥 = 0, 𝑦 = 0)

(𝑥 = 0, 𝑦 = 0)

(𝑥 = 0, 𝑦 = 0)

(𝑥 = 0, 𝑦 = 0)

(𝑥 = 0, 𝑦 = 0)

(𝑇 = −0.5)

(𝑇 = 0.5)

(𝑥 = 0, 𝑦 = 0)
(c) Maximum heat conduction

min	𝑐(𝜅< + 𝜅=)

Load case 2	
𝑣 = 𝑦 % 𝜀33(𝜽*+)

Load case 1	
𝑢 = 𝑦 % 𝜀'3(𝜽*+)

Load case 2	
𝑣 = 𝑥 % 𝜀'3(𝜽*+)

Load case 1	
𝑇 = 𝑥 % 𝜅<(𝜽*+)

Load case 2	
𝑇 = 𝑦 % 𝜅=(𝜽*+)

Figure 5: Prescribed displacement (or temperature gradient) and supports (or insulated boundary) for
the purpose of maximizing extreme properties.

(𝑚(𝜽$%)=0.19) (𝑚(𝜽$%)=0.5) (𝑚(𝜽$%)=0.81)

(a) Maximum shear modulus
(self-supporting structure)

(b) Maximum bulk modulus
(support structure is required)

(c) Maximum heat conduction
(support structure is required)

Figure 6: 2D results from RVE-based inverse homogenization.

plane is approximately 45◦, obtaining a self-supporting structure. Compared to them, those unit cells
having maximum bulk modulus and heat conduction contain overhangs that required additional support
materials. In terms of maintaining a self-supporting structure, maximum shear modulus is a preferred
objective function in material design. Notably, this objective function may not guarantee the overall
material’s thermo-mechanical properties, which will be achieved through design updating.

3.3. Updating rule of multiscale design

After macroscale topology optimization and mesoscale material design for each unit cell, one itera-
tion is finished. Next, the homogenized properties of each unit cell are evaluated through asymptotic
homogenization. Then global stiffness matrices are assembled and a new macroscale objective value can
be evaluated by calling thermomechanical finite element analysis. This value may be a suboptimal value
compared to conceptual design for two reasons: First, the material interpolation used in conceptual de-
sign is stiffer hence the thermomechanical performance would be overestimated; Second, the objective
function in the material design is maximizing shear modulus, which may not ensure the overall optimality
of thermo-mechanical performance for each unit cell. A design update scheme is therefore required to
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(a) Maximum shear modulus
(self-supporting structure)

(b) Maximum bulk modulus
(support structure is required)

(c) Maximum heat conduction
(support structure is required)

(𝑚(𝜽$%)=0.259) (𝑚(𝜽$%)=0.5) (𝑚(𝜽$%)=0.74)

Figure 7: 3D results from RVE-based inverse homogenization.

revise the suboptimal macroscale objective value close to the anticipated value:

ηi =‖ Ji − J0 ‖ /J0 ≤ η, (17)

where Ji is the objective evaluation of ith iteration, J0 is objective of conceptual design, η is a small
number. The following Hybrid Cellular Automata (HCA) [30] principle is employed to update elemental
design variable xi or its Moore neighborhood NM, based on local objective value:

if Ji,ne ≥ J0,ne and xi,ne ≤ xmax, xi+1,ne = xi,ne + δ

elseif Ji,ne ≤ J0,ne and xi,ne ≥ xmin, xi+1,ne = xi,ne − δ
elseif Ji,ne ≥ J0,ne and xi,ne = xmax, xi+1,NM = xi,NM + δ

elseif Ji,ne ≤ J0,ne and xi,ne = xmin, xi+1,NM = xi,NM − δ

(18)

These updated design variables are adopted to material design in next iteration.

3.4. Two dimensional numerical example

A 2D example is presented to illustrate the proposed multiscale approach. A 3cm × 1cm MBB
beam is meshed by 15 × 5 square voxels (Fig. 8). A downward mechanical load F = 1N is located
at the top left corner, and the fixed constraint is located at the bottom right corner. Meanwhile, a
point-wise heat flux q = 1W is located at the top left corner, and a boundary temperature T = 0◦C is
located at the bottom right corner. The specified material is 420 stainless steel infiltrated with bronze,
having density 7.86g/cm3, Young’s stiffness E = 147GPa, heat conductivity k = 22.6W/m ·K, thermal
expansion coefficient α = 7.4× 10−6K−1. Assume in the conceptual design, the objective is minimizing
the compliance due to the thermo-mechanical load within 50% volume fraction. The minimum relative
density for each unit cell is m(θne) = 0.19. The coefficient of thermal performance CQ is equal to 3. The
resulting topology is shown in Fig. 8 (a), having a normalized compliance equal to 1. Then in mesoscale,
the shear modulus of each unit cell in this 15 × 5 frame is optimized based on the strain and relative
density information derived from conceptual design.

After the first iteration, the topology of the MBB beam is shown as Fig. 8 (b). The homogenized
properties of this structure is assembled to re-estimate the actual compliance and strain information via
thermo-mechanical finite element analysis. In this example, the re-estimate compliance is about 61.4 %
greater than the conceptual design. Thus the design updating allows unit cells having local compliance
greater than conceptual design to add material, while in the unit cell having smaller local compliance
compared to conceptual design, material would be partly removed. The material adding and removal
rate δ is defined as

δ = 0.05× ηi, (19)
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where ηi = 0.05. Based on the updated strain and relative density information, the topology of each
unit cell is optimized in the second iteration. This iterative process is repeated 28 times before the
convergence criteria satisfied. The final volume fraction to achieve the expected compliance is 65.5 %.
The total computation time is 741.9 seconds, using Matlab in a Macbook Pro computer having 3.1 GHZ
Intel Core i7 and 16 GB MHZ DDR3 memory.

Table 1: Comparison between the solid MBB beam, optimized porous MBB beam and the uniform porous
MBB beam.

Weight (g) Max Von Mises stress (MPa) Max temperature (◦C)
Solid MBB beam 2.358 1.840 102.2

Optimized porous MBB beam 1.179 2.417 190.8
Uniform porous MBB beam 1.179 4.932 213.4

Finally, the optimal design is converted to a solid file with 0.1cm thickness, and verified by thermo-
mechanical finite element simulation using COMSOL Multiphysics. The results of stress and temperature
fields are compared to the simulation results of a uniform porous MBB beam having the same volume
fraction, as well as a solid MBB beam (Fig. 9 and Table 1). It indicates that, an optimal porous
structure, although compromising stiffness and heat transfer capability with respect to a solid counterpart,
significantly improves thermo-mechanical performance compared to a uniform porous MBB beam with
the same volume fraction.
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of MATLAB is far from optimally utilized. Efficient use of
MATLAB implies loop vectorization and memory preallo-
cation (The MathWorks 2010). Loop vectorization is the use
of vector and matrix operations in order to avoid for and
while loops. Memory preallocation means that the max-
imum amount of memory required for an array is reserved
a priori, hence avoiding the costly operation of reallocating
memory and moving data as elements are added to the array.
Loop vectorization and memory preallocation are used in
combination with a number of more advanced performance
improving techniques in the MILAMIN code, a MATLAB
program capable of solving two-dimensional finite element
problems with one million unknowns in one minute on a
desktop computer (Dabrowski et al. 2008).

In the 99 line topology optimization code, the perfor-
mance of several operations (such as the filtering proce-
dure and the assembly of the finite element matrices) can
be increased dramatically. Partly by properly exploiting
the strengths of MATLAB (using loop vectorization and
memory preallocation), partly by restructuring the program
(moving portions of code out of the optimization loop so
that they are only executed once), a substantial increase
in efficiency has been achieved: for an example problem
with 7,500 elements, the total computation time has been
reduced by a factor 100. In addition, the original code has
been extended by the inclusion of density filtering, while
reducing the length of the code to only 88 lines.

The aim of this paper is to present the 88 line code. It
should be considered as a successor to the 99 line code, and
it is published with the same objective: to provide an edu-
cational instrument for newcomers to the field of topology
optimization. The main improvements with respect to the
original code are the increased speed and the inclusion of
a density filter. These are relevant improvements, as the 99
line code has been downloaded by more than 8,000 unique
users since 1999 and is still used as a basis for new devel-
opments in the field of topology optimization. The density
filter is a useful addition as it paves the way for the imple-
mentation of more modern filters such as the Heaviside
filters proposed by Guest et al. (2004) and Sigmund (2007).

The present text is conceived as an extension of the paper
by Sigmund (2001). Large parts of the 88 line code are
identical to the original 99 line code, and the same nota-
tion is adopted. This approach is followed in an attempt
to minimize the effort required to upgrade to the new
implementation.

The paper is organized as follows. The topology opti-
mization problem is formulated in Section 2. As in the
original paper, the focus is restricted to minimum compli-
ance problems with a constraint on the amount of material
available. The 88 line code is explained in Section 3. Spe-
cial attention is paid to the portions of the code that have
changed with respect to the original 99 line code. These

two sections constitute the core of the paper. The remain-
ing sections have a supplementary character, addressing
variants of and extensions of the 88 line code and dis-
cussing its performance. Section 4 presents two alternative
implementations of the filtering operation. The first alterna-
tive is based on the built-in MATLAB convolution operator
function conv2. This modification implies a further reduc-
tion of the code to 71 lines and leads to a reduction of
the memory footprint, but this comes at the expense of
the code’s readability for those unfamiliar with the conv2
function. The second alternative is based on the application
of a Helmholtz type partial differential equation to the den-
sity or sensitivity field (Lazarov and Sigmund 2010). This
approach allows for the use of a finite element solver to per-
form the filtering operation, which reduces the complexity
of the implementation for serial and parallel machines, as
well as the computation time for large problems and com-
plex geometries. Section 5 shows how to extend the 88 line
code to problems involving different boundary conditions,
multiple load cases, and passive elements. Furthermore, the
inclusion of a Heaviside filter in order to obtain black-and-
white solutions is elaborated. In Section 6, the performance
of the 88 line code and its variants is examined. The compu-
tation time is analyzed for three benchmark examples solved
with both the original 99-line code and the new versions
of the code. The memory usage of the new code is also
briefly discussed.

2 Problem formulation

The MBB beam is a classical problem in topology opti-
mization. In accordance with the original paper (Sigmund
2001), the MBB beam is used here as an example. The
design domain, the boundary conditions, and the external
load for the MBB beam are shown in Fig. 1. The aim of the
optimization problem is to find the optimal material distri-
bution, in terms of minimum compliance, with a constraint
on the total amount of material.

Fig. 1 The design domain, boundary conditions, and external load for
the optimization of a symmetric MBB beam

(a) The design domain, boundary
conditions, and external load.

(b) Relative density distribution
generated from conceptual design.

(c) Unit cell distribution after first
iteration.

(d) Unit cell distribution after 10th
iteration.

(f) Unit cell distribution after 28th
iteration.

(e) Unit cell distribution after 20th
iteration.

(h) Change of normalized
compliance

F=1N
q=1W

T=0°C

Figure 8: A 2D MBB beam example presented to illustrate the proposed algorithm.
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Figure 9: Thermo-mechanical simulation of the optimized result ((a) stress field, and (c) temperature
field), as well as the simulation results of a uniform MMB beam having same volume fraction ((b) stress
field, and (d) temperature field).

4. Application to porous injection mold

A 3D porous injection mold design is presented in this section. The mold is a 3 in × 3 in × 1.25
in core insert. Based on the geometry of the mold, a quarter of mold section is investigated. Besides,
the top core of the mold is reserved as solid structure for conformal cooling design (Fig. 10 (a) to (e)).
Injection load located at the injected part surface, clamping pressure at imposed on bottom, and press-fit
load on lateral sides are served as mechanical force. For heat conduction, a heat flux imposed on the
injected part surface, and the temperature of cooling pipe is assumed as a constant value. All physics
values are normalized in this problem.

In the problem statement, define given macroscale mass fraction m(θ)=0.5, CQ=1.1, η=0.2, δ =
0.05 × ηi. A 6 × 6 × 5 cubic mesh is applied to the macroscale problem, while a 20 × 20 × 20 cubic
mesh is used for each of mesoscale voxel. However, in mesoscale, only 1/8 of each cubic is required to
analyze. The convergence is satisfied after 15 iteration with m(θ)=0.71 (Fig. 10 (f) and (g)). The total
computation time is 61652 seconds (17.4 hours), using Matlab in a Macbook Pro computer having 3.1
GHZ Intel Core i7 and 16 GB MHZ DDR3 memory.

Injection Load (100 MPa)

Supports used 
for symmetric 
conditionClamping pressure on 

bottom face  (35 MPa)

Press-fit pressure on 
lateral face (20 MPa) 

Heat flux (200 W)

Constant temperature (25℃)

(a) Original design 

(b) Mechanical boundary condition (c) Thermal boundary condition

(d) Conceptual optimization (e) Multiscale topology optimization
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Figure 10: Multiscale thermomechanical topology optimization of a porous injection mold.
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Finally, the optimal design is remeshed using 3-Matics and verified by thermo-mechanical finite element
simulation using COMSOL Multiphysics. The results of stress field and temperature are compared to the
simulation results of a uniform porous mold having the same volume fraction, as well as a solid mold
(Fig. 11 and Table 2). It indicates that, unlike a uniform porous mold having the same volume fraction,
though the weight of the optimal porous mold is 29% lighter than the solid counterpart, the maximum

Von Mises stress is below the yield strength of the material (427 MPa), and the maximum temperature
in the mold doesn’t have a significant change.

MPa ℃

Figure 11: Thermo-mechanical simulation of the optimized result ((a) stress field, and (c) temperature
field), as well as the simulation results of a uniform MMB beam having same volume fraction ((b) stress
field, and (d) temperature field).

Table 2: Comparison between the solid mold, optimized porous mold and the uniform porous mold.

Weight (kg) Max Von Mises stress (MPa) Max temperature (◦C)
Solid mold 2.095 280.3 126.9

Optimized porous mold 1.487 325.5 127.1
Uniform porous mold 1.487 720.7 312.3

The optimal structure is approximated to an iso-surface and meshed to a STL file. The file size is
125.7Mb, composed of 2511164 triangles. After modification in Netfabb, the triangle number is reduced
to 374558, with a limit of deformation 0.01 in.

Figure 12: Assemble and prototyping process of the injection mold.

5. Additive manufacturing and planning of experimental test
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After mirroring the resulting section and performing Boolean operations to assemble the top core and
conformal cooling channel, the porous injection mold is prototyped using Direct Metal Laser sintering
(DMLS), with a scale factor 0.4 (Fig. 12). The scaled prototype was fabricated by an additive manu-
facturing service company (Shapeways, Newyork, U.S.). The printed steel is Stainless Steel Alloy 420
infiltrated with Bronze ( 90 %Cu / 10 % Sn). It is a matrix material composed of 60 % stainless steel and
40% bronze. The minimum wall thickness of this protocol is 1.0 mm, and the maximum length of hole
allowing the materials to be removed is 2.0 mm. This scaled down prototype proves the internal lattice
structure is self-supporting without the requirement to change the orientation of the mold. In the near fu-
ture, the original size of the injection mold will be manufactured and experimental test will be employed.
Before that, samples will be generated using the same machine and material, and experimental tests are
planned to validate the mechanical and thermal properties (Fig. 13). These samples, composed of solid
and porous materials, are designed based on ASTM E8, ASTM E9 and ASTM E1530 standards for the
tensile, compression and thermal conductivity experiments, respectively. The experimental properties
such as Young’s modulus, Poisson’s ratio, yield strength and thermal conductivity will be incorporated
into the aforementioned examples to improve the accuracy of the solution.

(d) Porous sample for tensile test (e) Porous sample for
compression test

(f) Porous sample for
thermal conductivity test

(a) Solid sample for tensile test (b) Solid sample for
compression test

(c) Solid sample for thermal
conductivity test

Figure 13: Experimental samples to validate the thermal and mechanical properties.

6. Conclusion

An innovative multiscale thermo-mechanical topology optimization method has been presented for
generating injection molds. Compared to traditional studies, the proposed method is computationally
efficient, and amiable to additive manufacturing by consisting of self-supporting lattice/porous structures.
The thermo-mechanical performance of the injection mold is maximized with given volume fraction, and
the self-supporting unit cells are formed by maximizing shear modulus with taking account of local relative
densities and strains. The design is updated after comparing local objective value and the desired value
after each iteration until the thermo-mechanical performance of the mold is satisfied. The proposed
design method is proved through the optimization of a solid mold insert. The optimized porous injection
mold is about 30 % lighter than the solid counterpart, but the thermo-mechanical performance including
Von Mises stress and surface temperature is approved. The resulting porous structure is tessellated in a
stereolithography (STL) file. A scaled down physical prototype of the mold was fabricated using DMLS
procedure without internal support structure to demonstrate the manufacturability of the optimal design.

Some limitations of this study should also be considered. First, since the macroscale design only pro-
vides a conceptual design by using a coarse mesh, the feasibility of the final design is required to be verified
by simulation of entire structure involving both scales, or by experiments. In addition, the assembling
process often requires a reduction of surface mesh to adapt the computer memory, which will slightly
change the lattices’ shape and compromise the accuracy. Furthermore, post processing CAD software
such as Netfabb is still required in combination with the proposed algorithm, to assemble porous structure
with mold pipes, ejector pins, injection gate, bolts and other detail geometries, which may require high
computer memory (more than 12GB RAM). In the future work, a more efficient assembling method is
worth to investigate. Furthermore, the field testing for the optimized design will be implemented, in
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order to collect the experimental data and improve the design method.
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