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ABSTRACT

Gharakhloo, Roozbeh. Ph.D., Purdue University, August 2019. Asymptotic Analysis of Struc-
tured Determinants via the Riemann-Hilbert Approach. Major Professor: Alexander Its.

In this work we use and develop Riemann-Hilbert techniques to study the asymptotic
behavior of structured determinants. In chapter one we will review the main underlying
definitions and ideas which will be extensively used throughout the thesis. Chapter two is
devoted to the asymptotic analysis of Hankel determinants with Laguerre-type and Jacobi-
type potentials with Fisher-Hartwig singularities. In chapter three we will propose a Riemann-
Hilbert problem for Toeplitz+Hankel determinants. We will then analyze this Riemann-
Hilbert problem for a certain family of Toeplitz and Hankel symbols. In Chapter four we
will study the asymptotics of a certain bordered-Toeplitz determinant which is related to
the next-to-diagonal correlations of the anisotropic Ising model. The analysis is based upon
relating the bordered-Toeplitz determinant to the solution of the Riemann-Hilbert problem
associated to pure Toeplitz determinants. Finally in chapter five we will study the emptiness
formation probability in the XXZ-spin 1/2 Heisenberg chain, or equivalently, the asymptotic

analysis of the associated Fredholm determinant.



1. INTRODUCTION
1.1 Definitions, notations and preliminaries

The work in this thesis is focused on the asymptotic analysis of structured determinants
arising in random matrix theory, statistical mechanics, theory of integrable operators and
theory of orthogonal polynomials, where we primarily employ the Riemann-Hilbert method.
For a given oriented contour ¥ in the complex plane (see Figure 1.1) and a function J :
Y. — GL(k,C), the (normalized) Riemann-Hilbert problem (3, J) consists of determining the

unique k X k matrix function Y (z) satisfying
e Y(2) is analytic in C \ X,
e YVi(z) =Y_(2)J(2), for z € ¥, and
e Y(z) =1, as z — o0,

where J(z) is called the jump matriz of the Riemann-Hilbert problem (RHP), and Yi(2)
denote the limit of Y(¢) as ( approaches z € ¥ from the + side of the oriented contour 3: As
we move along a path in ¥ in the direction of the orientation, by convention we say that the
+ side (respectively the - side) lies to the left (respectively right).

By structured determinants, we mean Toeplitz, bordered Toeplitz, Hankel, Toeplitz+Hankel
and integrable Fredholm determinants which arise almost ubiquitously in random matrix the-
ory and statistical mechanics. The n x n Toeplitz and Hankel matrices associated respectively

to the symbols ¢ and w are respectively defined as

T = {6}, Gk=0,,n—1, ¢ = / () 2 (1.1.1)

o2miz’
and

H,w] = A{wj}, Jjk=0,--- ,n—1 wy= /ka(x)dm, (1.1.2)
I



where Z C R and T denotes the positively oriented unit circle. In the above definition, j is the
index of rows and k is the index of columns. The n x n Toeplitz + Hankel matrix associated
to these symbols is naturally defined as T,[¢] + H,[w]. A bordered-Toeplitz matrix has the

structure of a regular Toeplitz matrix except for its last row or column, i.e. it is of the type

$o  O-1  Gong2 b
¢l ¢0 T ¢—n+3 b—n+2
qbn—l ¢n—2 e ¢1 bO

The Hankel and Toeplitz+Hankel determinants are of interest both when the Hankel
symbol w is supported on an interval and also when it is supported on the unit circle; in the
former, wy, is the k-th moment of the weight as defined in (1.1.2) and in the latter wy, is the
Fourier coefficient of the weight w:

dz
= [ zF : 1.1,
Wy, /T 2 "w(z) 5rin (1.1.3)

For a Toeplitz or Hankel determinant with symbols supported on the unit circle, the so-
called index or winding number of a symbol ¢ is defined as follows: for z € T write ¢(z) =
|p(2)| exp [2mib(z)] for some choice of b, then the increment of b as the result of a counter-
clockwise circuit around T is an integer solely dependent on ¢ (not on the choice of b), this
integer is normally referred to as the winding number or the index of the symbol ¢ and plays

an important role in the analysis of the generated determinants.

Figure 1.1. The jump contour for the Riemann-Hilbert problem (X, 7).



An important class of Toeplitz or Hankel symbols are those with the so-called Fisher-Hartwig
singularities. These singularities are named after Fisher and Hartwig, due to their pioneering
work in their identification [1]. We say that a symbol ¢ defined on the unit circle possesses

Fisher-Hartwig (FH) singularities if it is of the type:

d(z) = V) 2200 B H |z — zj|20‘jgj(z)zj_ﬂj, z=e" 0 € [0,2m), (1.1.4)
=0
for some m = 0,1,---, where z; =e% j=0,--- ,m,0; €[0,2m),

e 0<argz < 0;,
OERE (1.15)
e~™hi 0, <argz < 2m,

where in (1.1.4) and (1.1.5) one assumes that

o, > —%, p; € C, Jg=0,---,m. (1.1.6)
The term €"(®) in (1.1.4) is sometimes referred to as the smooth part, or the Szegé part of
the symbol, while the rest of the terms in (1.1.4) is sometimes referred to as the pure Fisher-
Hartwig part (e.g. see [2]). Usually, the singularities |z — z;|** and g; are respectively called
the "root-type” and ”jump-type” singularities. One can also consider Hankel weights with
FH singularities on the real line(e.g. see [3-5] for particular cases); In chapter 2 we will define
such weights as part of a more general class of weights, i.e. weights with Szegé part, FH part

n

and exponentially varying part e "V (®)_ for a potential V.

Let ¥ be an oriented contour in C, an integral operator acting on L*(X) = L*(%,]|dz|) is

integrable if it has a kernel of the form

S Ak

K(Z7)\) o — A bl

Z,AET, (1.1.7)

for some functions f;, h;, 1 <i,57 < N < oo. An integrable Fredholm determinant is of the
form det(1 — K), where 1 is the identity operator and the determinant is taken in L*(X).
For certain choices of symbols, and integrable Fredholm operators, the corresponding struc-

tured determinants identify important objects in statistical mechanics and random matrix



theory. On these occasions, an asymptotic question in random matrix theory or statistical
mechanics can be translated into the question of large-n asymptotics of the corresponding
structured determinant. There is an inherent correspondence between these structured deter-
minants and a set of orthogonal polynomials associated to the symbol or integrable operator
under consideration. The groundbreaking discovery of Fokas, Its and Kitaev [6], provided
the representation of the solution to a certain 2 x 2 Riemann-Hilbert problem in terms of
the corresponding orthogonal polynomials and their Cauchy transforms; thus if the Riemann-
Hilbert problem could be solved, by independent means, for large values of the parameter
n, consequently the large-n asymptotics of associated orthogonal polynomials and structured
determinants could be found as well. The celebrated non-linear steepest descent method of
Dieft and Zhou [7] was the next paramount breakthrough which provided the needed appa-
ratus for asymptotically solving the Riemann-Hilbert problems with oscillatory jumps in n.
In this method one tries to solve an equivalent Riemann-Hilbert problem on an augmented
contour, such that the jump matrices on the new set of contours (the so-called lenses) con-
verge to the identity matrix away from intersection points of lenses and the old contour for
large values of the parameter n, and the jump matrices on the the other parts of the contour
are such that they can be factorized to produce the so-called global parametriz (away from
intersection points of lenses with the old contour) and local parametrices (in a neighborhood

of intersection points of lenses with the old contour).

1.2 Selected Riemann-Hilbert problems

In this section, we will review the Riemann-Hilbert problems associated to the structured

determinants studied in this work.

1.2.1 The RHP for Toeplitz determinants

Given a sufficiently smooth symbol ¢ € L'(T), one can consider the associated sets of

bi-orthonormal polynomials {Q,(z)}, and {@n(z) . where Q,(2) = kp2" + 12" 1+ -+

n=0

and @n(z) = Kp2" —|—lAnz”*1 + - - - satisfy the bi-orthonormality conditions



dz
2miz

/T Qu(2)0u(=1)0(2)

The key fact which relates these polynomials to the Toeplitz determinant with symbol ¢, is

= Sk (1.2.1)

that they have determinantal representations given by

O
X ¢1 G0 Dot
@)= v det T[] det T, 41[¢] o | - | 7 122
(bn—l ¢n—2 e ¢—1
1 z z"

and

®o 91 o Ppyr 1
~ B 1 ¢ Po o Gonga 2
On(z) = o

(1.2.3)

¢n gbn—l ¢1 2"

Moreover, from these determinantal representations it is clear that

| detT,[¢]
Kp = Kp = T T4 Tonld] (1.2.4)

/ﬂ?;lQn(z) /ﬁ;fl QH(C> ¢(<)dc

X(z) = (e Z)_Qm’(” | (1.25)
_K;n_lzn—léjn_l(z—l) ko Qn-1(¢C 1) o(¢)d¢

T ((—2) 2m(
In [8] it was found by J.Baik, P.Deift and K.Johansson that the function X defined above

Now let us consider the function

satisfies the following associated Riemann-Hilbert problem
e RH-X1 X :C\ T — C*? is analytic,

e RH-X2 The limits of X () as ¢ tends to z € T from the inside and outside of the

unit circle exist, and are denoted X (z) respectively and are related by



1 27"¢(z)
Xi(2)=X_(2) , z €T, (1.2.6)
0 1
¢ RH-X3 As z — o0
X(z)= I+ 0(z"))="7, (1.2.7)
where o3 = is the third Pauli matrix. Depending on the analytic features of

0 -1
the particular symbol ¢, one has to supplement the above Riemann-Hilbert problem with

prescribed asymptotic conditions at the singularities of ¢ on the unit circle, if any, to ensure
that the X-RHP has a unique solution. In the pioneering work [9] the authors have been able
to effectively solve this Riemann-Hilbert problem for a general symbol of the type (1.1.4).

1.2.2 The RHP for Hankel determinants

Although Hankel determinants are mainly studied for weights supported on the real line,
in this section we also briefly discuss Hankel determinants whose weight is supported on the
unit circle and we will argue, at least on a theoretical level, for why one should be interested

in their asymptotics.

Weight supported on the real line

Let Z C R and w € L*(Z) be a sufficiently smooth function. In this section we will discuss
the RHP formulation for determinants of Hankel matrices H,[w] defined by (1.1.2). One
can consider the associated set of monic orthogonal polynomials {P,(z)}°,, deg P,.(2) =n ,

satisfying the orthogonality conditions

/IPn(x)ka(m)dx = YnOnk- (1.2.8)

The polynomials P,(z) has the following determinantal representations



Wy W1 Wp—1 Wnp,
. wy Wz - Wn, Wn+1 det H, 1 [u]
. . . . . € n+1|W
Pn = d t : : .t : : s d h n — T - 1 -
() = Ser o ARG RCNEE I = " et 1, [uw]
Wp—1 Wp -+ Wop—2 Won—1
1 z P 2"
(1.2.9)

It is due to Fokas, Its and Kitaev [6] that the following matrix-valued function which is built
from the orthogonal polynomials and the Cauchy transforms of the weight w multiplied by

the orthogonal polynomials

1 [ Py(z)w(z)
Pn(z) - dx
Y@= g , Qf //Px;)w n (1.2.10)
hpo1 i T T —z

satisfies the following Riemann-Hilbert problem:
e RH-Y1 Y : C\ [a,b] — C**? is analytic.

e RH-Y2 The limits of Y'(2) as z tends to z € Z from the upper and lower half plane

exist, and are denoted Y (x) respectively and are related by

v B 1 w(z)
(z) =Y_(x) : rel. (1.2.11)
0 1
e RH-Y3 As z — o0,
Y(z)= I+ 0(z))"". (1.2.12)

Like what we mentioned about Toeplitz determinants, the analytic properties of w dictates
certain asymptotic conditions on the RHP setting, as z approaches singularities of w which
belong to Z. For instance, if w is a modified Jacobi weight w(z) = h(x)(1 — z)%(1 + z)?,
Z = [—1,1], in order to propose a Riemann-Hilbert problem with a unique solution, one has
to specify asymptotic conditions as z — £1 as well (see [10]). Furthermore, if w has Fisher-

Hartwig singularities at {t; };”:1 C Z, one has to augment the above Riemann-Hilbert problem



with specific asymptotic conditions as z — ¢; (see [3]). The above Reiemann-Hilbert problem
can be solved for sufficiently large n via the Deift-Zhou nonlinear steepest descent method,
and hence through integration of associated differential identities, the large-n asymptotics of

det H,[w] can be found (e.g. see [3], [4]).

Weight supported on the unit circle

In this section we will consider the determinants of Hankel matrices H,,[w] = {w;1x}, whose
symbol is supported on the unit circle. We will show that this determinant is, in a natural
way, related to a Toeplitz determinant whose symbol contains the large parameter n, making
its winding number monotonically decrease as n — oo. But first let us recall the situation for
Toeplitz symbols with fized non-zero winding number. A.Béttcher and H.Widom considered
this problem from an operator-theoretic point of view in [11]. P.Deift, A.Its and [.Krasovsky
in [9] prove yet another remarkable result where they relate the Toeplitz determinant with
symbol z‘¢(z), where ¢ € Z is independent of n, to the Toeplitz determinant with symbol ¢

that can be asymptotically analyzed via the RHP method. Here we mention their result:

Lemma 1.2.1 (From [9]) Let the Toeplitz determinants D, (¢) be nonzero for all n > Ny,
for some Ny € N. Let qi(2) = Qu(2)/kr, Gi(2) = Qr/ri, k = No, No+ 1, be the system of
monzic bi-orthogonal polynomials on the unit circle with respect to the weight ¢. Fix an integer

¢ >0, then if

qr(0) ar+1(0) o Gre-1(0)
Fy = det E6O) a0 e (0) 40, (1.2.13)
Loan(0) L (0) - g (0)
for k= No,Ng+1,--- ,n—1, we have
D, (2'p(2)) = ﬂan(Z)), n > Ny. (1.2.14)

-1
[I;=1 7!



Furthermore, if

21 (0) Qr+1(0) e Qi+0—1(0)
Fomder | @80 &0a@ o GO, (1.2.15)
L50(0) £ (0) -+ = Girea(0)
for k= No,No+1,--- ,n—1, we have
~1)"E,
D, (z7"¢(2)) = (=1) D, (9(2)), n > N. (1.2.16)

ITj-1 J!
However, one could ask: for a Toeplitz matrix T),[¢]|, what if the winding number of the
symbol ¢, itself, depends on n? And whether det T},[¢] can be asymptotically analyzed in
particular cases of such symbols? Obviously the results mentioned above do not apply to such
Toeplitz determinants. Although at this level it would be difficult to give a decisive answer,
at the least, we can point to a concrete example where there are fair prospects of a feasible
Rimann-Hilbert approach to such questions. The important point is that the Hankel matrix
H,[w], w supported on T and wj is defined by (1.1.3), is related to the Toeplitz matrix T}, [¢/],
with

U(2) = 27" aw(z). (1.2.17)
Indeed, if we denote by A,, the anti-diagonal n x n matrix whose nonzero elements are all 1,

then we notice

Hp[w]An = {wj_kn— 1}]k) —o = {¥j- k}jk o = Tul¥], (1.2.18)

and therefore

det H,[w] = (—=1)""det T,,[¢]. (1.2.19)

Note that the index of 1 is equal to —n + 1 + wind[w]. So we can categorize ¢ as a Toeplitz
symbol with varying index. By far, there are no asymptotics results for Toeplitz determinants
with such symbols.

However, the equality (1.2.19) implies that the analysis of det T,[¢], ¥ being a Toeplitz

symbol with varying index, is equivalent to analysis of the Hankel determianant with symbol
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w supported on the unit circle. For the former, In the same spirit, we can consider monic

orthogonal polynomials {P,(2)}°°,, deg P,,(z) = n, associated to the weight w satisfying

n=0>

° d o
/ P,(2)zFw(z™h) S YnOnks k=0,1,---,n. (1.2.20)
T

2wz

[¢]

The polynomials P, (z) have the following determinantal representations

Wy W1 Wn—1 W,
w1y Wa Wn, Wn41
2 1 . . . . o det Hn+1[w]
n = det : : : : , dh =

() det H,[w] ¢ anc henee det H,[w]

Wp—1 Wp -+ Wop—2 Wop—1
1 z 21 2"
(1.2.21)

If we consider the following matrix-valued function which is built from the orthogonal poly-

nomials and their Cauchy transforms

o

> Pr(Qu(¢h) d¢
Y(z) = e /T S—F o 2mg (1.2.22)
_ L2 _ 1 P 1 (Qu(¢™") d¢ ’
%n—lpn_l(Z) %n—l /E C < Qﬂ-ZC

then, Y (2) satisfies the following Riemann-Hilbert problem:

e RH-Y1 VY:C \ T — C?*? is analytic.

e RH-Y2 The limits of Y(¢) as ( tends to z € T from the inside and outside of the unit

circle exist, these limiting values are denoted by Y 1 (z) respectively and are related by

o e 1 2z tw(zh)
(2)=Y_(2) , z e T. (1.2.23)
0 1

° RH-}O/3 As z — o0,

[0)

Y(z)= I+ 0(z"))="%. (1.2.24)
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Note that the main difference between the Riemann-Hilbert problem for Toeplitz determinants
and the Riemann-Hilbert problem for Hankel determinants (with w being supported on T)
is in the 12-element of their jump matrices on the unit circle. If an effective analysis of this
Riemann-Hilbert problem be feasible, then one can get a hold of det T,,[¢], ¥ being the symbol
with varying index given by (1.2.17), via (1.2.19).

To this end, the work [12] could be a great starting point at least for weights w holomorphic
inside of the unit circle. Here, we briefly explain this connection. In fact, the polynomials ]c-i’
satisfying

dz
S =50k k=01, ,n. (1.2.25)

RO

are the denominators of the the diagonal Pade’ approximants, in D, to a function f holo-

2miz

morphic at infinity. Here, D is assumed to be a connected domain containing the point at
infinity in which f is holomorphic and single valued. In particular, when f = w(z~!) and
D = C\ D, D being the unit disk, then the orthogonality conditions (1.2.20) and (1.2.25)
are the same, provided that w be analytic inside of the unit circle, which hence implies that
f = w is analytic in D. This means that through the relation (1.2.21), expressing the ratio of
Hankel determinants in terms of the the norms %n of Pade’ approximant denominators, one
can obtain the asymptotics of Hankel determinants using the relevant differential identities as
usual. This would finally provide us with the asymptotics of Toeplitz determinants det T}, [¢/]

with varying index.

1.2.3 The RHP for integrable integral operators

In this section we will present a Riemann-Hilbert problem for integrable integral operators
and the corresponding Fredholm determinants. This Riemann-Hilbert problem was first found
by A.Its, A.Izergin, V.Korepin, N.Slavnov in [13]. Let us revisit the kernel K, (z,\) defined
by (1.1.7) and the associated integral operator K:

R GLIOY

(Ku)(2) == /EKn(z, Au(A)dA, with K(z,\) = — (1.2.26)
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where f,h: C — CV, and by f; and h; we denote the j-th component of vectors f and g,
respectively. One requires f7(2)h(z) = 0 to avoid singularities on the diagonal of the kernel.
A key property of operators (1.2.26) is that the Resolvent operator R := (1 — K)™! — 1 also

belongs to the class of integrable integral operators, i.e. it can be written as

R(z,A) = FT%TA) (1.2.27)
where
F=1-K)'f;, Hj=1-K")"h;. (1.2.28)

The vector functions F' and H can be computed in terms of a certain matrix Riemann-Hilbert

problem. To arrive at this RHP, let us first consider the following N x N matrix-valued

function
V(z) = I —/EF(A)hT(A)Ad_AZ. (1.2.29)
Thus, by the Plemelj-Sokhotskii formula we have
D, (2) = V_(2) = —2miF(2)h" (2), (1.2.30)
Since we have assumed that h7(2)f(z) = 0, we get
D1 (2)f(2) =D-(2)f(2). (1.2.31)
Also, since hT(A) f(z) = fT(2)h()) is a scalar, we have
F)RT N f(2) = fL(2)h(V)F(N). (1.2.32)

Using this, (1.2.29) and (1.2.31) we have

Vo (1) = £:) = [ FOR T2 = £6) = [T ERNPNT2

:f(z)+/EK(z,)\)F(/\)d/\.

(1.2.33)

Therefore

(KF)(2) = D+(2)f(2) — f(2). (1.2.34)



13

Note that by definition of F
(KF)(z) = F(z) — f(2),
and hence

F(z) =9+(2)f(2). (1.2.35)

In a similar fashion, we can show that

H(z) = (D0) 7 (2)h(2). (1.2.36)

Note that (1.2.30) and (1.2.35) together imply that

V_(2) = V4 (2) (I +2mif(z)h"(2)). (1.2.37)

This equation, supplemented by the analytic properties of the Cauchy integral, show that
2 (z) solves the following N x N matrix Riemann-Hilbert problem:

e RH-91 2 : C\ X — CM*V is analytic.

e RH-2)2 The limits of Y(¢) as ¢ tends to z € ¥ along any non-tangential path exist,
and are denoted by 9+ (z) naturally w.r.t. the orientation of 3. These limiting values

are related by
YD_(2) =D+(2)Jy(2), z € X, (1.2.38)

e RH-)3 As z — oo, we have 9 (z) = I+ O(z71).

In the standard way, one can show that the solution to this Riemann-Hilbert problem, if
exists, is unique. Thus, if the solution ) of this RHP can be found, then F'; H and R could
be found as well via (1.2.35), (1.2.36), and (1.2.27), respectively.
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2. ASYMPTOTICS OF HANKEL DETERMINANTS WITH A
LAGUERRE-TYPE OR JACOBI-TYPE POTENTIAL AND
FISHER-HARTWIG SINGULARITIES

Abstract.

We obtain large n asymptotics of n x n Hankel determinants whose weight has a one-
cut regular potential and Fisher-Hartwig singularities. We restrict our attention to the case
where the associated equilibrium measure possesses either one soft edge and one hard edge
(Laguerre-type) or two hard edges (Jacobi-type). We also present some applications in the
theory of random matrices. In particular, we can deduce from our results asymptotics for
partition functions with singularities, central limit theorems, correlations of the characteristic
polynomials, and gap probabilities for (piecewise constant) thinned Laguerre and Jacobi-
type ensembles. Finally, we mention some links with the topics of rigidity and Gaussian

multiplicative chaos. This is a joint work with C. Charlier.

2.1 Introduction

Hankel determinants with Fisher-Hartwig (FH) singularities appear naturally in random
matrix theory. Among others, they can express correlations of the characteristic polynomial
of a random matrix, or gap probabilities in the point process of the thinned spectrum, see
e.g. the introductions of [3,4,9] for more details. In these applications, the size n of an n x n
Hankel determinant is equal to the size of the underlying n x n random matrices. Large
n asymptotics for such determinants have already been widely studied, see e.g. [3-5,14, 15].
Recent developments in the theory of Gaussian multiplicative chaos [15] provide a renewed
interest in these asymptotics. For example, such asymptotics provide crucial estimates in the

study of rigidity of eigenvalues of a random matrix [16].
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In the present work, we restrict our attention on large n asymptotics of Hankel determinants

det (/ xj+kw(a:)dx) : (2.1.1)
z §,k=0,....n—1

,,,,,

whose weight w is supported on an interval Z C R, and is of the form
w(z) = e V@ V@ (g). (2.1.2)

The function W is continuous on Z and w contains the FH singularities (they will be described
in more details below). The potential V' is real analytic on Z and, in case Z is unbounded,
satisfies lim, 4 zez V' (2)/log|z| = +o00. Furthermore, we assume that V is one-cut and
regular. These properties are described in terms of the equilibrium measure py,, which is the

unique minimizer of the functional

J[ o8t~y du@dnto) + [ Viw)duta) (2.13)

among all Borel probability measures ;1 on Z. One-cut means that the support of py consists
of a single interval. For convenience, and without loss of generality, we will assume that this
interval is [—1,1]. It is known that py is completely characterized by the Euler-Lagrange
variational conditions

1
2/ log |x — s|duy(s) = V(z) — ¢, for z € [-1,1], (2.1.4)

1

1
2/ log | — s|dpuy (s) < V(z) — £, forzeT\[-11],  (2.15)
-1

where ¢ € R is a constant. Regular means that the Euler-Lagrange inequality (2.1.5) is strict
on Z \ [—1,1], and that the density of the equilibrium measure is positive on (—1,1). The

three canonical cases are the following:

1. Z=R and duy(x) = ¢(x)v1 — x%dx,
2. T =[-1,00) and duy (z) = (x),/{72dz,

3. Z=1[-1,1] and duy(z) = @b(m)ﬁdm,
where 9 is real analytic on Z, such that ¢(z) > 0 for all z € [—1, 1]. We will refer to these three

cases as Gaussian-type, Laguerre-type and Jacobi-type weights, respectively. Note that (2.1.5)
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is automatically satisfied for Jacobi-type weights, since Z = [—1, 1]. Well-known examples for

potentials of such weights are
1. V(z) = 22? for Gaussian-type weight, with ¢ = 1 + 2log2 and (z) = %,
2. V(x) = 2(x + 1) for Laguerre-type weight, with £ = 2 4 2log 2 and ¢(z) = 2,
3. V(z) = 0 for Jacobi-type weight, with ¢ = 2log2 and ¥ (z) = =

In the language of random matrix theory, the interval (—1,1) is called the bulk, and £1 are
the edges. An edge is said to be “soft” if there can be eigenvalues beyond it, and “hard” if
this is impossible. On the level of the equilibrium measure, a soft edge translates into a square
root vanishing of , while a hard edge means that “V blows up like an inverse square root.
Thus, there are two soft edges at £1 for Gaussian-type weights, one hard edge at —1 and one

soft edge at 1 for Laguerre-type weights, and two hard edges for Jacobi-type weights.
The function w that appears in (2.1.2) is defined by

1, for Gaussian-type weights,

H wa, (T)wg, () X (x4 1)2°, for Laguerre-type weights,  (2.1.6)
(x 4+ 1)%(1 — )+, for Jacobi-type weights,

where
N e Bk if x < ty,
Way, (T) = [@ — x|, wg, (x) = 4 . (2.1.7)
e” B if x>y,
with

—“l<ti<...<tp<l (2.1.8)

The functions w,, and wg, represent the root-type and jump-type singularities at ¢, respec-
tively. These singularities are named after Fisher and Hartwig, due to their pioneering work
in their identification [1]. Since wg,+1 = —wpg,, we can assume without loss of generality
that Rfr € (—3 ] for all k. Finally, to ensure integrability of the weight (at least for suf-
ficiently large n), we require that Ray > —1 for all k£ and, in case Z is unbounded, that

Wi(x)=0(V(x)) as x — +oo,z € L.
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To summarise, the n x n Hankel determinant given by (2.1.1) depends on n, m, V, W,

t=(t1,...,tm), 5: (b1, ..., 0Bm) and @, where

(a1, ..y aum), for Gaussian-type weight,
a=< (g, ag,...,0n), for Laguerre-type weight,
(o, 1y ooy Uy A1), for Jacobi-type weight.

This determinant will be denoted by G, (&, E,MW), L,(a, 5,V,W) or J,(a, g,V,W), de-

pending on whether the weight is of Gaussian, Laguerre or Jacobi-type, respectively.

Many authors have contributed over the years to large n asymptotics for G, (&, 5, V., W) in
certain particular cases of the parameters &, 5 , V and W (see the introduction of [3] for a global
review). The most general result can be found in [3], see also Theorem 2.1.1 below for the

precise statement. It is worth to note that these asymptotics are only valid for RS, € (—}l, i)

11

and not in the whole strip R, € (—3,3]. This is due to purely technical reasons, and we

comment more on that in Remark 2.1.4 below.

Much less is known about large n asymptotics for L, (a, 8.V, W) and J,(@, E , V. W), and we

briefly discuss this below.

The quantities L,(0,0,V,0) and J,(0,0,V,0) (i.e. no singularities and W = 0) represent
partition functions of certain random matrix ensembles. In some very special cases of V' (like
V(z) = 2(x + 1) for Laguerre-type weights and V(z) = 0 for Jacobi-type weights), these
Hankel determinants reduce to Selberg integrals and are thus computable explicitly. Large n
asymptotics for Ln(ﬁ, 0,V, 0) and Jn(ﬁ, 0,V, 0) for a general V' were obtained in [17] (in fact
the results of [17] are valid for more general ensembles than we consider). However, we believe
our expansions, which are given by Theorem 2.1.2 and Theorem 2.1.3 below with & = 0, E =0

and W = 0, are more explicit (even though less general).

No results are available in the literature for Laguerre-type weight with FH singularities in
the bulk (even in the case V(z) = 2(z +1)). There is more known about Jacobi-type weights.
Asymptotics for J,((ap, 0, ..., 0, ams1),0,0, W) (i.e. root-type singularities only at the edges)

were computed in [10], however without the constant term. Major progress were achieved
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n [9,14], in which the authors derived large n asymptotics for J, (&, 3,0, W) including the
constant term (under very weak assumption on W, and for general value of 5 such that
ROk € (—3.3)).

The goal of the present paper is to fill a gap in the literature on large n asymptotics of Hankel
determinants with a one-cut potential and FH singularities. In Theorem 2.1.2 and Theorem
2.1.3 below, we find large n asymptotics for L, (d, 8.V, W) and J,(4, 8.V, W) including the
constant term. First, we rewrite (in a slightly different way) the result of [3] in Theorem 2.1.1
for the reader’s convenience, in order to ease the comparison between the three canonical

types of weights.

Theorem 2.1.1 (from [3] for Gaussian-type weight)
Let m € N, and let t;, o; and B; be such that

“l<ti<...<tm<l1l, and Ra;>-1, RB;e(-1,1) forj=1,...,m

Let V' be a one-cut reqular potential whose equilibrium measure is supported on [—1,1] with
density Y(x)v/1 —a?, and let W : R — R be analytic in a neighbourhood of [—1,1], locally

Hoélder-continuous on R and such that W(x) = O(V(x)), as |z| = co. Asn — oo, we have

—

1
Go(@, 5, V,W) = exp <01n2 + Cyn+ Cslogn + Cy + O(nlf%)) , (2.1.9)

With Bmax = max{|RpG1], ..., |RBn|} and
1
O = —log2— 5 — 1/ (V(z) — 22%) (2 + ¢(g;)> Ny (2.1.10)

1 2/,

Cy =log(2m) — Alog2——/ m d +/ W(z)y(x)V1 — x?dx (2.1.11)

J
LN~ (%
-+ (25 2.1.12
G=rnt (4 J)’ (2.1.12)
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€1 = ¢(=1) = 1o (Zo-1)) - L 1og (Zu )+i (% - ) 10s (5010)

2535k .
Py llog (“ S/ AT ) ) LI ajﬁk>]

, i B 2
1<]<k<m
+ Z ( J log (2 t?) = Bf log (8(1 = t?)3/2>) - AZiﬁj arcsint;
j=1

+Zlog + 3 +B8)G(L+ % - B)) (2.1.13)
=1

G(1+ o)

A [T W(z) a; iB; ; W (z)
7/_1 —de ; LWt +Z V1-12 _1_x2<t_x)dx

47r2/ m(][ e xmd )dx’

where G is Barnes’ G-function, ¢ is Riemann’s zeta-function, where we use the notations f

for the Cauchy principal value integral, and
A= "a; (2.1.14)
j=1

Furthermore, the error term in (2.1.9) is uniform for all oy, in compact subsets of

{z € C: Rz > —1}, for all By in compact subsets of {z € C: Rz € ( 1 ,4)} and uniform in

t1,...,tm, as long as there exists 6 > 0 independent of n such that
min{[t; —tf, [t; — 1), |t; + 1]} = 6. (2.1.15)
J

Theorem 2.1.2 (for Laguerre-type weight)
Let m € N, and let t;, o; and 5 be such that

—l=tg<t;<...<tp<1l, and Roy;>-1, RB;e(—1,5) forj=0,....m

)

with Bg = 0. Let V' be a one-cut reqular potential whose equilibrium measure is supported on
[—1,1] with density ¢(x)y /1%, and let W : R — R be analytic in a neighbourhood of [-1,1],
locally Holder-continuous on RY and such that W (z) = O(V(x)), as © — +o00. Asn — oo,

we have

» 1
Lo(@, 3.V, W) = exp (Cln2+C’2n+C’310gn+C4+(9< o8 )) (2.1.16)

nl _4Bmax
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with Bpax = max{|RpG1], ..., |RGn|} and

3 1 [ 1 1—
A ) —2(z+ 1) 1—
Cy = log(2m) — Alog 2 — / Vi _i; dx +/ Wz 1+§dw (2.1.18)
Ny = 1—x
1 o2 &K/o3
03_—6+%+;(%— f), (2.1.19)
04 =9¢(1) = L3 10 (1)) — Lo (1) + 3 (%~ 62) tog ()
4 — g 24 g P 4 7 g 7

253 Br .
g (L —tjte — /(A —5)(1 — 1)) in
+ ?10g{27r) + Z llog ( 2%'2% ' ajjﬁ B, + = 9 (ak/B] - a]ﬁk)
0<j<k<m j
+ Xm: %log 1=t 33 log < (1—1t,)%2(1 +t~)1/2) +A2m:i6-arcsint-
- \4 \/ 1 s j j 2 j j
NG+ B)GA+ T - 5)
_logG(1+a0)+Zlog G+ o))

J=1

iﬂ/z\/v%dx ;JW +Z 53\/—][ mt_x)dx
47r2/ m(][ e xmd )dx’

where G is Barnes’ G-function, ¢ is Riemann’s zeta-function, where we use the notations §

(2.1.20)

for the Cauchy principal value integral, and
A=) "a; (2.1.21)

Furthermore, the error term in (2.1.16) is uniform for all oy in compact subsets of
{z € C: Rz > —1}, for all By, in compact subsets of {z € C: Rz € ( 1 ,4)} and uniform in

t1,...,tm, as long as there exists 6 > 0 independent of n such that

minf|t; — tel, 1 = 1], |t + 1]} 2 6 (2.1.22)
J
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Theorem 2.1.3 (for Jacobi-type weight)
Let m € N, and let t;, o; and B; be such that

—l=ty<ti<...<tp<tmu=1 and RNa; > —1, %/Bje(_i,i) for j=0,...,m+1,

with By = 0 = By Let Vo be a one-cut reqular potential whose equilibrium measure is

supported on [—1, 1] with density \/1(772, and let W : [—=1,1] — R be analytic in a neighbourhood
of [-1,1].

As n — oo, we have

—

1
Jn (@, B, V,W) = exp (C’ln2 + Con + Cslogn + Cy + O<ﬂ>) , (2.1.23)

n1746max

With Bmax = max{|RpG1], ..., |RBn|} and

1 1 dx
= —log2—75 - —— 2.1.24
4 og 2/_1 V(:C)( —i—i/J(x)) Vit ( )
A
= log(2 log2 — — 2.1.2
Cy =log(2m) — Alog o d:c—i—/ W(x Mgy —x2d ( 5)
m—+1 m
+ Yy V() + 1 —2/ dr |,
> G+ Yt ( [ )
1 agtang ik a_f o
O =4 2 +;(4 ik (2.1.26)
log2 1—4a? 1— 402 m o2
_ e o 0 o m—+1 _j 52
Cu=3¢(1) + 55 = S g (ry(—1) — =g =g o) + 3 ( : 5]) log (wi(1,))
Qg + Qi1 (1 ts tk — \/(1 _ tQ)(l tg))%gﬂk i
ty g2+ D Jlog + 5 (B — a;B)
2 : 27 |t —t B 2
0<j<k<m+1 k
+ —Zlog — (7 log (44/1 — 12 > +A iﬁjarcsintj—wl g2
3 (o iy s (5) ) 45 2
S G+ F+8)GA+ S - B))
—log G(1+ ap) —log G(1 + aypi1) + Zlog Glta) (2.1.27)

7=1
m+1

é/ll\/%dx—; S +Zzﬁf¢—][ mt_x>dx
47r2/ m (][ e x{ﬁdy)dx
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where G is Barnes” G-function, ¢ is Riemann’s zeta-function, where we use the notations f

for the Cauchy principal value integral, and

A= "a; (2.1.28)

Furthermore, the error term in (2.1.23) is uniform for all oy in compact subsets of

{z € C: Rz > —1}, for all By in compact subsets of {z € C: Rz € ( T 4)} and uniform in

t1, ..., tm, as long as there exists o > 0 independent of n such that
min{[t; —tf, [t; — 1), |t; + 1} = 0. (2.1.29)
J

Remark 2.1.4 The assumption RB; € (—1 comes from some technicalities in our analy-

1)
sis. Similar difficulties were encountered in [5] for Gy (0, 3,222,0) with m =1 (i.e. 5= B1),
and in [14] for J,(&, 3.0, W). In [14], the authors overcame these technicalities, and were
able to extend their results from Ry, € (—3, 1) to RBp € (=%, %) by using Vitali’s theorem.
Their argument relies crucially on w being independent of n (which is true only for Jacobi-
type weights with V= 0) and can not be adapted straightforwardly to the situation of Theorem
2.1.1, 2.1.2 and 2.1.3. However, the method presented in this paper allows in principle, but

1 1 Fi-

with significant extra effort, to obtain asymptotics for the whole region Rpy, € (—3,5).
nally, extending the result from RBy, € (—3,3) to RBp € (=1, 1] would rely on so-called FH

representations of the weight, see [9] for more details.

Remark 2.1.5 Starting with a function f defined on the unit circle, the associated Toeplitz
determinant is given by

1 4 . L
det (— / f(e“’)e—m—’“)@de) : (2.1.30)
21 J & jk=0,...n—1

Asymptotics of large Toeplitz determinants is another topic of high interest, which presents
applications similar to those of Hankel determinants, but for point processes defined on the
unit circle instead of the real line. In [9], the authors obtained first large n asymptotics
for certain Toeplitz determinants (with the zero potential), and deduced from them large n

asymptotics for J, (&, B,O,W). It is therefore natural to wonder if one can translate the
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results of Theorem 2.1.1, 2.1.2 and 2.1.3 into asymptotics for Toeplitz determinants with a

one-cut reqular potential. We explain here why we believe this is not obvious.

The main tool used in [9] is a relation of Szegé [18] . If
f(e®) = w(cos B)| sin b, (2.1.31)

we can express orthogonal polynomials on the unit circle associated to f in terms of orthogonal
polynomials on the real line associated to w. Note that this transformation can only work in
all generality from Toeplitz to Hankel, and not the other way around. Indeed, the weight

w can be arbitrary, but the function f is of a very particular type (in particular it satisfies
f(e?) = fe™)).

We also believe that asymptotics for Toeplitz determinants with a one-cut reqular potential
and FH singularities would not imply Theorem 2.1.1, 2.1.2 and 2.1.3 (with the exception of
V =0 for Jacobi-type weights as done in [9]). The main reason is that, as shown from the
change of variables s = cos@ in (2.1.4), the potential V on the unit circle is related to the
potential V' on the interval [—1, 1] via the relation ‘7(61'9) = V(cos @), which means that at least
one potential is not analytic (except if V is a constant as in [9]). Finally, we also point out
that regarding e.g. Gaussian-type weights, again the change of variables s = cos@ in (2.1.4)
shows that the associated equilibrium measure pig; on the unit circle vanishes as a square at
0 = 0 and 0 = w, which is not a “reqular” weight. To avoid this problem, one could by a
simple change of variables shrink the support of jy into [—a,a] with 0 < a < 1, but then pg

would be supported on two disjoint intervals.

Applications

In this section, we provide several applications of Theorem 2.1.1, Theorem 2.1.2 and The-
orem 2.1.3 in random matrix theory. For each type of weight, there corresponds a particu-

lar type of matrix ensemble. Assume that V' is a Gaussian-type potential. The associated
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Gaussian-type matrix ensemble consists of the space of n x n complex Hermitian matrices

endowed with the probability measure

L mwvonigyy, anr = [[dM [ drMidsmy, (2.1.32)
Zs i=1 1<i<j<n

with Z(f the normalizing constant. Laguerre-type matrix ensembles are usually defined on
n xn complex positive definite Hermitian matrices. Here we instead assume, for Laguerre-type
matrix ensembles, that all matrices have eigenvalues geater than —1 (this assumption eases
the comparison between the three cases). Such ensembles have a probability measure of the
form

1
7 det(I 4+ M) " EVIDIg T oy > —1, (2.1.33)

n

where V is of Laguerre-type, and Zf is the normalizing constant. Finally, a Jacobi-type
matrix ensemble consists of the space of n x n Hermitian matrices whose spectrum lies the
interval [—1, 1], with a probability measure of the form

1
= det(I + M) det(I — M)om+1e " BVIDIGNr - g, pgs > —1, (2.1.34)

n

with a Jacobi-type potential V' and Z{ is again the normalizing constant. These three types of

matrix ensembles are invariant under unitary conjugation and induce the following probability

measures on the eigenvalues x1,...,x,:

1 n

7G H (z), — 7;)? H e ™V @)y, T1,..., %, €R, (2.1.35)
" 1<j<k<n j=1
1 n

i I (e =) ]+ z)0e V) day, T1,... &, € [—1,00), (2.1.36)
n1<j<k<n j=1
1 n

— I =z +z)@ —ay)omre ™ @day, a2 € [-1,1],  (2.1.37)
N 1<j<k<n j=1

where the first, second and third line read for Gaussian, Laguerre, and Jacobi-type matrix
ensembles, respectively, and Z¢, ZL and Z7 are the normalizing constants, also called the

partition functions.
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Partition function asymptotics in the one-cut regime. By Heine’s formula, the parti-
tion functions can be rewritten as Hankel determinants of the form (2.1.1) with W = 0, 5 =0
and oy = ... = oy, = 0 and can thus be deduced from theorems 2.1.1, 2.1.2 and 2.1.3. Large
n asymptotics for Z& have been obtained in some particular cases of V in [19,20] using RH
methods. Then large n asymptotics for Z% ZL and Z7 were all obtained in [17] using loop
equations, however these asymptotics are valid only without singularities, i.e. only for ag = 0
for ZL and only for ag = a,,11 = 0 for Z7. Finally, via RH methods, large n asymptotics for

Z% have been obtained only recently in [15] for general potential V.

Corollary 2.1.5.1 Asn — +oo, we have

Z¢ = exp ( — <log2 + Z +%/1 (V(z) — 2:52)(2 +1p(z) ) V1 — 22 ) (2.1.38)

-1

 log(2e)n — g5 login+ (1) = 3 log ({1 >——1og< ) +o(*En),

Zk = exp(—(logQ—F;—i—%/_ll(V()—2(3:—1—1 \/17 ) (2.1.39)

+ <10g(27r) — aglog2 — ;—; /_11 V(xi/iix:_ 1)dx + %(V(—l) - 2)) + (% - %) logn

+20(~1) — 1—84043 log (Ww(—l)) L log(m(1) + %log(Zﬂ) “log G(1 + ag) + O(logn)>’

24 n

Z) = exp ( - (log2 + % /_11 V(z) (1 + w(x))%) n? (2.1.40)

+<10g(2) (ao+am+1)log2—a0+am+1/ (@) gy SV + O"”“vu))n

V1= 22 2
1 log2 1—-4 1-4
+<_Z+%)mgn+3c'<—1>+0§ - 8“°log<w<—1>> %logw( )

2
Qg +2am+1 log(27) — (ap + am)

log2 —log (G(1+ ag)G(1 + 1)) + O(logn))

n

Central limit theorems (CLTs). The function W allows to obtain information about
the global fluctuation properties of the spectrum around the equilibrium measure. In [21],
Johansson obtained a CLT for Gaussian-type ensembles (and is reproduced in (2.1.41) below

for convenience). Until now, there were no CLT's in the literature for Laguerre and Jacobi-type
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ensembles. These CLTs are obtained in Corollary 2.1.5.2 below, as a rather straightforward

consequence of Theorem 2.1.2 and Theorem 2.1.3.

Corollary 2.1.5.2 (a) Let x4, ..., x, be distributed according to (2.1.35) and V' and W be as

i Theorem 2.1.1. As n — +00, we have

1

zn:W(xi)—n W(2)(z)V1— 22dz -2 N(0,02), (2.1.41)

-1

d . .
where — means convergence in distribution, and N(0,0?) is a zero-mean normal random

variable with variance given by

71r2 /11 \/T/i/(_i)ﬁ (][11 W/(yi\_/ﬁdy) dz. (2.1.42)

(b) Let x1,...,x, be distributed according to (2.1.36) and V and W be as in Theorem 2.1.2.

Asn — +00, we have

n 1 1=
SOW () - n/ W) [ Tde 5 N, o?), (2.1.43)
— -1
where o? is given by (2.1.42) and the mean py, is given by
1

oo W(z) oo
= — ————dx — —W(-1). 2.1.44
1223 o |, 1—:c2$ QW( ) ( )

(c) Let 1, ...,x, be distributed according to (2.1.37) and V and W be as in Theorem 2.1.3.

Asn — +00, we have
ZW T —n/ W(x d:v Ly Ny, 0?), (2.1.45)

where o2 is given by (2.1.42) and the mean py is given by

(o) + Q41 _ Qmy
= dr — — 1). 214

Proof We only prove the result for Jacobi-type ensembles. The proofs for the other cases
are similar. From Heine’s formula, we have

Jn(<a07 07 sy 07 am+1)7 67 ‘/7 tW)

= , teR, (2.1.47)
Jn((0, 0, ..., 0, 1), 0, V, 0)

E, [et i W(zj)} _
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where E; means that the expectation is taken with respect to (2.1.37). Let X, be the random
variable defined by

X, = Z W(z;) — n/_l W(x)%dm (2.1.48)

Theorem 2.1.3 then implies

t? 1
n

Thus, for each ¢t € R, (X,,) is a sequence of random variables whose moment generating func-
2
tions converge to e’ 79" as n — 400 (the convergence is pointwise in ¢ € R). Convergence

in distribution follows from well-known convergence theorems (see e.g. [22]).

Correlations of the characteristic polynomials. Let p,(t) = [[}_,(t—x;) be the charac-
teristic polynomial associated to a matrix from a Gaussian-type, Laguerre-type or Jacobi-type
ensemble. Supported by numerical evidence, numerous conjectures in the literature have been
formulated about links between p,(¢) and the behavior of the Riemann (-functions along the
critical line (see e.g. [23]). For Gaussian-type ensembles, correlations with root-type singu-
larities were studied in [4] for V(z) = 222 and in [15] for general V. Large n asymptotics
for more general correlations with both root-type and jump-type singularities were obtained
in [3]. However, the cases of Laguerre or Jacobi-type ensembles were still open. In the same
way as noticed in [3, equation (1.16)], we can express these correlations in terms of Hankel
determinants with FH singularities as follows!:

= 3 Dn _’a _»a VYa 0 - ;
Ep [H |pn<tk)|ake2z5k argpn(tk):| — % H e—lmrﬁk7 D = G7 L,J, (2_1.50)
k=1 n k=1

where Eg, E;, and E; are the expectations taken with respect to (2.1.35), (2.1.36) and (2.1.37),

respectively, and where

- . 0, if T; < t,
arg p(t) = Z arg(t — x;), with arg(t — x;) = (2.1.51)
j=1

—T, if Tj > t.

!There is a n missing in [3, equations (1.16) and (1.22)]: e~ should instead be e~ and s,i/Q should

instead be 52/2. The correct expressions are given by (2.1.50) and (2.1.52) of the present work.
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Therefore, as an immediate corollary of Theorem 2.1.2 and Theorem 2.1.3, we obtain large n

asymptotics for the correlations given in (2.1.50) for Laguerre and Jacobi-type ensembles.

Gap probabilities in piecewise constant thinned point processes. Given a point
process, a constant thinning consists of removing each point independently with a certain
probability s € [0,1]. The remaining points, denoted by 1, ..., yy, form a thinned point pro-
cess, and can be interpreted in certain applications as observed points [24,25]. Probabilities
of observing a large gap in the thinned sine point process, as well as for thinned eigenvalues
of Haar distributed unitary matrices, have been studied in [26] and [27], respectively. A more
general operation consists of applying a piecewise constant thinning, and was first considered
in [3] for Gaussian-type ensembles. Large gap asymptotics for the piecewise constant thinned
Airy and Bessel point processes were obtained recently in [28] and [29], respectively. From The-
orem 2.1.2 and Theorem 2.1.3, we can deduce large gap asymptotics for (piecewise constant)
thinned Laguerre and Jacobi-type ensembles. Following [3], we consider K C {1,...,m + 1}.
For each k € K, we remove each point on (tx_1, tx) with a probability s, € (0,1]. In the same
way as shown in [3, equations (1.20)—(1.22)], we can express gap probabilities in the piecewise

thinned spectrum of Gaussian, Laguerre and Jacobi-type ensembles as follows:

Da(@, 5,V,0) 17
Pp (h{yj e | Jthor,ta)} = 0) = % s, D=G,L,J (2.1.52)
kek n kek
with a; = ... = a,;, = 0 and 5: (Bi, ..., Bm) given by
S, s:, ifjeK,
2in3; = log (Ni) ; 5=1" g (2.1.53)
541 1, ifj ¢ K,

and where again Pg, Pr, and P; are probabilities taken with respect to (2.1.35), (2.1.36) and

(2.1.37), respectively.

Rigidity and Gaussian multiplicative chaos. Let us consider a sequence of matrices M,
taken from either Gaussian, Laguerre, or Jacobi-type ensembles. As n — 400, the logarithm
of the characteristic polynomial of M,, behaves like a log-correlated field. A fundamental tool

in describing some properties of the limiting field is a class of random measures, known as
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Gaussian multiplicative chaos measures. Roughly speaking, these measures are exponential
of the field, however a precise definition is rather subtle. This subject was introduced by
Kahane in [30], and we refer to [31] for a recent review. For Gaussian-type ensembles, it is
known (from [15]) that a sufficiently small power of the absolute value of the characteristic
polynomial converges weakly in distribution to a Gaussian multiplicative chaos measure. Large
n asymptotics for Hankel determinants with root-type singularities provide crucial estimates in
the proof. Theorem 2.1.2 and Theorem 2.1.3 provide similar estimates for Laguerre and Jacobi-
type ensembles, which could probably be used to prove analogous results for the Laguerre and
Jacobi cases. Another related topic is the study of rigidity, which attempts to answer the
question: “How much can the eigenvalues of a random matrix fluctuate?”. For Gaussian-
type ensembles, this question has been answered in [16]. This time, it is large n asymptotics
for Hankel determinants with jump-type singularities that are crucial in the analysis. In
particular, the proof of [16] relies heavily on Theorem 2.1.1 (with &@ = 0). Theorem 2.1.2 and
Theorem 2.1.3 provide similar estimates for Laguerre and Jacobi-type ensembles, which we

believe are relevant to prove similar rigidity results for these ensembles.

Outline

The general strategy of our proof is close to the one done in [3], and can be schematized

as
L,(0,0,2(z +1),0) +— L@ 3,2(x+1),0) = L.(& 5 V,0) — Ly(a 3 V,W),
Jo(@,5,0,0) — (@ 5,V,0) — J(a& B3 V,W).
(2.1.54)

In Section 2.2, we recall a well-known correspondence between Hankel determinants and or-
thogonal polynomials (OPs), and the characterization of these OPs in terms of a Riemann-
Hilbert (RH) problem found by Fokas, Its and Kitaev [6], and whose solution is denoted by

Y. In Section 2.3, we derive suitable differential identities, which express the quantities

8l,logLn(&,g,2(a:—l—1),0), aslogLn(&’,g,V;,O), thogLn(&,g,MWt), (2.1.55)
D log Jo(@, B,V,,0),  dlog (@ BV, W),
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in terms of Y, where v € {ag, ..., ®n, B1,---,0m}, and s € [0,1] and ¢ € [0, 1] are smooth de-
formation parameters (more details on these deformations are given in Section 2.7 and Section
2.8). In Section 2.4, we perform a Deift/Zhou steepest descent analysis of the RH problem to
obtain large n asymptotics for Y. We deduce from them asymptotics for the log derivatives
given in (2.1.55), and we also proceed with their successive integrations (represented schemat-
ically by an arrow in (2.1.54)). These computations are rather long, and we organise them in
several sections: Section 2.6 is devoted to integration in @ and ﬁ , Section 2.7 to integration
in s and Section 2.8 to integration in ¢. Each integration only gives us asymptotics for a ratio
of Hankel determinants. Therefore, it is important to chose carefully the starting point of
integration in the set of parameters (d, ﬁ ,V,W). For Laguerre-type weights, we chose this
point to be (0,0,2(z + 1),0) and for Jacobi-type weights, we use the result of [9] and chose
(&, 5,0, 0). We recall large n asymptotics for Ln(ﬁ, 6,2(:17 + 1),0) and for J,(q, E,0,0) in
Section 2.5.

Notations. We will use repetitively through the paper the convention ty = —1, t,,41 = 1,
Bo = 0 and f,,41 = 0. Furthermore, for Laguerre-type weights, we define a,,,,; = 0 and for
Gaussian-type weights, we define g = 0 and «,,,.1 = 0. This allows us for example to rewrite

w given in (2.1.6) as
m+1

w(z) = H Wa, (T)wg, (7). (2.1.56)

2.2 A Riemann-Hilbert problem for orthogonal polynomials

We consider the family of OPs associated to the weight w given in (2.1.2). The degree k

polynomial p; is characterized by the relations

/pk(a:)xjw(:c)dx = Ky Ok, j=0,1,2,...,k, (2.2.1)
T

where kj, # 0 is the leading order coefficient of py. If 8; € iR and Ro; > -1, j =0,...,m+1,
then w(x) > 0 for almost all x € Z. In this case, we can rewrite (2.2.1) as an inner product
and it is a simple consequence of Gram-Schmidt that the OPs exist. However, for general

values of o; and f3;, the weight w is complex-valued and existence is no more guaranteed.
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This fact introduces some technicalities in the analysis that are briefly discussed in Section

2.6, Section 2.7 and Section 2.8.

We associate to these OPs a RH problem for a 2x2 matrix-valued function Y, due to [6]. As
mentioned in the outline, it will play a crucial role in our proof.
RH problem for Y

(a) Y :C\Z — C**? is analytic.

(b) The limits of Y'(z) as z tends to x € Z\{—1,t1,...,tm, 1} from the upper and lower half

plane exist, and are denoted Y. (z) respectively. Furthermore, the functions = — Yy (x)

are continuous on Z \ {—1,%1,...,t,, 1} and are related by
1 w(z)
Y,(z) =Y (x) , reI\{-1,t1,...,tm, 1} (2.2.2)
0 1

(c) As z — oo,
1 0
Y(z)= I+ 0(z"))z"", where o3= . (2.2.3)
0 -1

(d) As z —tj, for j =0,1,...,m+1 (with ¢, := —1 and ¢,,,41 := 1), we have

[ (00) o) +0((=~ 1)) if R, £ 0
. O(1) O(1) +O((z — t;)™) (2.2.4)
O(1) O(log(z —t;)) if Ras = 0

O(1) O(log(z —t;))

\

The solution of the RH problem for Y is always unique, exists if and only if p,, and p,_; exist,

and is explicitly given by

/i;lpn(z) H;T_Ll /Ipn(x)w(x>d$

r—z

Y(z) = . (2.2.5)

—27Tmn—1pn—1(2) _,in_l/Zde
T xr—Zz



32

The fact that Y given by (2.2.5) satisfies the condition (b) of the RH problem for Y follows
from the Sokhotski formula and relies on the assumption that W is locally Hélder continuous

on 7 (see e.g. [32]).

2.3 Differential identities

In this section, we express the logarithmic derivatives given in (2.1.55) in terms of Y.

2.3.1 Identity for 0, log L, (a, B, 2(x+1),0) with v € {ag,...,am, b1, -, Bm}

In this subsection, we specialize to the Laguerre-type weight w(z) = w(z)e 2"=+1),

Note that the second column of Y blows up as z — t;, k = 0,1, ..., m as shown in (2.2.4). The
terms of order 1 in these asymptotics will contribute in our identity for 9, log L, (&, 5 ,2(x +
1),0). To prepare ourselves for that matter, following [3, eq (3.6)], for each k € {1,...,m}
we define a regularized integral by

Regk(f) = lim {Oék /I\[ | de — f(tk)wtk(tk)(emﬁk _ e_ﬂ'iﬁk)sak : (2'3.1)
tr—€,tp+e

E*>0+ T — tk:

where f is a smooth function on Z = [—1, +00), and

wi (@) =[] wa,(@)ws, (). (2.3.2)
"

For k = 0, we define the regularized integral as above, with e™% replaced by 0 and e ™

replaced by 1 (we also recall that ¢ty = —1), i.e. we have
Regy(f) := lim {Oéo/ de + f(to)w_1(to)e™| . (2.3.3)
&0+ T\[toto+d T~ Lo

Proposition 2.3.1 The regularized integrals (2.3.1) and (2.5.3) satisfy

Reg,(f) = lim oy, de

2=t T xr—Zz

- Tk(2), (2.3.4)
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where the limit is taken along a path in the upper-half plane which is non-tangential to the

real line. For k=1,....m, Ji(z) is given by

/

T TPk _ iy ,—miP _ Qg : <
s (1) (€% — Tz — ), i Ry <0 0 A0,
Ti(2) =\ f(te)wr, (1) (7P — e7mid), if a0 = 0,
\0’ Zf %Oék > 0.
(2.3.5)
For k =0, we have
Toe ™o ]
- _ aQ <
sin(r ) f(to)w_1(to)(z — o)™, if Rap <0, ap # 0,
Jo(2) = 9 — f(to)w_1(to), if ag =0, (2.3.6)
0, if Rag > 0.

\
Proof The proof for k =1,...,m can be found in [3, Proposition 3.1] (which is itself based
on [4]). The proof for £ = 0 can be proved similarly by a straightforward adaptation. It
suffices to replace €™+ by 0 and e~™#* by 1 in the proof of [3, Proposition 3.1]. [ |

Since the second column of Y(z) blows up as z — ¢;, j = 0,...,m, we regularize Y at these

points using the definitions (2.3.1) and (2.3.3) as follows:

1
Vi, (tj) Regj <_Y'11 ($)672n(x+1))

Y(t;) = 271”' (2.3.7)
}/21(753') Regj <%Yv21 (x)e—2n(x+1))
From Proposition 2.3.1, we have
i;kg(tj) = Zlg? CEijQ(Z) - Cijl(tj)(Z - tj)aj, k= 1, 2, (238)

where the limit is taken along a path in the upper half plane non-tangential to the real line.
For j =1,...,m, ¢; is given by
o e—2n(t+1)

o j (t. 7'('1'5]‘ _ Ty 77Tiﬁj 239
CJ Sin(ﬂ'Oéj) 21 wt]( J)(e € e )7 ( )

and for j = 0 we have
e’ —€

co = w_1(—1). (2.3.10)

 sin(mag) 2w
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Note that det EN/(tj) is not equal to 1, but instead we have
detY(t;) = aj,  j=0,1,...,m. (2.3.11)

Proposition 2.3.2 Let po,p1,... be the family of OPs with respect to the weight w(x) =

w(z)e 2@+ whose leading coefficients are denoted by
pr(®) = rp(a® + et ). (2.3.12)

Let v € {ap, a1, b1, ..., am, B} and let n, & and 5 be such that po,p1,...,p, exist. We have
the following identity:

0, log L (@, 3,2(x +1),0) = —(n + A), log(knkn_1) + 20,1,

+ 3 (V)0 Yaa () = Vaa(t)0, Yar (1) + Yia () Voo (£)0), Vogknn1) ) . (2:3.13)
j=0
where A =3 ;.

Remark 2.3.1 We do not need an analogous formula for 0, log J,, (&, 5, 0,0) as large n asymp-

totics of J, (@, 3,0, 0) are already known from [9], see the outline.

Proof The proof is an adaptation of [3, Subsection 3.1] where the author obtained a differ-
ential identity for 0, log G, (&, 3,222, 0) (this proof was itself a generalization of [4,5]). Here,
the proof is even slightly easier, due to the fact that the potential is a polynomial of degree
1 (and not of degree 2 as in [3-5]). Since we assume that py,...,p, exist, we can use the

following general identity, which was obtained in [4]

0, log L, (&, B, 2(x+1),0) = —nd, log kp—1 + fin—1 (I, — 1), (2.3.14)
where
L = /Ip;l_l(x)&,pn(x)w(x)dx, and I, = /Ip;l(x)é?ypn_l(x)w(x)dx. (2.3.15)
Since Ra; > —1 for all 7 =0,1,...,m, we first note that
I =1lim [ p, (2)0,pn(x)w(x)dr, (2.3.16)

e—04 T
€
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where Z, is the union of m + 1 intervals given by
Io=[to+ets —eJUt1 +€ta—€|U... Ut + €ty — €] U [t + €,00).

Along each of these m + 1 intervals, we integrate by parts (for each fixed and sufficiently small

€), using

w'(z) = (— 2n+z e ')w(:v), r € (—=1,00) \ {t1, ..., tm} (2.3.17)

Then, we simplify the expression by using the orthogonality relations (2.2.1). Finally, we
substitute it in the limit (2.3.16) using (2.3.1) and (2.3.3), and we find

Oy kn K
+ 2n
Rp—1 Kn—1

Ouna — Y Oupu(tj)Reg; [pu-i(x)e 2=1] (2.3.18)
7=0

We proceed similarly to find the following expression for 5 (the calculations are easier as

several integrals can be identified as equal to 0 by using (2.2.1)):
I, = — Za,,pn_l(tj)Regj [ n(x)e_zn(“l)] ) (2.3.19)
=0

By rewriting first I; and I in terms of Y and EN/, then by substituting these expressions into

(2.3.14), and finally by using (2.3.11), we obtain the claim. u

2.3.2 A general differential identity

We recall here a differential identity that is valid for all three types of weights. In Section
2.7 and Section 2.8, we will use Proposition 2.3.3 below with v = s or v = t to obtain identities
for the quantities in (2.1.55) (save the case of 8, L, (d, 3,2(z + 1),0) for which we will use

Proposition 2.3.2).

Proposition 2.3.3 Let D, be a Hankel determinant whose weight w depends smoothly on
a parameter v. Let us assume that the associated orthonormal polynomials py,. .. ,p, exist.

Then we have

d,log D, = L Y 2)Y'(2)]210,w(z)dx, (2.3.20)

2m )1

where I is the support of w, and Y is given by (2.2.5).
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Proof It suffices to start from the well-known [18] identity

n—1
D, =[] x> (2.3.21)
=0

take the log, differentiate with respect to v, use the orthogonality relations and finally substi-

tute Y in the expression. [ |

2.4 Steepest descent analysis

In this section we will construct an asymptotic solution to the RH problem for Y through
the Deift /Zhou steepest descent method, for Laguerre-type and Jacobi-type weights. The
analysis goes via a series of transformations Y — T'+— S+ R. The Y — T transformation of
Subsection 2.4.2 normalizes the RH problem at co by means of a so-called g-function (whose
properties are presented in Subsection 2.4.1). We proceed with the opening of the lenses
T +— S in Subsection 2.4.3. As a preliminary to the last step S +— R, we first construct
approximations (called “parametrices”) for S in different regions of the complex plane: a
global parametrix in Subsection 2.4.4, local parametrices in the bulk around ¢; in Subsection
2.4.5, and local parametrices at the edges 1 in Subsection 2.4.6 and Subsection 2.4.7. These
parametrices are rather standard: our global parametrix is close to the one done in [3] and local
parametrices in the bulk are built out of confluent hypergeometric functions (as in [5,9,33]),
local parametrices at soft edges in terms of Airy functions (as in [34]) and at a hard edge, in
terms of Bessel functions (as in [10]). Finally, the last step S — R is carried out in Subsection

2.4.8.
2.4.1 Equilibrium measure and g-function
It is convenient for us to introduce the notation p for the density of py:
vi—z
———dz, for Laguerre-type weight,

duy () = p(z)de = V1 f— t (2.4.1)
ﬁdx, for Jacobi-type weight,
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where we recall that by assumption 1) : Z — R is analytic and positive on [—1,1]. Let
Uy be the maximal open neighbourhood of Z in which V is analytic, and Uy be an open
neighbourhood of [—1, 1] in which W is analytic, sufficiently small such that Uy, C Uy. The
so-called g-function is defined by
1
o) = / og(= = p(s)ds, for 2 € (=00, 1] (2.4.2)
where the principal branch is chosen for the logarithm. The g-function is analytic in C\ (—o0, 1]

and has the following properties

1

g+(x) +g_(x)=2 /_1 log |z — s|p(s)ds, z € R, (2.4.3)
gi(z) — g_(x) = 2mi, x € (—o0,—1), (2.4.4)
gi(x) —g_(x) = 27ri/ p(s)ds, x e [—1,1]. (2.4.5)

The Euler-Lagrange conditions (2.1.4)-(2.1.5) can be rewritten in terms of the g-function as
follows:
9o () + g (x) = V(z) - £, zel-1,1] (2.4.6)
29(z) < V(z) — ¢, rel\[-1,1]. (2.4.7)

The above inequality is relevant only for Laguerre-type weight (since for Jacobi-type weight

Z\[-1,1] = 0), and is strict since we assume that V' is regular.

For z € Uy \ [—1, 1], we define

Vz—1
—iw(z)z—, for Laguerre-type weight,
5 vz+l (2.4.8)

for Jacobi-type weight,

where the principal branches are chosen for v/z — 1 and v/z + 1. Note that for z € (=1, 1) we
have p, (s) = —p_(s) = p(s). Let us also define

£(z) = —mi /12 p(s)ds, z e Uy \ (—o0,1), (2.4.9)
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where the path of integration lies in Uy \ (—o0,1). Since & (x) +&_(x) =0 for z € (—1,1),
by (2.4.5) and (2.4.6), we have

284 (z) = go(x) — gx(z) =29+ (x) — V(z) + L. (2.4.10)

By analytic continuation, we have

z€ Uy \ (—o0,1). (2.4.11)

Thus, the Euler-Lagrange inequality (2.4.7) can be simply rewritten as 2§(z) < 0 for z € T \
[—1,1]. Furthermore, since g(z) ~ log(z) as z — oo, we have that (£, (z)+&_(z))/V(x) = —1
as ¢ — 400, ¢ € Z. Finally, by a standard and straightforward analysis of &, we conclude that
there exists a small enough neighbourhood of (—1,1) such that, for z in this neighbourhood

with Sz # 0, we have R¢(2) > 0.

We will also need later large z asymptotics of e™(*) for the Laguerre-type potential V() =

2(z 4+ 1). In this case, we recall that ¢(z) = L, and after a straightforward calculation we

obtain

(%) — z”(l + 23 + O(z_2)>, as z — 00. (2.4.12)
z

2.4.2 First transformation: Y — T

We normalize the RH problem for Y at oo by the standard transformation

nt

T(z) 1= e2Y (2)e 98¢~ 7 9 (2.4.13)

T satisfies the following RH problem.

RH problem for T

(a) T : C\Z — C*? is analytic.
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(b) The jumps for T follows from (2.4.4), (2.4.6) and (2.4.11). We obtain

€—2n§+($) eW(x)w €T
nw = (" 2n§+(i)) Cdfre (—L D\t b}, (24.14)
€

T.(z) = T_(z) . ifreI\[-1,1]. (2.4.15)

(c) Asz =00, T(2) =1+ 0O(z71).

(d) As z = t;, for j =0,1,...,m+ 1, we have

(

O OW+OE=t)™)) o 2
. O(1) O(1) + O((z — t;)*) (2.4.16)
O(1) O(log(z — t;)) ‘R — 0
| \O(1) O(log(z — 1))

2.4.3 Second transformation: T +— S

In this step, we will deform the contour of the RH problem. Therefore, we first consider
the analytic continuations of the functions w,, and wg, from R\ {tx} to C\ {z : R(2) = t;}.

They are given by
(tp — 2)*, if Rz < 1y, e if Ry < ty,

Way (2) = wg, (2) = ‘ (2.4.17)
(z —t), if Rz > 1y, e~ Bk if Rz > ty.

For k=0,...,m+ 1, we also define
wi(2) = ] Way(2)ws, (2). (2.4.18)
0<jsm
7k
Note that for z € (—1,1) \ {¢1,...,tn} we have the following factorization for Jr(x) :

e_2n§+(m) eW(I)w(x) 1 O
0 nir@ |\ W@y () lemme- (@)
0 eV @ w(z) 1
X (2.4.19)



Figure 2.1. The jump contour for the RH problem for S with m = 2 and a
Laguerre-type weight. For Jacobi-type weights, the jump contour for S is of

the same shape, except that there are no jumps on (1, +00).

40

Let v, and v_ be two curves (lying respectively in the upper and lower half plane) that join the

points —1,ty,...,t,, 1 as depicted in Figure 2.1. In order to be able to deform the contour of

the RH problem, we choose them so that they both lie in Uy,. In the constructions of the local

parametrices, they will be required to make angles of 7 with R at the points #y, ..

.y tm, and

angles of 2 with R at the points +1, and this is already shown in Figure 2.1. Also, we denote

Q. for the open regions delimited by v+ and R, see Figure 2.1. The next transformation is

given by
1 0
s if z c Q+,
_e_W(Z)w(z)_16_2n£(Z) 1
S(z) =T(2) 1 0
, if 2z,
67W(z)w(z)71672n§(z) 1
1,

\

S satisfies the following RH problem.

RH problem for S

(a) S:C\ (ZU~vy Uv_) — C**? is analytic.

if ze C\(Q:UQ_U(T\S)).

(2.4.20)
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(b) The jumps for S follows from those of T" and from (2.4.19). They are given by

0 V@ w(z) .
Si(z) =5_(2) ,ifze (=1, D)\ {t,...,tm}, (2.4.21)
—e WGy (2)7! 0
1 eWGy(z)e?ne)
Sy (z) =5_(2) , if e\ [-1,1], (2.4.22)
0 1
1 0
Si(z)=5_(2) : if z €y Ur_. (2.4.23)

e—W(z)w<Z)—le—2n§(z) 1

(¢) As z = 00, S(2) =T+ 0O(z71).

(d) As z—t;, for j=0,1,...,m+ 1, we have

/

if Ry >0, 2z€C\ (2L UQ_),

if Ra; >0, 2€Q,UQ_,

1) O((z—t;)%
) O i)™ if Ro; <0, z2¢Ts,

(
(1) O((z—t;)™)

(1) Ollog(z —1;)) if Ray; =0, z€C\ (2 U,
(1) O(log(z —t;))

(log(z —;)) O(log(z —t;))

(

O(log(z —1;))  O(log(z — 1))

if Ra; =0, 2€Q, UQ_.

(2.4.24)

Now, the rest of the steepest descent analysis consists of finding good approximations to S in
different regions of the complex plane. If z is away from neighbourhoods of —1, ¢y, ..., t,,, 1,
then the jumps for S are uniformly exponentially close to the identity matrix, except those
on (—1,1) (see the discussion at the end of Section 2.4.1). By ignoring the jumps that tend

to the identity matrix, we are left with an RH problem that does not depend on n, and whose
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solution will be a good approximation of S away from —1, ¢y, ..., t,,, 1. This approximation
is called the global parametrix, denoted by P>, and will be given in Section 2.4.4 below.
Near the points —1, ti, ..., t,,, 1 we need to construct local approximations to S (also called
local parametrices and denoted in the present paper by PV Pt = PM) Tet § > 0,
independent of n, be such that

< i P — 1. 2.4.2
0< 0kt [t =t ( %)

The local parametrix P) (for k € {0,1,...,m,m+1}) solves an RH problem with the same
jumps as S, but on a domain which is a disk D,, centered at ¢ of radius < ¢/3. Furthermore,
we require the following matching condition with P(*) on the boundary 0D;,. As n — oo,

uniformly for z € 9D, , we have
P (2) = (I + 0(1)) P (2). (2.4.26)

Again, these constructions are standard and well-known: near a FH singularity in the bulk,
the local parametrix is given in terms of hypergeometric functions, near a soft edge in terms
of Airy functions, and near a hard edge in terms of Bessel functions. The local parametrices

are presented in Section 2.4.5, Section 2.4.6 and Section 2.4.7.

2.4.4 Global parametrix

By disregarding the jump conditions on the lenses v, U~_ and on Z \ [—1, 1], we are left
with the following RH problem for P(>) (condition (d) below ensures uniqueness of the RH

problem and can not be seen from the RH problem for 5).

RH problem for P>
(a) P©):C\ [~1,1] — C**? is analytic.

(b) The jumps for P> are given by

(c0) (c0) 0 eVl (2) :
PO (z) = P (2) Cifze(=L1)\ {t. ...t}
—e WEy(2)7! 0
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(c) As z — o0, PO (2) =T + P{™ 271 + O(272).

(d) As z —t;, for j =1,...,m, we require
o) o1 o
P (z) = 1) ol (z —t;)~(FHAos, (2.4.27)
o(1) o(1)

As z — t; with j € {0,m+ 1} (we recall that ty = —1 and ¢,,.1 = 1, and that a,,11 =0

for Laguerre-type weight), we have

PEO(2) = O((Z—tj)_j) O((Z—tj)_‘l‘) (z—tj)f%gg- (2.4.28)
O((z—t;)7%) O((z—t;)7%)

Remark 2.4.1 Note that this RH problem is the same regardless of the weight, the only
exception being that a,,+1 = 0 for Laguerre-type weight (and not necessarily for Jacobi-type

weight).

This RH problem was solved first in [34] with W = 0 and w = 0. In [10], the authors
explain how to construct the solution to the above RH problem for general W and w by using
Szegd functions. Our RH problem for P(*) is close to the one obtained in [3] for Gaussian-type

weights. The solution is given by

s(a(z) +a(2)™)  g(a(z) —a(x)™)

P () = DJ?
—5(a(z) —a(2)™) 3(a(z) +a(2))

D(2)™, (2.4.20)

where a(z) = /257 is analytic on C\ [~1,1] and a(z) ~ 1 as z = oo. The Szegd function D

is given by D(2) = D,(z)Dg(z) Dw(z), where

Dw(2) = exp (‘/7/ \/1_7111‘22{%1;) (2.4.30)
ﬁexp (“; ) l%) L) VeEnE m( ey
- (2.4.31)

R ) o (A T
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where A = Z;”ng aj and B = 77", B;. The simplified forms of (2.4.31) and (2.4.32) were
found in [10] and [5], respectively. Also, Dy, = lim,_,, D(2) appearing in (2.4.29) is given by

D=2~ 7 exp ( Zﬁj arcsmt exp ( (2.4.33)

27 / \/1 — :L'2 )
The following asymptotic expressions were obtained in [3, Section 4.4] with oy = @41 = 0.

It is straightforward to adapt them for general ag and oy, 41. As z — ¢, with k € {1,...,m}

and 3z > 0, we have

Da(z) = ( T -t17 I ) (z—t) F(1+ 0z~ 1), (2434)
0<j#k<m+1 j=k+1
Ds(z) = e—?wﬁﬂk)( 1T T,fj) (1= £2) P27 Pz — )P (1 + Oz — 1)), (2.4.35)
1<j#k<m
where
k-1 m 1—tyt; — \/(1—ti)(1—t§)
=D 6= > B Ty= e — 1] : (2.4.36)
j=1 j=k+1 k=%

Let us also define the following quantities:

1+t ~ —
B, = 212 - ——Jg. B.= 2Z; (2.4.37)
As z — 1, we have
m+1
D(z) [[(z =)™ =1 - V2AVz =1+ A%(z — 1) + O((z — 1)*?), (2.4.38)
=0
DY(2)e™ =1+ V2B1Vz =1+ Bi(z — 1) + O((= — 1)*?). (2.4.39)
As z — —1, Sz > 0, we have
m+1
D) [[(t—2) % =14 iV2AVz + 1 - A(z+1) + O((z + 1)*/?), (2.4.40)
j=0
D%(2)e” ™ =1+ ivV2B_ V2 +1— B2 (2 + 1) + O((z + 1)*?). (2.4.41)
As z — oo, with W = 0 and recalling that Sy = §,,.1 = 0, we have
m+1 it
Z (% Fiy/1— t§5j> §D§O
JOS N (2.4.42)

. m+1
i a;ty 2
_§DOO — E <T+Z 1—tj6j)
0
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Figure 2.2. The neighborhood D;, and its image under the mapping f;, .

2.4.5 Local parametrix near t;, 1 < k <m

It is well-known [5,9,33] that P*) can be written in terms of hypergeometric functions.
In [3], the local parametrix was obtained for Gaussian-type weights, and it is straightforward
to adapt the construction for Laguerre-type and Jacobi-type weights, the only difference being
in the definition of . Let us define the function f;, by

filz) = —2 ) =belbe), 8200 / " p(s)ds, (2.4.43)

—(5(2> - gf(tk))a Sz < 07 b
where in the above expression p is the analytic continuation on Uy \ ((—oo, —1) U (1, +00))
of the density of the equilibrium measure (p was previously only defined on [—1,1]). This is

a conformal map from D;, to a neighbourhood of 0, and its expansion as z — ¢}, is given by
fi,(2) = 2mip(ty)(z — te) (1 + O(z — tr)), as z — t. (2.4.44)

The lenses in a neighbourhood of t; are chosen such that f (v+ N D) C 'y UTy and
ft.(v=NDy, ) C I'g UTYg, see Figure 2.2. Let us define Qf’k = ftzl(II) N Dy, that is, it is the
subset of D;, that lies outside the lenses in the upper half plane and which is mapped by fi,
into a subset of 1. All we need is to find the expression of P*) in the region Qf’k. This was

done in [3, equation (4.48) and below (5.2)] for Gaussian-type weights. It is straightforward
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to adapt the construction in our situations, and we omit the details. For z € Qf ks P (2) is

given by

P(t’“)(z) = B, (2)x

T(1+—B) e _imay T(1+%E—B) e —mi

WG(T'“‘F&,%;”]C@(Z))G 2 —WHQ‘FT’“ — Bk, ag;nfy (2)e”™)
(142K a _ima a i
HEEEG (1 + % + fh s () 5" H(% = By i nfy (:)e™)

mioy (2)

X (z—tg)” FoseTihosgne(2)os = ”3wtk(z)_%3, (2.4.45)

where G and H are given in terms of the Whittaker functions (see [35, Chapter 13]):

Mli ,u(z) WH #(z) o 1 @
) b — — = — —_ . 2446

The function Ey, is analytic in Dy, (see [3, (4.49)-(4.51)]) and its value at ¢, is given by

Gla,a;z) = H(a,a;2) =

D3 VIR VI i T VTG — e VT )

Etk(tk) = T us’ s’ us s s AZ37
2i/1—& \~i (e T VIFh—e¥VI=t) e FVTTh+ei V=i
(2.4.47)
where
W (t;,) A 3.
Ap = e Dy () el F (dmp(ti)n(l — £2))P T 7.7 (2.4.48)
1<j#k<m
and "
m 1
A\, = Aarccosty — gak — Z Ta; + 27m/ p(s)ds. (2.4.49)
j=k+1 b

Also, we need a more detailed knowledge of the asymptotics (2.4.26). By [3, equation (4.52)],

we have

—1 7(ou, Br)

PW ()P () =T+ ——=FE, () By, ()" + O(n 220,
"ftk< ) —r(ag—B) 1
(2.4.50)
uniformly for 2 € 9D;, as n — oo, where v, = 32 — T and 7(ag, Bk) = %

2.4.6 Local parametrix near 1

The local parametrix near 1 cannot be treated for both Laguerre-type and Jacobi-type

weights simultaneously, since 1 is a soft edge for Laguerre-type weights, and a hard edge for
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Jacobi-type weights. At a soft edge, the construction relies on the Airy model RH problem
(whose solution is denoted ®4;), and at a hard edge on the Bessel model RH problem (whose
solution is denoted ®g,). For the reader’s convenience, we recall these model RH problems in

the appendix.

Laguerre-type weights

Let us define fi(z) = (—3¢(2))*3. This is a conformal map in D; whose expansion as

z — 1 is given by

fi(2) = <”%)>2/3 (1) (1 - 1—10 (1 . 4%3) (z—1)+0((z — 1)2)> . (24.51)

The lenses 4 and v_ in a neighborhood of 1 are chosen such that fi(v, ND;) C e Rt and

fi(y-ND;) C e 5 RT. The local parametrix is given by

PO(2) = By (2)Dui(n?3 f1(2))w(z)" F e me@ose= e (2.4.52)
where Fj is analytic in D; and given by
(c0) W(z) ., Lo p—1 73 3 1 L
Ei(z) =P (z)e 2 Pw(2)2 N fi(z)ine, N=— : (2.4.53)

V2 i

and ®,;(z) is the solution to the Airy model RH problem presented in the appendix (see Sub-
section C.1). Using (C.1.2), we obtain a more detailed description of the matching condition

(2.4.26):

W(z) 73

P (2)e 2 Sw(z)2
8n f1(2)3/2 i

=

i o3 Wi(z)

w(z)" e 2 P ()L O(n7?)

PUO(2)P) () =T+

D=

(2.4.54)

uniformly for z € 9D; as n — oc.
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Jacobi-type weights

In this case we define fi(z) = £(z)?/4. This is a conformal map in D; whose expansion as

z — 1 is given by

filz) = (%w)f (== D(1+ (;Z(%) - é) (=) +0((z—1)). (2.4.55)

The lenses v, and 7_ in a neighborhood of 1 are again chosen such that fi(v,.ND;) C 3 RT

2w

and fi(y- ND;) C e 3 RT. The local parametrix is given by

“m+1 (2)

PO (2) = B (2)®pe(nf1(2); Qs Jwn (2)”F (2 — 1)~ 5 08 mE(D730= 5

% (2.4.56)

where the principal branch is taken for (z —1) e

, Ppe(2) is the solution to the Bessel model

RH problem presented in Subsection C.2, and Fj; is analytic in D; and given by

W(z) Am41

2 93 (z—1)"F Bw(2) T N (2anf(2)/?) 7 (2.4.57)

Ei(z) = P™)(2)e

In this case, using (C.2.2), the matching condition (2.4.26) can be written as

P(Oo)(z)e%”w (2)% (z — 1)%;1”3
PO(NPE ()1 ] L
(2) (2) + 16n.f,(2)'/2
_(]_ + 4@%1_’_1) _27/ Am+1 o3 W(z) 1 2
X (z—1)""2 Bw(z)"2e 2 2P (2)7L £ O(n2),

—2i 14402,
(2.4.58)

uniformly for z € 9D; as n — oo.

2.4.7 Local parametrix near —1

Since Laguerre-type and Jacobi-type weights both have a hard edge at —1, the construction
of this local parametrix can be treated simultaneously for both cases, the only difference being
in the conformal map. This map is defined by f_i(z) = —(&(2) — mi)?/4, and its expansion

as z — —1 is given by

(\/5771&(—1))2(,2 +1) (1 + <§1ZI((__5)) - é) (z4+1)+0((z+ 1)2)>, for Laguerre-type weights,
f-1(2) = o
(\7/%77[1(—1))2(2 +1) (1 + (gii((—ll)) + é) (z+1)+0((z+ 1)2)>, for Jacobi-type weights.

(2.4.59)
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The local parametrix is given by

P(_l)(z) = E_1(2)o3Ppe(—nf-1(2); 040)0300—1(2)_%3(_2 - 1)_%036_%(2)036_ W2(2)037 (2.4.60)

where the principal branch is chosen for (—z — 1)~ and E_, is analytic in D_; and given
by

Wi(z)

E_1(z) = (=1)"P)(2)e 2 Bw_1(2)7 (=2 — 1) ZBN2an(—f1(z)Y)F.  (2.4.61)

For Laguerre-type weights with W = 0, by taking the limit z — —1 in (2.4.61) (from e.g. the
upper half plane) and using the asymptotics (2.4.40)—(2.4.41) we have

(A+B_,)

Ey(-1) = (-1)"DZ (N + v
0 A+ B_y)

)(4W2¢(—1)n)%”. (2.4.62)

Furthermore, as n — oo, we have

PO (2)e" 50w (2) P (—z — 1) Fon
PEV (AP (N = T 1
(2) (2) + 16n(—f_1(2))1/2
—(1_'_4063) 22 _ o9 _o3 _W(») ( )
X —z—1)"2%w_q(z)"2e 2 BPY(2Z)T +0(n), (2.4.63)
2i 1+ 4a?

uniformly for z € 9D_;.

2.4.8 Small norm RH problem

We are now in a position to do the last transformation. We recall that the disks are

nonoverlapping. Using the parametrices, we define the matrix valued function R as

S(z)P>®) ()1, if zeC Um+1D ,
R(z) = () PE) \ b (2.4.64)
S(z) P (2)7Y, ifzeDy, j=0,...,m+1

We recall that the local parametrices have the same jumps as S inside the disks and also that
the global parametrix has the same jumps as S on (—1,1), hence R has jumps only on the
contour X depicted in Figure 2.3, where the orientation of the jump contour on 9Dy, is chosen
to be clockwise. Since P*) and S have the same asymptotic behavior near tj,j=0,...,m+1,

R is bounded at these points. Therefore, it satisfies the following RH problem.
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RH problem for R
(a) R:C\ Xg — C**?is analytic.
(b) R satisfies Ry(z) = R_(z)Jg(z) for z on X \ {intersection points of ¥z} with

P (2)P(>®) ()71 2 € 0Dy,
Jr(2) = (2.4.65)
P (2)Js(2) P (2)™1 2z € B \ U 0D,
where Jg(z) := S='(2)S,(2) is given in (2.4.21)-(2.4.23).

(c) Asz =00, R(z) =+ Ryz~!' + O(27?) for a certain matrix R; independent of z.
As z — z, € {intersections points of ¥ g}, R(z) is bounded.
We recall that outside fixed neighbourhoods of ¢;, 7 = 0,...,m + 1, the jumps for S on
v+ U~_ and on Z \ [—1, 1] are exponentially and uniformly close to the identity matrix (see

the discussion at the end of Subsection 2.4.3). Therefore, from (2.4.50), (2.4.54),(2.4.58),
(2.4.63) and (2.4.65), as n — oo we have

.

I+ 0O(e=m), uniformly for z € XN (y" Uy~ UR),

Jr(z) = 1T+0(n™), uniformly for z € 9D; U 0D_4, (2.4.66)

[+ O(n~'*2%80) - uniformly for 2 € 0Dy, k =1,...,m,
\

for a positive constant ¢. By standard theory of small-norm RH problems (see e.g. [34,36]),
R exists for sufficiently large n (we also refer to [3-5,14] for very similar situations with more

details provided). Furthermore, for any r» € N, as n — oo, R has an expansion given by
~RY(2) | ey e
R(z) =1+ Zl —— Ry e (2.4.67)
J:

RO(z) = O(n), RO () = On®) BT (2) = O, Ryt (2)' = O(n®),

uniformly for z € C\ Xg, uniformly for (&, 5) in any fixed compact set, and uniformly in ¢ if

there exists 0 > 0, independent of n, such that

min{lt; — tal, £ — 1, 1t; + 1} > & (2.4.68)
J
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Figure 2.3. Jump contour Xy for the RH problem for R for Laguerre-type
weights with m = 2. For Jacobi-type weights, > p is of the same shape except
that there are no jumps on (1,00) \ D;.

Furthermore, in the way as done in [3], we show that

8,RY)(z) = O(n*me=logn),  8,R%V(2) = O(n?mar logn) (2.4.69)
for v € {ag, 1, ..., Qms1, 1,y .-, B} From (2.4.50), (2.4.54),(2.4.58), (2.4.63), we show that
Jr admits an expansion as n — +oo of the form

r J(j) )
Jr(z) =1+ Z Rn—fz) + O(n "1 2hmany Jg)(z) = O(n?Pmax), (2.4.70)
j=1

uniformly for z € UT:T)l@Dtj. The matrices RY) are obtained in a recursive way via the

Plemelj-Sokhotski formula (for instance see [10]), in particular one has

mi1 ()
1 Jp’(s)
M (z) = _— ZR A7/
RY(z) = E 5 /aD p— ds, (2.4.71)
j=0 2

where we recall that the orientation on 9D, is clockwise. The goal for the rest of this section
is to explicitly compute R in the case W = 0 for Laguerre-type and Jacobi-type weights.
Laguerre-type weights

From (2.4.50), (2.4.54), and (2.4.63) we easily show that Jg) has a double pole at 1 and

a simple pole at t;, j = 0,...,m. Therefore R (z) can be explicitly computed from (2.4.71)

via a residue calculation. For z € C\ U;”:JBID,:J., we have
1 1
RW(z) = Z Res(Jg)(s),s:tj) + Res(Jg)(s),s:—l)
— z —1; z+1
=1 I ) (2.4.72)
+z — 1Res(Jg)(s), s=1)+ mRes((s — 1)Jg)(s),s =1).
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The residue at ¢, can be computed from (2.4.50) (in the same way as in [3, eq (4.82)])

v D3 th+ A —i—iARaoyg

27T,O<tk) V 1- t% —1 + iKR,l,k —t — K]’k

ReS(J}(%l)(z), z=1ty) =

where

T(Oék, 6/6)A% - T(ak7 _/Bk)A];Q

A[’k - 22 )

K B T(Oék, Bk)Aieiarcsintk + T(Oék, Bk) -2 —z arcsin tg
R1,k — 2 )

K B T(Oék, 5k)Aie—iarcsintk + T(Oék, 61?) zarcsmtk
R2k — 9 .

Furthermore, we note the following relation:

Apik —Apog = =2t A1 k.

D%, (2.4.73)

(2.4.74)

(2.4.75)

(2.4.76)

(2.4.77)

Now let us compute the other terms in (2.4.72). We compute the residue at —1 from (2.4.29),

(2.4.40), (2.4.41), (2.4.59) and (2.4.63), and we find

1—4 -1 —
Res(70(e) 2 = 1) = o | o
—1

Similarly, from (2.4.29), (2.4.38), (2.4.39), (2.4.51) and (2.4.54) we obtain

(1) 2 o [ 71 1) peos
Res((z— 1)']R ( ) z = 1) WD ) ) Doo R
1
and
() o DPZ
Res(Jp'(2),z=1) = P (1) X

A(A =B+ 14240 4i (A= B +2(A-By) +
4 (A= By —2(A - Br) + & - 120) (A= B)? -1 - 250

(2.4.78)

(2.4.79)
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The quantity R (—1) will also play an important role in Section 2.6. From another residue

calculation, we obtain

-1 JD(s)
RW(-1) = Res(Jg)(s)7s:t~) — Res(£—2 s = -1
Zl 1+1; ’ s+1 (2.4.81)
1

——Res(Jg)(s), s=1)+ }lRes((s — 1)J}(§)(s),s =1).

In (2.4.73), (2.4.79) and (2.4.80) we have already computed the above residues at tq,...,t,
and at 1, the other residue at —1 can be computed from (2.4.29), (2.4.40)—(2.4.41), (2.4.59)
and (2.4.63) from which we obtain:

a2 !
hes(8) __py__ D [ BA¥B—20i-1s 1-tof /1)
, 8 = — - = /
s+ 1 23371'1/1(_1) Z(%(A+B—1)2_3(A+B )+a +%+1 4a0¢( )))

i(%(A‘I—B D24 3(A+Boy) +ad + § + ) )

2. (2.4.82)
—3(A+ B +203+1— %f’p{_f}
Jacobi-type weights
In this case J}(%l)(z) has simple poles at all ¢;, j = 0,1,...,m + 1 as can be seen from
(2.4.50), (2.4.58), and (2.4.63). For z outside all of the disks D,;, j =0,1,...,m+1, we have

m

RY(z) = Z — ReS(J(l)( ),s =t;) + P 1ReS(J}(%1)(S),S =-1)
P (2.4.83)

Res(J 1)( ),s=1).

Z —
Here the residue at tj is again given by (2.4.73) (with p given by (2.4.1)). The residues at —1
can be computed from (2.4.29), (2.4.40), (2.4.41), (2.4.59) and (2.4.63) and is given by
1 — 4o -1 —

D% D, (2.4.84)

Res(Jg)(z),z:—l)zm ~\ . 0

Similarly, from (2.4.29), (2.4.38), (2.4.39), (2.4.55) and (2.4.58) we obtain the residue at 1:

1 — 402 1 —
2 mit poy D=7, (2.4.85)

Res(l]g)(z%z = 1) = Sirp(n) D - -
i
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2.5 Starting points of integration

Since we will find large n asymptotics only for the logarithmic derivative of Hankel deter-
minant, we still face the classical problem of finding a good starting point for the integration.
It turns out that in our case, it can be obtained by a direct computation, using some known
results in the literature concerning standard Laguerre and Jacobi polynomials, and using the

formula (2.3.21).

Lemma 2.5.1 Asn — 0o, we have

- 3
log L, ((,0,...,0),0,2(x +1),0) = (—5 — log 2) n? + (log(27) — ap(1 +log2))n

21
" (% - 6) logn + S log(2r) + 2¢(~1) ~ log G(1 + ag) + O(n ™). (2:5.1)

As n — 0o, we have

208 + 202, — 1

log J, (0,0, ..., 0, ami1),0,0,0) = —n?log 2+[(1—ag— s ) log 24+log m|n+ 1 logn
1 m 2 m
—log(G(1+0z0)G(1+am+1))+3C/(—1)+(E - W) log 2—1—% log(2m)+0O(n1).
(2.5.2)

Proof From [18, equations (5.1.1) and (5.1.8)], the orthonormal polynomials of degree k

% 1,00

(supported on (0,00)) has a leading coefficient given by

(1)
VET(k+ag+1)

with respect to the weight e

Therefore, by a simple change of variables, the degree k orthonormal polynomials with respect

to the weight (2 4+ 1)®e~2"=+1 (supported on (—1,00)) has a leading coefficient given by

1+ag

(=D*@2n)*
VEIT(E+ap+1)

By applying formula (2.3.21) for this weight, one obtains that

Ln((0,0,...,0),0,2(x +1),0) = (2n) ") TTT(k + ao)T' (k)
k=1
_ (Qn)fn(nJraD)G(n +1)G(n+ oo+ 1)’ (2.5.3)

G(l + Oéo)
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where we have used G(z + 1) = I'(2)G(z). The Barne’s G-function has a known asymptotics

for large argument (see [35, eq (5.17.5)]). As z — oo with | arg z| < 7, we have

2
logG(z+1) = ZZ +2logl(z+1) — (@ + 112) log 2z — % +¢(=1) +O(z72). (2.5.4)

The asymptotics of logI'(2) is given by

1
logT(z) = (2 —3)logz — 2z + 3 10g(27r)+E+(’)( %), as z — 00, |argz| <, (2.5.5)

(see [35, eq (5.11.1)]). We obtain (2.5.1) by using the above asymptotic formulas in (2.5.3).
Similarly, from [18, equations (4.3.3) and (4.21.6)], the degree k orthonormal polynomial with
respect to the weight (1 — z)*m+1(1 + x)* has a leading coefficient given by

275\ /2k + ag + a1 + 1 T(2k + ap + aupyr + 1)
V200tam i H D (K 4+ DD (k + g + DT (k 4+ a1 + DIk + ap + agr + 1)

By applying formula (2.3.21) to this weight, one obtains

Jou((00,0,...,0, atm1),0,0,0) = 27 +rlcotamiy)

y ﬁ T(k+ DLk 4 o + D0k + gt + D0k + g 4 gt + 1)

P D2k + ag + amr1 + D2k + ap + g1 +2)

Using the functional equation G(z + 1) = I'(2)G(z) we can simplify the above product. We

obtain

—

Jo((0,0, ..., 0, ctmi1),0,0,0) = 27 n(eotami)
)

" Gn+1)Gn+ar+1)Gn+ apme1 + 1)G(n 4+ ag + apmer + 1) (25.6)
G(1+ a))G(1 + apme1)G(2n + g + a1 + 1) I

We obtain (2.5.2) by expanding (2.5.6) as n — 400, using the asymptotic formulas (2.5.4)
and (2.5.5). [

As mentioned in the outline, large n asymptotics for J, (&, ﬁ ,0,0) are known in the literature,

and we reproduce the precise statement here.
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Theorem 2.5.2 (Deift-Its-Krasovsky [9]). As n — oo, we have

Jn(O_Z,g,O 0) |: 0+Oé Qo T Xpgy "
log ——=——- 21 pjarcsint; — Alog2|n + 4+ ( ) logn
J,(0,0,0,0) ]Z; ;
o . ' + oy, at + a2,
+ Z.AZ pjarcsint; + % Z (B — ajBr) + % log(27) — —2 1 1o 2
J=1 0<j<k<m+1

1—t-tk— 1— 2)(1 — 12)) 27 m o 45 4 g
Ly log<( - V! )( 2) )+Zloga(1+2+ﬁj)c:(1+2 8,)

O<j<k<m+1 | P G(1+ay)

_ Z ( + 52) 1og(/1 = ) — log(G(1 + ao) G(1 + ams1)) Z 2671og2 + O ( }Ofﬁﬁaj ’

(2.5.7)

where A = ZmH

Remark 2.5.3 The asymptotics (2.5.7) with B=0anda;=... =, =0 is consistent with
(2.5.2).

Remark 2.5.4 Our notation differs slightly from the one used in [9]: o and B; in our paper

corresponds to 20y, 11— and Byi1—; in the paper [9].

The goal of the next section is to obtain a similar formula as (2.5.7) for Ly (&, 5, 2(z + 1),0).

2.6 Integration in @ and 5 for the Laguerre weight
In this section, we specialize to the classical Laguerre weight with FH singularities
w(z) = e 2@y (1), (2.6.1)

supported on Z = [—1,400). In this case, we recall that ¢ = 2+ 2log2 and ¢(z) = X. We
will find large n asymptotics for the differential identity (2.3.13), and then integrate in the

parameters «q, ..., Qny, B1,..., Bm. We first focus on finding large n asymptotics for ?(tk),

k=0,....,m
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Proposition 2.6.1 For k € {1,...,m}, as n — +o0, we have
= n q) (I)
Y(te) = e 5 (I + O~ FPma B, (1) |1 5 | enterhos, (2.6.2)
Qro1 Pr2o
where
P4+ %—B8) [ VT—G\* —al(on) (o VI=T\ *
D11 2n w2 (te),  Prao o 2n wi (tk),
I'(1+ o) VIT i DS +8) \ VI+i
B F(l + % + B ) V19—t (%k -1 o Osz(Oék) V31—t azk 1
k21 = 2n wy *(te),  Proo a 2n wg (k)
F(l—l—ak) 1+t F(Tk —ﬁk) V1+t
(2.6.3)
Asn — 400, we have
~ N RM (1 d P
V(1) = %o (1 LEPCED O(n—2+25max)> Eo(-1 | ™ R (2.6.4)
n Pp21 Doz
where RW(—1) is given explicitly in (2.4.81) and
1 a1 Lol —ao 1
Qo1 = = < 2”) 0 w_i(—1), Po12 = —M (\/§n> 0“’31(_1);
’ (14 a) ’ 2 (2.65)
, ) B 6.
gz’ @ _1 agl (o) ap 1
o :——(2) T2(=1), Bgay = (2) 2 (1),
0,21 F(l T Oéo) n w_g ( ) 0,22 5 \/_n w 1( )

Proof For fixed 1 <k <m,let 2 € D, N Qf’k be outside the lenses. By inverting the RH

transformations Y — T — S +— R, we obtain
Y(2) = e TP R(2) P (2)en(2)3e T 08 (2.6.6)

where P+)(2) is given by (2.4.45). From [35, Section 13.14(iii)], we have

Gla,ay; 2) = z%(l + 0(2)), z— 0, (2.6.7)
and, if ay #0,and a — G £ 5 #0,-1,-2,..., as 2 — 0 we have
F @ [e% el
F(F;k))z_; +0O(z _M) + O(z%) Ray, > 0,
H(a,oq; z) = T(cop) o T(ax) o (2.6.8)

Ra
2 4 0(E"TT) —1 < Ry 0.
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Conditions a — G & % # 0,—-1,-2,... fora = % — B and a = 11—i- % — By reduce to

—Br £ F #0,-1,-2,.... Recalling that V(z) = 2(x + 1) and ¥(x) = —, and using (2.4.44),
7r

we find that the leading terms of E; '(2)P")(2)e™)%s as z — #; for oy # 0, — B, + % #

0,—1,—2,... are given by

Prar ap ' (Prag + GPpar(z — ty)™)

) (2.6.9)
Do ap ' (Prog + GPpor (2 — t))
where
I'(— I'(1 _m% t By _ p—imag ,—imwPBy
A ( ) ( + ak)e - wk( k;) _ TQE € e | e (tk) 2n(tk+1)0k
(__ - ﬁk) (1 + 5+ 6k) Sln(ﬂ'ak) 211
(2.6.10)

and ¢y, is given by (2.3.9). The claim (2.6.2) for oy, # 0, =8 £ % # 0,1, -2,... follows from
(2.3.8), (2.3.9), (2.4.11), (2.4.67), (2.6.6) and (2.6.9). We extend it for general parameters oy,
and S, (still subject to the constraint Rey, > —1 and RB; € (—3,3)) by continuity of Y (t)

in a4 and Sy (this can be shown by a simple contour deformation, see e.g. [4, eq (29) and

below]). Now we turn to the proof of (2.6.4). For z € D_; \ (24 UQ_), from Section 2.4, we

have
Y(2) = e # B R(z) P (2)e" 787 7, (2.6.11)
In this region, by (2.4.60) and (C.2.4), P~Y(z) is given by
. A 2n< Fal)h) Ky (20(—f1(2))})
2min(— )2, (2n(=f1(2)2)  —2n(—f1(2))2 K}, (2n(—f-1(2))?)
X o3w_1( _”2 —z—=1)" 73 né(2)03

From [35, Section 10.30(i)], we have the following asymptotic behaviors as z — 0 for the

modified Bessel functions

Hoo) (2)=a0 1 O(z1Re0) 4 O(R0) if Rag > 0,09 # 0,

HEa0) (2)a0 4 Do) (z)—a0 | O(z2+R00) - if — 1 < Ray < 0.
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Using (2.4.59), for aj # 0, we find that the leading terms of E—{(z) PV (2)e"()7s as 2 — —1

are given by
o1 ap' (o2 + CoPori(—z — 1))

, (2.6.12)
D 91 ag’! (Po,22 + CoPo o1 (—2 — 1))
where
N 10 ;
= . (=1) = M 2.6.13
“ QSin(ﬂ'OéO)w 1(=1) = €™e ( )

and where we recall that ¢ is defined in (2.3.10). This proves (2.6.4) for ay # 0. The case
ap = 0 follows by continuity of ¥ (—1). n

2.6.1 Asymptotics for 0, log L, (a, 5, 2(x+1),0), v € {ag, -, Qm, By, B}

From (2.2.5) and (2.3.12), we have

1Y2(2) —2

Y I
k2 | = lim k2= —2mi lim 2"t'Yy(2), N, = lim M

z—00 21’ 2—00 2—00 n—1

(2.6.14)

Inverting the transformations Y +— 7'+ S+ R for z € C\ (24 UQ_U(Z\S) U}":ng D;)

(i.e. outside the lenses and outside the disks) gives

nt nt

Y(z) = e 2P R(2) P (2)e")7e 2 %, (2.6.15)

rom (2.4. 4. 4. 4. an .0. we find large n asymptotic for k2_,, K
I3 (2412),(2442),(2467),(2472) d(2614), find larg ymptotic fi le, 2

n

and 7,. As n — 400, we have

m R(l)
K2 = 22X DH A oxp (— 2 Z B; arcsin t]-) (1 + 1&2) + O(n~22mes) | (2.6.16)
j=1 ”P1,21

where A =ayg+ a3 + ...+ «,, and

Rglgl m vj(l A 1j) 1 40(2) 1 ~ — 11
) )7 —_ J— —_ 2 —_— z; —|— —_— . 2. .].

Similarly, for k2 we find

m RW
K2 = e? P HA L exp (— 2 Z B; arcsin tj) (1 — léj) + O(n~ 2 #mazy | (2.6.18)
j=1 nP1,12
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as n — +o00, where by (2.4.72) we have

R, v+ Apay) 1-4a2 1 = 1
_ ) — bt [ —_ B 2 B . 2.6-19
9 Z R T 1 ((A B))?+2(A-By) + 12) ( )
1,12 =1
Finally, for n, we obtain
R( )
nn _ g + Pl(yolc;) + 1 11 + O( 72+25maz)’ as n % —’—()(37 (2620)

where Pl(fﬁ) is given by (2.4.42) and R1 11 can be computed from (2.4.72) and is given by

iv](t +AI] _1—4a8+1—4(A—Bl)2 (2.6.21)
2(1—t;) 32 32 ' o

Let v € {ag,1,...,Qm, B, ..., Bm}. Then, from (2.4.69), (2.6.16), (2.6.18) and (2.6.20), we
find that the large n asymptotics of the first part of the differential identity (2.3.13) are given
by

— (n+ A)0, log(knkn_1) + 2nd,n, = 0, (2 log Dy — ag + thozj + 2i Z 1— t?@)n—l—
=1 =1
logn
240, log Do, + 8, ( ) +0, Zv] Arj—1)+0 (nlwm) . (2.6.22)

Now we compute the second part of the differential identity (2.3.13). First, we compute the
contributions from t;, j = 1,...,m using (2.4.47), (2.4.69), (2.6.2) and (2.6.3). We obtain

> (Vaolt)0,Ya () = Via(t)0,Yar (85) + Yia (1) Vaa (5), log (s 1) ) =
j=1
“ logn
_ (A — 040)8,, IOg Doo + Zl <<I>j,228,,<1>j,11 — q)%lgayq)j’m — 25]-8,, IOg A]) —+ O(m) .
J:
(2.6.23)

Note that E_j(—1) = O(n%) as n — +oo, while Ey, (t;) = On), k = 1,...,m. This
makes the computations for the contribution from —1 more involved. From (2.4.62), (2.4.69)

(2.6.4) and (2.6.5), we obtain

?22(—1)31/5/11(—1) - 1712(—1)31/3/21(—1) + )/11(—1)?22(—1)8” 10g(/€n/€n—1) =
+0,(RY(=1) = RY(=1) + iD2RY(-1) + iDL RS (-1) + iD 2R}, + iDL R{Y, )

1
— aoay log Doo —+ (130’2281,(130,11 — @0,12@@0,21 + O(%) . (2624)



61

We observe significant simplifications using (2.4.73), (2.4.77), (2.4.78), (2.4.80), (2.4.81), and
(2.4.82):

R (—1) =R (—1)+iD2RS) (—1)+iD% RS (—1)+iD 2R, +iD% R), = — ZU]AIJ
7j=1
(2.6.25)

Adding (2.6.22), (2.6.23) and (2.6.24) yields

0, log L, (a, 3, 2(x+1),0) =0, (2 log Doo—a0+thaj+2iZ 1— t?@-)n—i—fl&, log D,
=1 =1

+0, <%%> + zm: <(I)j7ggayq)j,11 — ‘I)j,126y‘1>j,21> - Z(auvj +26;0,log Aj) + O (%)’

Jj=0 J=1

(2.6.26)

as n — 4o0o0. Now, we perform some computations to make the above asymptotic formula

more explicit. From (2.6.5) and using the identity 2I'(z) = I'(z + 1) we have
P0,220,Po,11 — 0,120, Po 21 =

Qo Qo
?&, IOg (m) + &g log(\/_n)a Qp — (Z Quy 10g 1 + tg + Z 6@) 2 6. 27

And from (2.6.3), after a long computation, for 1 < j < m we obtain

; P+ -6 TA+2+55)  «j 1—t;
;220,11 — 120,051 = 20,1 2 2 4 Slog (2 LYo,
7220v®j11 = €120, P51 = 270, log (1t a,) T log (an T+¢ j
L1+ 3+ 6;)
0,1 = i) Yo, log |t, — t;] — 2.6.28
O oE A (Zae o[t — 1 ZWZﬁmeZ;lﬁz) (2.6.25)
[ !
Also, from (2.4.48) and (2.4.49), we have
iA ) T )
OylogAj =0, Tarccostj—zaj—? Z ap+f; log(4mp(t;)n(l— t Zﬁg log Tj ).

l=j+1
K#J

(2.6.29)
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Substituting (2.6.27)-(2.6.29) into (2.6.26), and using the expression for D, and v; given by
(2.4.33) and below (2.4.50), we obtain

0, log L, (&, 5,2(95 +1),0) = 8”<Z(tj —log2)a; + QiZBj(arCSintj ++/1— t?))n
— ‘=

a2
—i—A@,,( Zﬁj arcsint; —élogQ) + 0, < >—1— =25, logﬁ%—aolog(\@n)&,ao
N i a VI-i

Z 25 (Zﬂ:aelog@ tl “TZﬁhLmez];lﬁf)Jrz 10&-’;(271\/?)&/0@

%y T+ -0+ +5) L+ +@
—l-Z%a,,log TR +Zﬁ]a log 57 +Za ( )

— Z 26,0, < arccost; %Zaj — %2 Z ay + B log(4mp(t;)n(l — t2 Zﬁg log T} )

I=j+1
fsﬁj
logn
+ O(m), as n — +09o, (2630)
where we recall that t) = —1. From the discussion in Subsection 2.4.8, the above error term

is uniform for all (&, B) in a given compact set €, and uniform in # such that (2.4.68) holds.
However, as stated in Proposition 2.3.2, the identity (2.6.30) itself is valid on the subset '\ ©2
for which po, ..., p, exist. From the determinantal representation of orthogonal polynomials,
Q is locally finite and we can extend (2.6.30) for all (&, E) € Q by continuity (for n large
enough such that the r.h.s. exists). We refer to [3-5,9] for very similar situations, with more

details provided. Our goal for the rest of this section is to prove Proposition 2.6.2 below.

Proposition 2.6.2 As n — oo, we have

Lo(d@,3,2(z +1),0) _ o VIt
log L(@.0.2(z £1).0) = 2in E @(arcsmt +v/1 —t2>+ E —log 2)ajn+ E log( Tt)
B ) ) + 3+ 6;)G(1 7—53') i o

§ B log(4mp(t;)n(1—t5))+ g log G+ o) + 0<jE<k<m(Oékﬁy ar35)

log 2 ; lo
—H’AZBJ- arcsin t;+2 Z BBk log Tj— g Z oo — Z 04]2Oék 10g|tk_tj’+0<ni>’

1_4Bmax
j=1 1<j<k<m 0<j<k<m 0<j<k<m

(2.6.31)
where log Ly (c, 0,2(z + 1),0) is given by (2.5.1).
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2.6.2 Integration in «

In this short subsection, we make a consistency check with (2.5.1). Let us set a3 = ... =
ap =0=p =... =, and ¥ = p in (2.6.30). With the notations dy = (a,0,...,0) €
C™1 and 0 = (0,...,0) € C™, this gives
___%

(1 4+ ap)?
+ g log(v2n) + O(log”> (2.6.32)

n

Oug log Ly, (Ao, 0,2(x 4+ 1),0) = —(1 + log2)n — ©8 oo+ oo + %(%O log

as n — +o00. Integrating (2.6.32) from ag = 0 to an arbitrary «g, we obtain

Yo, 0 1
10gL(a92(x+ ):0) _
L (0,0,2(z +

a? log 2 o x

(0, 1),0) 2 1+ x)?
2
g logn
+ S log(vV2n) + O( - ) (2.6.33)
From [35, formula 5.17.4], we have
? z z2(z+1)
log'(1 + x)dx = 5 log 2 — 5 +zlog'(z + 1) —log G(z + 1), (2.6.34)
0

where G is Barnes’ G-function. Therefore, after an integration by parts, (2.6.33) can be

rewritten as

L (do,0,2(x +1),0) o? g log n
lo — = —(1+log 2)agn+—log n+— log 2w —log G(1+« —i—O( >,
gL(OO( .0 (1+log 2)agn-+— log n+—-log g G(1+ao) "
which is consistent with (2.5.1).
2.6.3 Integration in ay,...,q,,
Weset ag =...=a, =0=0, =... =, and v = oy in (2.6.30). With the notation
ai = (ag, @1,0,...,0) € C™* we obtain
L o= log 2
aoa IOg Ln(Oéla 07 Q(LC + 1)? 0) = (tl - lOg 2)” - 9 Qo — 7 10g |t1 - Z€0|
(07] 1— tl F(l + ﬂ) (7] logn
& ( v ) B, log —— 22 L O( ) 2.6.35
+ 4 log (7 T + o 1OgF(1+a1)+2+ - ( )
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as n — 4o0o. Using integration by parts and (2.6.34) we obtain, we obtain the following

relation

/z I(1+%) 22 G(1+3) (2.6.36)

9, log ——20dy = — = 4 log 20,
PO T )™ T T TR e o)

Using (2.6.36), we integrate (2.6.35) from a; = 0 to an arbitrary a;. We get

L,(d1,0,2 1), log 2

(@, E) (z+1),0) = (t; — log2)ayn — o8 apoy — dod
0,2(z+1),0) 2

2 VI—t G(1+9)? 1
ﬁlog( 1>—i—lo —( ) +O< ogn>,

& G(1+Oél) n

log [t1 — to|

as n — +oo. (2.6.37)

We proceed in a similar way for the other variables, by integrating successively in aw, as, . . ., ;.

At the last step, setting 51 = ... =, =0 and v = «,, in (2.6.30), we obtain

o log 2
B, log Ln(d,0,2(z +1),0) = (£, — log2)n — —2

m—1
O{4
(A_am) - Z gjlog“m _tj|
j=0

a V1—t M1+ %2) o logn
1 Y- m log—— 27, 7™ . (2.6.
+ 5 og<nm>+am6am OgF(1+am)+ 5 +(’)< " > (2.6.38)

Integrating (2.6.38) from «,, = 0 to an arbitrary «,, using again (2.6.36), and with the

notation @1 = (o, ..., &y,_1,0), we obtain
Lo(@,0,2(z +1),0 log 2 ,
log fa _’(93 +1),0) = (ty, — log 2)a,n — 08 g Oy, — g % log [t — t]
Lp(@n-1,0,2(x + 1),0) 2 ‘= = 2
a? V1—1t G(1 + am)? logn
G ( —’”) 1 2 0( ) 2.6.39
+ = log (n T +OgG(1+am)+ - ( )

as n — -+o00. Summing the contributions of each step, we arrive at

, o2 V11—t o G(1+ 2)? 1
— Z ajaklog|tk—tj|+zzjlog(n—]>+Zlog(—2?+(9(Ogn),
Jj=1 J

2 1+t
(2.6.40)

as n — +oo.
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2.6.4 Integration in (,...,0,

For convenience, we introduce the notation

k—1 m
A=Y ;= > o5, k=0,1....m (2.6.41)
Jj=0 j=k+1
We set By = ... = fBpn =0and v = S in (2.6.30). With the notation §; = (5,,0,...,0), we

have

0p, log L, (@, B, 2(x +1),0) = 2i(arcsint; + /1 — ¢ )n + iAarcsint; — %Al
L1+ %+ 6)

(631

—0g, log'(1 + & — )1 + & 1 -2
+2631 0g ( +2 ﬁl) ( +2+61)+618ﬂ1 OgF(1+%—51) 61

logn
— 28, log (4mp(ty)n(1 — £2)) + o(m) (2.6.42)
After some computations using (2.6.34), we obtain
Array N N D1+ 4 +x)
G(1+ 4 G(1+ 4 —
= log U+ +A)CLrS - 5) (2.6.43)

G+ %)

Integrating (2.6.42) from f; = 0 to an arbitrary £, and using (2.6.43), we obtain

L (&, 31, 2(x + 1 .
log Lnn(gjﬁ()jjz((;:l))joo)) = 2if (arcsint; + /1 — t} )n + AP, arcsint; — %TALBI
G+ 5 +A)GA+ S ~6) logn
+ log 2 G<1 + %)2 2 — B12 log(47rp(t1)n(1 — t%)) + O(m) . (2644)

We integrate successively in f, ..., [3,. At the last step, we set v = 3, in (2.6.30), which
gives

1T

0s,, log L, (@, B,2(x +1),0) = 2i( arcsint,, + /1 — t2, )n + iAarcsint,, — EAm
D1+ % + B)

«
A g log D(1 + % — §,)D(1 + 2= 1 9
s logn
+ 328,108 Ty — 26 log (4mp(tm)n(1 — £2,)) + O<—n1—4ﬁm)’ (2.6.45)

Jj=1
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as n — +oo. Integrating (2.6.45) from f(,, = 0 to an arbitrary (,,, using the notation
gm—l = (ﬁh R 5771—17 0)7 we obtain

Ln(&v gla 2(3: + 1)7 0)
Lo(@, B, 2(z +1),0)

= Qzﬂm(arcsin tm + /1 — 12, )n + 1 AB,, arcsin t,, — %Amﬁm

G(1+ %+ B3,)G(1+ % — Bn)

Gl + )2 — B log(4mp(tm)n(1 — t7,))

+ log

m—1
logn
3 26, log T + O 70 ).
j=1
(2.6.46)

Summing all the contributions, as n — +o0o we obtain

Lo(@ 3,2z +1),0) . & . e .
log = = 2in ﬂ(arcsmt-—i—x/l—tz) +1A [, arcsint;
Ln(@,0,2(x +1),0) ; ’ ’ ’ ; ’ ’

R "G+ Y4 B)GA S B &
SIS a3 tog S E IS 2P S g 4t (1 — )

2 = pu G(1+ )2
logn
+2 Z BB log Ty, + O(m)- (2.6.47)
1<j<k<m

The claim of Proposition 2.6.2 follows now by summing (2.6.40) and (2.6.47) using the defi-
nition of A; given in (2.6.41).
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2.7 Integration in V

In this section, we obtain asymptotics for general Laguerre-type and Jacobi-type weights

by means of a deformation parameter s and by using the analysis of Section 2.4 for the weight
wy(z) = e ™"VDy(x), (2.7.1)

where we emphasize in the notation the dependence in s. We specify in Subsection 2.7.1 the
exact deformations we consider. In Subsection 2.7.2, we adapt several identities from [15]
(that are valid for Gaussian-type weights) for our situations. Finally, we proceed with the
integration in s for Laguerre-type and Jacobi-type weights in Subsection 2.7.3 and Subsection

2.7.4, respectively.

2.7.1 Deformation parameters s

Inspired by [3,15], for each s € [0,1], we define

Vs(x) = (1 —5)2(x+1) 4+ sV (x), for Laguerre-type weights, (2.7.2)

Vi(z) = sV (z), for Jacobi-type weights. (2.7.3)

If s =0, we already know large n asymptotics for the associated Hankel determinants (from
Section 2.6 and the result of [9], see Proposition 2.6.2 and Theorem 2.5.2). It follows easily
from (2.1.4)-(2.1.5) that V is one-cut regular for each s € [0,1], and the associated density

1, and Euler-Lagrange constant ¢, are given by

bula) = (1 — s)% + (), fo=(1—8)(2+2log2) + s, (2.7.4)
(@) = (1— s)% + sth(a), ly=(1—8)2log 2 + s, (2.7.5)

where the first and second lines read for Laguerre-type and Jacobi-type weights respectively.

We will use the differential identities

0,108 Ln(d, 7, V2, 0) = % / T Y @)Y (@) B (), (2.7.6)
—1
d,1og Jo (@, 3, Vs, 0) = = /1 Y (2)Y'(2)]2105ws(z)dz, (2.7.7)

21 )4
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which were obtained in Proposition 2.3.3. Our objective in this section is to compute asymp-

totics of these differential identities, and finally integrate them in the parameter s from 0 to

1.

2.7.2 Some identities

We generalize here several formulas of [15] (valid only for Gaussian-type potentials) for all
three-types of canonical one-cut regular potentials. Most of the proofs are minor modifications

of those done in [15].

Lemma 2.7.1 Fort € [—1,1], we have

][1 Mdm = =21 + 2m*V1 — £2p(t), (2.7.8)

r—t

! \/ — ¢ 1
/ p(z)dx = ][ de + — arccost. (2.7.9)
t tl—xy/1—22 7

Proof The proof goes as in [15, Lemma 5.8]. Let H : C\ [-1,1] — C be defined by

H(z) = 207 = Tve 51 / 2 s VEVIZS L )

r —z

where the principal branches are chosen for v/z — 1 and v/z + 1. Fort € (—1, 1), one can check
that H (t) = H_(t). Also H is bounded at +1 and H(co) = —27; so Liouville’s theorem
implies that H(z) = —2w. Considering H(t) + H_(t) for t € (—1,1) yields (2.7.8). Now,
(2.7.9) follows from (2.7.8) and the following identity which is proved in [15, eq (5.18) and

below]

m][ e m m (f yvfyi Mdy) . (2.7.11)
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Lemma 2.7.2 Let C be a closed curve surrounding [—1,1] in the clockwise direction, let

a(z) = /2= 1 be analytic on C\ [—1,1] such that a(z) ~ 1 as z — oo, and let f be analytic in
a nez’ghbourhood of [-1,1]. We have
2 2 t. 1 — 2
i (2) o)) &), ][ Filo)Y—"da, (2.7.12)
2mi Je Lad(t;)  a*(z) | (2 —¢;)? vl—t2
L@ ﬁwq £(:) /

— — dz = dz. 2.7.13

27 Jo [ai(tj) a’(z) | (z—t;)? min/1 — 23/ 1 (t; — x) 1 — z? ( )
Proof The proof is the same as in [15, equations (5.22)-(5.23) and above]. n

Applying Lemma 2.7.2 to f = 0,V (with V; given by (2.7.2)-(2.7.3)), and then simplifying

using Lemma 2.7.1, we obtain

VI—1
812 (Y(t;) — + ! for Laguerre-type potentials
(20, Be) 200 (Vi) = 2) ey Tor Laguerretype p
clat(t)  a*(2) ] (2 —t))? 2(h(g) — 1)L i i
8 (w(tj) 7r) , for Jacobi-type potentials
V1=t
(2.7.14)
and
gr? ! nV1—=x
xr)— = dx, for Laguerre-type potentials
[[g0) g v, ), oD guerre-type p
2 (1. 2 12T 2l 1
claxlt)  @(2) ] (= =) sm 2/ (w(:v) — l) ————dx, for Jacobi-type potentials
11—, N>
(2.7.15)

Lemma 2.7.3 Let C be a closed curve surrounding [—1,1] in the clockwise direction, let
a(z) = {/ %5 be analytic on C\ [1,1] such that a(z) ~ 1 as z — oo, and let f be analytic in

a neighbourhood of [-1,1]. We have

/ 7 (—2)1 / 4 xx _11_ ar, (2.7.16)

a(z)3 2 )V —a? x2 2z d ][ f'(@)v1—a? :(:2

/ (2 — 1) / r—1 T3 dt|, r—t dz, (27.17)
a(z)™2 f'(@)vV1—a? 1—3:2 4i d f(z)V1 — 22

/c CERIE / T g g f T 1)

/ <z(+)1> _2/ H J:+11_x2 - (2.7.19)
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Proof The proof of (2.7.16)—(2.7.18) is done in [15, Lemma 5.10], and the proof for (2.7.19)

is similar. m

Applying Lemma 2.7.3 to f(z) = 0;V; = V(z) —2(xz+1) with V; given by (2.7.2) for Laguerre-

type potentials, and then simplifying using Lemma 2.7.1, we obtain

/c (za <—z )12)2&%(2)(12 =0, (2.7.20)
/C (:(_'2)12)385‘/s(z)dz —47;% (w(l) _ %) (2.7.21)
[ oo =55 (o) arm
/C(Z(i—);;asvg(z)dz — —sr%i(v(-1) - %) (2.7.23)

Similarly, for Jacobi-type weights with f(z) = 9,V = V(z) with V; given by (2.7.3) for

Jacobi-type potentials, we obtain

/ <:(_Z)12)205V5(z)dz = 47r2i<w(1) — %) (2.7.24)
/é(f )2 O,V (2)dz = —47r2¢<¢(—1) - %) (2.7.25)

2.7.3 Integration in s for Laguerre-type weights

In this subsection we prove Proposition 2.7.1 below.
Proposition 2.7.1 Asn — 400, we have
log [;n(j& AV.0) :——/ ) —2(z + 1)) (l—i-w(a:)) 1_xdx
( ,B,2(x + 1), L+
—l—nz% ) —2(1+1t;)) — T;: » (i/ii(i—i_x 27rnZzﬁJ/ ( 71r) 1—7—id$

log(m/J(—l)) + O(n~HPmax),

I |§QM

+§(

aﬁmwwm—ﬂmww»

(2.7.26)



71

Let C be a closed contour surrounding [—1, 1] and the lenses v, Uv_, which is oriented clockwise
and passes through —1 — ¢ and 1 + ¢ for a certain € > 0. Using the jumps for Y given by
(2.2.2), we rewrite the differential identity (2.7.6) as follows

- R dzx 1 dz

log L, (ad = Y (z)Y’ — [ Y Y)Y’ 1 —.
Oos L (3. A.V.0) = [ W @Y it @) -5 [V Y Gl los ()5
(2.7.27)

From (2.4.3), (2.4.7) and by inverting the transformations Y +— T +— S — R outside the
lenses and outside the disks, we conclude that the first integral in the r.h.s. of (2.7.27) is
of order O(e~") as n — +o00, for a positive constant ¢, and that the integral over C can be

decomposed into three integrals:

as log Ln<627 g, ‘/57 O) - ]1,3 + I2,s + ]3,8 + O(e—cn)’ asn — 0,

L = 2_—72 9'(2)0s log w,(2)dz,

L (2.7.28)
Ly = 5= [ [P™(2)7 P (2) 1110, log wy(2)dz,

211 I

-1
Iss = 9 [P ()T R (2) R (2) P (2)]110, log w(2)dz.

™ Je

In exactly the same way as in [3,15], we show from a detailed analysis of the Cauchy operator
associated to R that the estimates in (2.4.67) hold uniformly for (d, ﬁ) in any fixed compact
set €2, and uniformly in s € [0,1]. However, from Proposition 2.3.3, the identity (2.7.28)
itself is not valid for the values of (&, E ,s) for which at least one of the polynomials po, ..., p,
does not exist. From [3, beginning of Section 3], this set is locally finite except possible some
accumulation points at s = 0 and s = 1. Asin [3], we extend (2.7.28) for all (&, 3, s) € Q2x[0,1]
(for sufficiently large n) using the continuity of the Lh.s. of (2.7.28). A similar reasoning holds

also for (2.7.46) below.

Note from (2.7.1) and (2.7.2) that J;logws(z) = —ndsVi(z) = —n(V(xz) — 2(x + 1)). Using
the definition of g given by (2.4.2) and switching the order of integration, we get

(Vi) 2+ 1)) (1 - s)% + () \/_Vi:;d:v.

(2.7.29)

1
I, = —nz/ ps()0sVi(x)dx = —n2/

1 -1
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Therefore, we have

/ I.ods = ——/ —2(z +1)) (% + () gdx. (2.7.30)

From (2.4.29), (2.4.31), (2.4.32) and a contour deformation, we obtain the following expression

for I :

Ly=nY. %(V(t]—) — (1 + tj)> - ZL: V(xz/iixj ?) da

-1

+nz ﬁﬁ/ ][ \/;xf;jtx;da:. (2.7.31)

We simplify the last integral of (2.7.31) using (2.7.9):

)—21+z), ! 1\ [1—x
J1—# mx_t)dx——27r2/tj <1/1(:t:)—;> e (2.7.32)

Then, integrating in s (note that I is in fact independent of s), we obtain

/Igst—nZ (v —21+t))—7;—“:/_zv(x%+x)dx

- ! 1y [1—a
—2 8 [ (v@)-2) dr. (2.7.33
mZB/ vla) = ) T e, (27.33)
Using the expansion of R given by (2.4.67), we have
1
I, = 5 [P(OO)(z)*lR(l)(z)’P(OO)(z)]H&SVS(z)dz + @(n71+4ﬁmax)’ as n — 0o,
™ Je

(2.7.34)
The leading term of I5 ; can be written down more explicitly using the definition of P(*) given

by (2.4.29), and we obtain

2mi 4
a(z)? —a(z)™2
4

o= o [ (S R0y - R+ IR G + R
C

+i Ry (2)' D + Ré?(z)’DioJ) (V(2) = 2(z + 1)) dz + O (n~H+480m).

(2.7.35)
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From (2.4.72), (2.4.73), (2.4.78), (2.4.79) and (2.4.80) we have

/ / - _QU'(t'+K1 ) 1 5
RV (2) — RV it i)
RS Z DTN TR s pr A P b N
o R E 4 as
GoDE 2Rd() G+ 12 T 1) g
Rgll)/(z) + R%)/(Z) =0, (2.7.37)
_ — 2+ Ag1; — Agay) 1 5
i[Ryy (2) D2 + R y =+
[ (2) o ]Z; (z—t;) 27Tps( ti)\/1—t2 (z — 1)3 223m1),(1)
L1 ASBPEnEE 1 —(-dad)
(z—1)2 227, (1) (24 1)2 2*hs(—1)
(2.7.38)

Therefore, from (2.7.35)—(2.7.38) and using the connection formula (2.4.77), we obtain

Iy, = Z I3st; + 1361 + I361+ @(nil%ﬁmax), as n — 0o, (2.7.39)
j=1
where

Ly — — g, / { a?(z) n a’ (t) R ( a*(z) ai(tk))} 0sVs(2) i,

8m2ps(te) Je Lat(te)  a*(2)

o= [ [ (HABPAE R 5 Y e o
2L o [ am (1) 22(z —1)2 6(z—1)3] "4
13,5,71 :/

C

a?(z) 1—4ad
Formulas (2.7.14) and (2.7.15) allow us to simplify I3, as follows:

4(z 4+ 1)2 23mhs(—1)
Uk 1 "Ukj\l,k ! 1 1—x
L34, = _m<¢(tk) - %) - m /tk <¢(I) — ;) T2 dx. (2.7.40)

Integrating the above from s =0 to s = 1, we have

/11 d log(meb(ty)) — —% ,/1_x / ” (2.7.41)
s = —uilo — - = ds. .
A R t2 1+ ps(t

By the same argument as the one given in [3 equations (6.23) and (6. 24)] the second term

dz

omi

0sVs(2)=—

in the r.h.s of (2.7.41) is of order O(n=**2%%l) as n — +o0, that is,

1
/ Ly s, ds = —vg log(mip(ty)) + O(n~H2R%), (2.7.42)
0
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We can also simplify the expression for I3, ;. Using the formulas (2.7.20)—(2.7.22), we obtain

1Y) -+ ! 1
[37371 = _ﬂws—(l)7 and then /0 ]37571d8 = _ﬂ lOg(’]T’QD(l)) (2743)

Similarly, using (2.7.23) we get

—4 -1 ! — 402
Iss 1= o Y(=1) T and then / I35 _1ds = — % log (mb(—l)).
8 (-1 0
(2.7.44)
This finishes the proof of Proposition 2.7.1.
2.7.4 Jacobi-type weights
We prove here the analogue of Proposition 2.7.1 for Jacobi-type weights.
Proposition 2.7.2 Asn — oo, we have
( 57 V 0 / m+1 ]
log —_— dr +n —V(t
Jn(a, 5, 0,0) vV 1 — :L'2 > Z
nA V(z) , / 1 - 2 )
- — ————dx —2mn Y if; ————|— L — 32 ) log(m
A [ e ;ﬁ (¢<> )= ;(4 g (o (1)
1-4 1 —4a?
. % log (m3h(1)) — ——— Jog(mip(—1)) + O (n~ " 48max) (2.7.45)

The computations of this subsection are organised similarly to those done in Subsection 2.7.3,
and we provide less details. Let C be a closed contour surrounding [—1, 1] and the lenses
v+ U~v_, which is oriented clockwise and passes through —1 — ¢ and 1+ ¢ for a certain £ > 0.

Using the jumps for Y (2.2.2), we rewrite the differential identity (2.7.7) as follows

0,108 Jo(@, BV, 0) = ——— [ [V =1(2)Y"()]110, log ws<z)¥, (2.7.46)

2w Je e

where from (2.7.1) and (2.7.3), we have 0slogws(z) = —nd;Vs(2) = —nV (z). In the same way
as done in (2.7.28), by inverting the transformations Y — T +— S — R in the region outside

the lenses and outside the disks, we have

0slog Ju (@, B, V5, 0) = I + Ips + I, (2.7.47)
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where I 5, I s and I3, are given as in (2.7.28). For I 4, a simple calculation implies

JLS:—M/? (2)0Vi() :—n/ m ()((1—3)%+8¢(m)>dm, (2.7.48)

which gives

/ Ilsds———/ m R ))dz. (2.7.49)

The computations of Iy are similar to those done for [3, equations (6.10)—(6.15)] and for

(2.7.31). We obtain

/[ J mZH%V _nA V(x) dr—9 iﬂ/l(w()_l) 1 J
0233—71 (t;) o /. ——dr—2mn zjt T W—mx.

7=0 j=1 J

For I3, similar to (2.7.35) we get

2mi 4
a(z)? —a(z)™2
4

o= o [ (S R0y - R+ IR G + R
C

+1

(R (2) D2 + Rg?(z)'pgo]) V(2)dz + O(n 1H40max) - (2.7.51)

The quantities involving R are made explicit using (2.4.83), we obtain

(1) “ —2Uj(tj + Kf,j) 1 4Oégn+1 —1 1 1-— 405(2)
RY'(z) — RY + + :
H » ; (2 =1;)2 2mp(t;) /1 — 2 (2= 1) 270,(1) (2 +1)2 287mhs(—1)

RY'(2) + Ry)'(2) =0,
. B 1 vj(—24 Ar1, — Agay) 1 —(1—-4a2,,)
1y 2 (1) 2 J R,1,j R2,j m—+1
1Ry (2)D S+ Ry (2) D] = -
[R5 (2) 21 (2) D3] z; (z—t;)? 27 ps(t;) 11— 2 (z—1)2  257¢,(1)
P 402)
(2 4+ 1)2 287¢h(—1) "

m

J

As in Subsection 2.7.3, we rewrite I3, in the form

[3 s = Z [3,s,tj + [3,5,1 + [3,3,71 + O(n71+45max)7 as n — o0, (2752)
7=1
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where

JA— /{ (Z) (( )) R ( aj(z) B ai(tk))} (33‘/3(2) "

8m2ps(tk) (tk) at(ty)  a*(z) z —tg)?
o 4am 1 (Z)
Iss1 = 257T2JZ.F¢S( ) / (z— 1)2(95‘/;(2)d27
1405 a=?(z)
Iss 1 = 25W2i¢s(31) /c T 1)283‘/5(2)dz.

From (2.7.14) and (2.7.15), I3, simplifies to

Vg

A —m@(tk) - %) - #ﬁti) /tk (w(x) . %) \/% (2.7.53)

and hence, similarly to (2.7.41)—(2.7.42), as n — +oo we have

1
/ Iy s 1,ds = —vg log(mip(ty)) + O(n~ %), (2.7.54)
0

Also, from (2.7.24)-(2.7.25), we have

1 — 4a? 1 1 — 4a? 1
Iyoy = =1 (4(1) - - ) d L =- u(-1)- =), (@75
o1 = gy W) e = ey wis S ) BT
and hence
! 1—4a2 ! 1 — 402
/ I3 41ds = —Twrlog(m/}( ) and / I35 1ds = — 0 log (mo(-1)).
0 0
(2.7.56)
This concludes the proof of proposition 2.7.2.
2.8 Integration in W
The main result of this section is the following.
Proposition 2.8.1 Asn — oo, we have
3.V, W) W' (x)V/1 — a?
B X
n(aa ﬁ? V 0 -1 1- r =
A [ W(z) o iB; W(z)
+— dr—" HW(t;)+ —y/1 t2][ dz+O (n = 2Pmax
2T _1\/]_—332 Z Z '/1—$2t—$) ( )
(2.8.1)

where D,, stands for either L, or J,.
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Remark 2.8.1 The difference between Laguerre-type and Jacobi-type weights in the r.h.s. of
(2.8.1) is only reflected in the definitions of p and A.

The proof of Proposition 2.8.1 goes in a similar way as in [3]. For each t € [0, 1], we define
Wi(z) = log (1 —t +te ), (2.8.2)

where the principal branch is taken for the log. For every ¢t € [0,1], W, is analytic on
a neighbourhood of [—1,1] (independent of ¢) and is still Holder continuous on Z. This
deformation is the same as the one used in [3,9,15]. Therefore, we can and do use the steepest

descent analysis of Section 2.4 applied to the weight
wy(x) = e V@M@ (). (2.8.3)

From Proposition 2.3.3, we have the following differential identities

d;log L, (&, 5, V,W,) = % /:OO[Y_l(JJ)Y/(JC)]zlatwt(Jf)d% (2.8.4)
1

O log J,.(d@, 7, V. W) — % / V=1 (2)Y" (2)] 1 Oy () (2.8.5)
-1

The rest of the proof consists of inverting the transformations ¥V +— 7" +— S — R and
evaluating certain integrals by contour deformations. These computations are identical to

those done in [3, Section 7] for Gaussian-type weights and we omit them here.
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3. A RIEMANN-HILBERT APPROACH TO ASYMPTOTIC
ANALYSIS OF TOEPLITZ + HANKEL DETERMINANTS

Abstract. In this chapter we will formulate a 4 x 4 RH problem for Toeplitz+Hankel de-
terminants. We will develop a nonlinear steepest descent method for analysing this problem
in the case where the symbols are smooth (no Fisher-Hartwig singularities). We will finally
introduce a model problem and will present its solution requiring certain conditions on the
ratio of Hankel and Toeplitz symbols, which allows us to find the asymptotics of the norm
h,, of the corresponding orthogonal polynomials. We will explain how this solvable case is
related to the recent operator-theoretic approach in [37] to Toeplitz4+Hankel determinants.
At the end we will present a number of interesting problems related to the asymptotics of
Toeplitz+Hankel determinants and will discuss the prospects of future work in each direction

within the 4 x 4 Riemann-Hilbert framework introduced in this chapter. This is a joint work

with A. Its.

Notation. In this chapter we will frequently use the notation f(z), to denote f(z71).

3.1 Introduction and preliminaries

The work in this chapter is intended to develop a Riemann-Hilbert approach to the study

of the large-n asymptotics of Toeplitz+Hankel determinants

¢r + ws ¢r—1 + Ws41 T ¢r—n+1 + Ws4n—1
Gry1 + Wsp1 Or + Wsy2 t Qrpp2 T W
D, (¢, w;r,s) = det " . o " . o T ' o , Tr,sELL.
¢r+n—1 + Ws4n—1 ¢7"+n—2 + Ws4n - ¢r + Ws42n—2

(3.1.1)
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In [9] the Riemann-Hilbert technique which has already been proven very effective to study
the asymptotics of Toeplitz and Hankel detreminants was extended for the first time to the
determinants of Toelpitz + Hankel matrices generated by the same symbol w(z) = ¢(z),
where the Hankel weight is supported on T. In that work the symbol was assumed to be of
Fisher-Hartwig type and it was further required that the symbol be even, i.e. w(z) = w(z).
Also in the very recent work [37], via operator-theoretic methods, the authors managed to

generalize the results obtained in [9] in the following sense; they assumed that

d(z) =c(2)po(z) and  w(z) = c(z)d(2)wy(z) (3.1.2)

where ¢(z) and d(z) are supposed to be smooth and nonvanishing with zero winding number.
Neither ¢(z) or d(z) were assumed to be even functions but it was further required that d(z)
satisfies the conditions d(z)d(z) = 1 and d(41) = 1. Furthermore, ¢o(z) is an even function
of FH type and wy(z) is related to ¢g(z) in one of the following ways: a) wo(z) = £¢o(z), b)
wo(2) = 2¢o(z) and ¢) wy(2) = —2 1po(2).

Perhaps the most important motivation behind studying Toeplitz+Hankel determinants is to
study the large n asymptotics of the eigenvalues of the Hankel matrix H,[w] associated to
the symbol w(z), simply because the characteristic polynomial det(H,[w] — AI) of the Hankel
matrix H,[w] is indeed a particular Toeplitz+Hankel determinant, with ¢(z) = —\.! Clearly
in the case of characteristic polynomial of a Hankel determinant, there is no relationship
between ¢(z) and w(z), so to study the asymptotics of this determinant, one can not refer

to the works [9] or [37] mentioned above. So there is a methodological issue which has to be

addressed at a fundamental level: formulation of a suitable Riemann-Hilbert problem.

In this chapter, we are proposing a version of the Riemann-Hilbert formalism for the
asymptotic analysis of Toeplitz+Hankel determinants based on a certain 4 x 4 Riemann-
Hilbert problem. We also show that in the case where the symbols are smooth, nonzero

and have zero winding number on the unit circle, one can proceed with a 4 x 4 analogue of

!Unlike the characteristic polynomial of a Hankel matrix, the key feature which allows an effective asymptotic
spectral analysis of Toeplitz matrices and, in particular, the use of the Riemann-Hilbert method, is that the
characteristic polynomial of a Toeplitz matrix is again a Toeplitz determinant with the symbol of the general
Fisher-Hartwig type. For example see [38].
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Deift-Zhou steepest descent method and arrive at a 4 x 4 model Riemann-Hilbert problem
on the unit circle which does not contain the parameter n and hence plays the role of ”global
parametrix” in our analysis. We have been able to solve the model problem for the class of
symbols (3.1.2) considered in [37], where there is no Fisher-Hartwig singularity. It should
be noticed that in our approach we do not need the condition that d(£1) = 1. Solving the
model problem allows us to find the asymptotics of the norm h,, of the associated orthogonal

polymomials (see (3.2.2)). The following theorem is our main result in this chapter.

Theorem 3.1.1 Suppose that ¢(e?) is smooth, nonzero, and has zero winding number on the
unit circle. Let w = d¢, where d satisfies all the properties of ¢ in addition to d(e?)d(e=") = 1,
for all 0 € [0,27). Then the asymptotics of

ho = Dy, (¢, w,1,1)
" Doi(dw, 1,1)

18 given b

9 y By = Mu + O(e™?™)) — (3.1.3)
n_l_é'(n—l) e , n — 00, 1.
where
E(n) = (—=a(0))" (%RL@(O;n) — CL(0)Ry23(0;m) |, (3.1.4)
Ry93(z;n) = % /F; u:gQ—_g(:)d/J, Ry 43(z;n) = % /F; %94—_3(:)du, (3.1.5)
() = _00()5(2) () = —a2(0 (a(%)ﬁ(z) 6(2)11)(2)0,,(2)) oL
W= 0am 0 TN aeee )0 B
1 1

Co(z) = —=— [ = - dr, 3.1.7
=) 210 Jp B_(T)B(T)a_(T)ay (T)(1T — 2 ( )

and finally
a(z) = exp {%A%m]’ B(2) = exp {%A@dr}. (3.1.8)

In (3.1.5), the contour I'; is a circle with radius v < 1, so that the functions ¢ and d are

analytic in the annulus {z : r < |z| < 1}.
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3.2 Toeplitz + Hankel determinants: Hankel weight supported on T
We want to study
D, (¢, w;r,s) = D, :=det(T,[o;r] + Hp|w; s]), r,s€Z. (3.2.1)

A key observation is that the determinant (3.2.1) is related in the usual way to the system of

monic polynomials, {P,(z)}, determined by the orthogonal relations

dz

2miz

/ () () 2 ¢ / Po() 5 i0(2)-F — b, k=01 (322)
T 2miz T

These polynomials exist and are unique if the Toeplitz+Hankel determinants

¢r + W ¢r—1 + Ws41 T ¢r—n+1 + Ws4n—1
r +U)S 7«+ws r—n +wsn
Dn — det ¢ +1 . +1 ¢ . +2 (b +2. + (323)
qbr-l—n—l + Ws4n—1 ¢T+n—2 + Wsyn - ¢r + Ws+2n—2

are non-zero. The uniqueness of the polynomial P, (z) = 2™ + a,_12""' + -+ + ay satisfying
(3.2.2), simply follows from the fact that one has the following linear system for the coefficients

aj,lgjgn—lz

ao 0
aq 0

(Tonloir) + Hoalwss) | 2 | =] ¢ | (3.2.4)
Ap—1 0
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So if Dy41 # 0, the coefficients a; and hence P, can be uniquely determined by inverting
the Toeplitz4+Hankel matrix in (3.2.4). Expectedly the polynomials P, can be written as the

following determinants

¢r + Wy ¢r—1 + Ws41 e ¢r—n+1 + Ws4n—1 gbr—n + Ws+n
1 ¢r+1 + Ws+1 ¢r + Ws+2 o ¢7"—TL+2 + Ws+n ¢r—n+1 + Ws+4n+1
Pn(z) := —det
&) =1
¢r+n—1 + Wstn—1 ¢r+n—2 + Wetn =**-° Qbr + Wg42n—2 Qbr—l + Wg42n—1
1 z e 21 2"
(3.2.5)
Indeed for the polynomials defined by (3.2.5) we have that
dz
P, (2)2" 5w (2 =
/11‘ (2) ( )27riz
¢r + Wy ¢r—1 + Ws1 Tt ¢r—n+1 + Ws4n—1 gbr—n + Ws+n
] ¢r+1 + Ws+1 ¢7" + Ws+2 o ¢rfn+2 + Ws+n ¢rfn+l + Ws+4n+1
— det
D, ,
¢r+n—1 + Ws4n—1 ¢7‘+n—2 + Wsqn - ¢r + Ws42n—2 Qbr—l + Ws42n—1
W45 Wk4s+1 e Wh4s+n—1 W4 s+n
(3.2.6)
and
dz
Pou(2) 2" h(2) —— =
[P ot
¢r + Wy §br—1 + Ws1 e ¢r—n+1 + Ws4n—1 ¢r—n + Ws+n
¢r+1 + Ws+1 qbr + Wg+2 e ¢7"—n+2 + Wg+n gbr—n—l—l + Ws4n+1
1
— det
D,
(br—&—n—l + Ws4n—1 ¢r+n—2 + Wsqn - (,br + Ws42n—2 ¢r—1 + Ws42n—1
¢k+r gbk—&-r—l T ¢k+r—n+1 ¢k+r—n
(3.2.7)
hence
dz dz
Pn —k—r Pn k+s,~ —
[P o+ [ Pu) a5
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Or + Wy Or—1 + Ws+1 T ¢r7n+1 + Wsyn—1 Or—n + Ws4n
] ¢r+1 + Wst1 Qbr + Wsy2 T ¢rfn+2 + Wstn ¢r7n+1 + Wstn+1 D
— det : : : _ Untls
Dn : : . Dn n,k
¢r+n71 + Wsyn—1 ¢r+n72 + Wstn T Qbr + Wsyon—2 Gr_1 + Ws2n—1
¢n+r + Wnts d’n-i—r—l + Wpyst1 - (br-‘,-l + Wst2n—1 (Zsr + Wst2n
So the polynomials defined by (3.2.5) are the uniqge polynomials satisfying (3.2.2), and
Dn+1
h,, = . 3.2.8

Moreover, the polynomials {P,(z)} are related to the following Riemann-Hilbert problem for

the 2 x 2 matrix valued function Y:
e RH-Y1 )(z;n) is holomorphic in the complement of T.
e RH-Y2 For z € T we have
YWe)=yY(z), z€T, (3.2.9)
and

V() =Y ) + 270 (2) Y0 (2) + 27 o) YV (=7, zeT,  (3.2.10)

e RH-V3 Asz— o

V(zin) = (I+0(z")) 2" = "+ 0" 0" , (3.2.11)

O(z" 1) 27"+ 0z
where Y and Y@ are the first and second columns of ) respectively. Let us see the
relationship between this Riemann-Hilbert problem and the orthogonal polynomials satisfying
the orthogonality relation (3.2.2). From (3.2.9) we see that Y;; and ), are entire functions,
and from (3.2.11) we know that ))j; has to be a monic polynomial of degree n and )s; has to
be a polynomial of degree n — 1. From (3.2.10) and what we just found about ); we would

have

(Vi2(2))5 — V2(2))= = 27 0(2) Vi (2) + 277 6(2) V1 (2). (3.2.12)
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So by Plemelj-Sokhotskii formula we have
—14s,~ 14T ~
O

21 T 5—2

de. (3.2.13)

Using the identity
1 n gk §n+1

SRR P s e T (3.2.14)
we get
d
i) == 3 i [ [ et + € aeTe] s
. o " (3.2.15)
g /T €—2) [f_HS (©Y11(8) +§_1+T¢(5)y11(5)} oyt
Note that due to Vio(z) = O(27""1) we must have :
/ (5)3’11(5)5’”5 /(b )V (6)€F T — € o, o<k<n-—l. (3.2.16)
T 2w f 2mié ’ - =

In the second integral we make the change of variable £ — 7 := £~! and as a result we will

arrive at

d¢ dr
k+s ~ —k—r g < < — 1 21
[pulegra© s + [ Sur om0, 0<k<n (3217
Since Yy satisfies the orthogonality relations (3.2.2) we necessarily have
Vi(z) = Pul2). (3.2.18)

In a similar fashion one can show that

1
hn—l

Voi(2) = — Pr_1(z). (3.2.19)

So we have shown that a representation of the solution to the Y-RHP is given by

S G (€)P, (é) + &) P (€)
P g 1/ = &

(3.2.20)
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It is important to notice that if the solution to the Y—RHP exists, it is unique, because V;;,
1,7 = 1,2 are all uniquely identified with the unique orthogonal polynomials satisfying the
orthogonality conditions (3.2.2). Also note that

hp == lim 2" /Yo (z;n + 1). (3.2.21)
Z—00

This formula in conjunction with (3.2.8) will finally allow us to compute the asymptotics of

the Toeplitz+Hankel determinants for specific choices of ¢ and w.

3.3 The steepest descent analysis for r = s = 1.

In this section we will develop a 4 x 4 analogue of the Deift/Zhou non-linear steepest
descent method. For technical reasons that will be elaborated later, we will focus on the case
where r = s = 1. We are positive that our method has the capacity to allow for analyzing
general values of  and s but the details of this generaliztion has not been fully worked out.?

As the 2 x 2 Y—RHP does not have jump conditions which could be written in the matrix

form (see RH-)2), there is no prospect for developing a 2 x 2 Deift /Zhou non-linear steepest
method for our particular Riemann-Hilbert problem. To this end, we will increase the size
of the Riemann-Hilbert problem so that the jump conditions could be written in the matrix
form. We first propose the associated 2 x 4 and then the associated 4 x 4 Riemann-Hilbert
problem. Although more complicated, the analysis of the proposed 4 x 4 Riemann-Hilbert
problem follows in the same spirit as the lower dimensional RHPs until we get to the model

Riemann-Hilbert problem for Toeplitz+Hankel determinants introduced in section 3.3.6.

3.3.1 The associated 2 x 4 and 4 x 4 Riemann-Hilbert problems

Let us define the 2 x 4 matrix ?o( out of the columns of ) as follows

o

X(z;n) = <y(1)(z;n),y(l)(z_l;N),y(2)(2;”>73}(2)<2_1;n)> ’ (3.3.1)

From (3.2.9), (3.2.10) and (3.2.11) we obtain the following Riemann-Hilbert problem for X":

2We believe that it can be done in the same spirit as the arguments given in [9], see Lemma 2.4.
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° RH—/'OV 1 ./'({f' is holomorphic in the complement of T.

° RH-/’OVZ For z € T, .JOC satisfies

1 0 w(z) —o¢(z)
/'({?(z,n)Jr /'(\),’(z,n)_ 01 oz) —u() (3.3.2)
00 1 0
00 O 1
° RH—)OC'3 As z — oo we have
20 0
)O((zn): 1+0(:=1) Ci(n)+0(E"YH  0EY  Csn)+0(:=z1 01 0
’ O o)+ 0N 1+0:"Y) Cin)+0EY) o o -
0 0 O
(3.3.3)
° RH-)O(4 As z — 0 we have
1 0 0 0
X = Ci(n)+0(z) 14+0(2) C3(n)+0(z) 0Ofz) 0 z" 0 0
Co(n) +0(z)  O(z) Cyn)+0(z) 1+0z)) o 0o 1 0]
0O 0 0 2"
(3.3.4)
where
Ci(n) = Y1(0), C3(n) =N12(0), Ca(n) =Va1(0), Cu(n) = Va2(0). (3.3.5)

In a natural way we will now consider the following 4 x 4 Riemann-Hilbert problem which we

will refer to as the X-RHP.

e RH-X1 X is holomorphic in the complement of T U {0}.

= o O O
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e RH-X2 For z e T, X satisfies

1 0 () —9(2)
01 o(2) —w(z
Xi(z;n) = X_(z;n) ?2) (=) (3.3.6)
00 1 0
00 0 1
e RH-X¥3 As 2z — oo we have
20 0 0
. 01 0 0
X(zin) =T+ 0(z)) (3.3.7)
0 0 z 0
0 0 0 1
e RH-X4 As z — 0 we have
1 0 0 0
0 2z 0 0
X(z;n) = P(n)(I + O(2)) (3.3.8)
0 0 1 0
0 0 0 2"

Remark 3.3.1 Only in the case r = s = 1 we are certain that P in (3.3.8) is a constant
matriz in z. This will be justified later and will have crucial significance in the analysis of
the small-norm Riemann-Hilbert problem and also ensures that the solution of the X-RHP is

UNIQUE.

3.3.2 Relation of the 2 x 4 and 4 x 4 Riemann-Hilbert problems

It is natural to consider

o

R(z;n) = X(z;n) X z;n). (3.3.9)

From (3.3.2) and (3.3.6) it is clear that %R has no jumps. From (3.3.4) and (3.3.8) we can

obtain the behavior of R near zero :
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R(zn) Cin)+0(2) 14+0(z) Cs3(n)+0(2) O(z) P (n) (3.3.10)
’ Co(n)+0(z)  O(z)  Culn)+0(z) 1+0(2)

Therefore R is an entire function. Also note that from (3.3.3) and (3.3.7) we have
1+0(:") Cin)+0(i:="Y 0 Cin)+0(z1)

R(z;n) = : z — 00.
O(z"")  Ca(n)+0(z"") 1+ 0(z71) Cu(n) +0O(

w
L
SN~——

(3.3.11)

Therefore by Liouville’s theorem we conclude that

R(z;n) = LG 0 Gl (3.3.12)

And therefore we have

(1 Cilm) 0 CgW) - (CI(”) b Giln) 0) P} (n). (3.3.13)

Once we asymptotically solve the X-RHP, A large-n asymptotic expression for P can be found

from
1 0 0 O
0 2z 0 O
P(n) = X(z;n) : (3.3.14)
00 1 0 ||
0 0 0 2z

Which enables us to find asymptotic expressions for the constants C;, 1 < i < 4 via (3.3.13).
This allows for construction of the asymptotic solution to the X-RHP through (3.3.9).

3.3.3 Undressing of the X-RHP

We observe the following factorization for the jump matrix of the X-RHP, which we denote

by Jx(Z):
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Figure 3.1. The jump contour for the Z-RHP

1 0 w(z) —o(2) 1 00 0 10 0 —9¢(2) 1 0 w(z) 0
01 o(z) —w(z) 010 —wz)|[]01 ¢ 0 01 0 0
Jx(Z) = =
00 1 0 001 0 00 1 0 00 1 0
00 0 1 000 1 00 0 1 00 O 1
= JX’O(Z)JXV'H‘(Z)JXJ(Z).
(3.3.15)
Let us define the function Z as
J/;’lz(Z), ZEQl,
Z(z;n) := X(z;n) Jxo(z), z€Qy, (3.3.16)
k[7 ZEQ()UQOO,

where Jy,; and Jx, are defined in the factorization (3.3.15). the function Z satisfies the

following RHP, which we will refer to as the Z—RHP from now on:

e RH-Z1 Z is holomorphic in C\ (TUTL; UT,).
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e RH-Z2 Z,(z;n) = 2Z_(z;n)Jz(2), where

.

J)(;Jr(z), z € T,

Jz(2) =  Jyi(z), zeTy, (3.3.17)

JX,O(Z), zel,.
\

e RH-Z3 As z — oo we have

zZ¢0 0 0
. 01 0 O
Z(zn) =L +0(=)) (3.3.18)
0 0 2z 0O
0 0 0 1
e RH-Z4 As z — 0 we have
1 0 0 0
0 2z 0 0
Z(z;n) = P(n)(I + O(2)) (3.3.19)
0 0 1 0
0O 0 0 z»

Note that since we are considering Hankel weights w which are holomorphic in some neigh-
borhood of the unit circle, Z does not have extra jumps in ; and 2y (see (3.3.16) and
(3.3.17)).

3.3.4 Normalization of behaviours at 0 and oo

Following the natural steps of Riemann-Hilbert analysis, we will normalize the behavior

of Z at 0 and oo; to this end let us define
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z" 0 0 0
0 1 0 0
.zl > 1,
0 0 2" 0
0 0 0 1
T(z;n) = Z(z;n) (3.3.20)
1 0 0 O
0 2" 0 0
. ]2 < L
0 0 1 0
0 0 0 =z

\

It is very important to note that in order to have a suitable Riemann-Hilbert analysis, the
normalization of behaviors at 0 and oo can only be carried out only after the undressing
X — Z; this is due to technical reasons that will be further commented about at the end of

this section. We have the following RHP for 7" :

e RH-T1 T is holomorphic in C\ (TUT; UT,).

e RH-T2 T, (z;n)=T_(z;n)Jr(z;n), where

( n .
J(z;n), zeT, 00 ()

JT(Z;n) = J;(,i(z), zely, where J(Zan> -

Jxo(2), z€l,,
\

and the matrices Jy;(z) and Jy,(2) are defined by (3.3.15).
e RH-T3 Asz— oo, we have T(z;n) = (I +O(z™1)).

e RH-T4 As z — 0, we have T'(z;n) = P(n)({ + O(2)).

We observe that for z € T, G can be factorized as follows
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~ I 0 0 d(2 I 0 °
T(zin) = ’ ’ ’ ) ? Y = Jro(zin) I (2) Jri(zim),
207 Nz) I —o71(2) 0 207N (2) I
(3.3.22)
where 0, and I, are respectively 2 x 2 zero and identity matrices and
0 —o¢(z
O(z)=| _ ¢(2) : (3.3.23)
¢(z) 0

Note that Jr; is exponentially close to the identity matrix for z inside of the unit circle and
Jr, is exponentially close to the identity matrix for z outside of the unit circle.
It should be pointed out that if one normalizes the behaviors at 0 and oo without the un-

dressing transformation X — Z; i.e. by directly defining the function 7 as

(
z" 0 0 0
0 1 0 0
.|zl > 1,
0 0 2" 0
0 0 0 1
T(z;n) = X(z;n) (3.3.24)
1 0 0 O
0 2" 0 0
. ]zl <1
0 0 1 0
0 0 0 =z
\

then the jump matrix J7(z) := 7~ '(2)7.(2) on the unit circle would be

2" 0 2Mw(z) —o(z)

Jr(z) = 0 = oz —wlz) , (3.3.25)
0 0 =z 0
0 0 0 Zn

for which finding a factorization like (3.3.22) remains a challenge, mainly due to presence of
the large parameter n in the 13 and 24 elements of Jy. This fact justifies the necessity of the
undressing step X — Z.
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3.3.5 Opening of the lenses

The next Riemann-Hilbert transformation 7" — S, provides us with a problem with jump
conditions on five contours where three jump matrices do not depend on n and the other two
converge exponentially fast to the identity matrix as n — oo. Let us define the function S,

suggested by (3.3.22), as

,
Jri(zn), zeQ,

S(zin) ==T(zn) X  Jro(z;n), z€Q, (3.3.26)

1, 2 QU UQU O,

\
where the regions €2, 2, Q] and €2 are shown in Figure 3.2. we have the following Riemann-

Hilbert problem for S
e RH-S1 S is holomorphic in C\ (TULl;,UT, UT;UTLY).

e RH-52 S, (z;n)=5_(z;n)Js(z;n), where
J(2), z €T,
Jri(z;n), zel¥,

Js(z;n) = Jro(z;m), zell (3.3.27)

o)

Jxi(2), z eIy,

J/no(z), zel,.

\

e RH-53 As z — oo, we have S(z;n) =1+ O(z7 ).
e RH-S4 As z— 0, we have S(z;n) = P(n)({ + O(2)).

In the usual way, we will first try to solve this Riemann-Hilbert problem by ignoring the
jump matrices which depend on n, this solution % will be referred to as the global parametrix.
Once we have constructed the global parametrix we will consider the small-norm Riemann-
Hilbert problem for the ratio R := S (g')_1 and discuss its solvability in the forthcoming

sections.
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Figure 3.2. The jump contour for the S-RHP

3.3.6 The global parametrix and a model Riemann-Hilbert problem

In the same spirit as usual situations in nonlinear steepest-descent analysis, we will try to
find a solution of S-RHP (the global parametrix) without regards to the jump matrices which

are exponentially close to the identity matrix, indeed we consider the following RHP for § ;
e RH-51 S'is holomorphic in C\ (TUT; UT,).

e RH-52 §+(2) = g_(z)Jg(z), where

;
o

J(2), z €T,

Jo(2) = 4 Jxi(z), zeTy, (3.3.28)

Jxo(2), z€Tl,.

e RH-S3 Asz— 00, we have g(z) =1+0(z).
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And we finally dress the %—RHP to obtain a model problem for the global parametrix having

jumps only on the unit circle. We define the function A as

;

J)(ﬂ‘(z), z € Ql,
A(z) :== S(z) x Jeb(2), z€Qy, (3.3.29)

I, z € QU Oy,

\
Now we arrive at the following Riemann-Hilbert problem for A that from now on we will refer

to as the model Riemann-Hilbert problem for Toeplitz+Hankel determinants:
e RH-A1 A is holomorphic in C\ T.

e RH-A2 A, (z) = A_(2)Ja(2), for z € T, where

0 0 0 —é(2)
~w(z) T w(z)w(z)
P R =
A(2) = 0 ! 0 . (3.3.30)
, o(2) 52)
o 5(2) ’

e RH-A3 Asz — oo, we have A(z) =T+ O(z 7).

The conditions on w and ¢ which ensure the solvability of this model problem are not
completely known and categorized at this point. However, in the next section we will show a
detailed analysis of this model problem for a family of Toeplitz and Hankel weights considered

by E. Basor and T. Ehrhardt in their recent paper [37].

3.3.7 A solvable case

Using Operator-theoretic tools, in [37] the authors have obtained asymptotic formulas for

a(z) = ¢(2)ag(z), b(z) = ¢(2)d(2)by(z). In their work ag and by are any even pure Fisher-

Hartwig symbol (see (1.1.4)) while ¢ and d are assumed to be smooth and nonvanishing
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with zero winding number. Neither ¢ nor d are assumed to be even functions but it is
further required that d satisfies the conditions d(z)d(z) = 1 and d(£1) = 1. Since in this
work the symbols are not assumed to be of the Fisher-Hartwig type (which needs a more
delicate treatment, e.g. see [9]), we should still expect that the model Riemann-Hilbert
problem be solvable for the same choices of symbols in [37] when there is no Fisher-Hartwig
singularity(ag(z) = bo(z) = 0). Indeed this is the case as will be elaborated in this section. As
commented in the beginning of section 3.3, asymptotics of D, (¢, d;r, s), for general r and s

requires a more delicate approach and we do not discuss the details here. So let us consider

D, (¢p,d¢; 1,1), where d
a) is analytic in a neighborhood of the unit circle,
b) has zero winding number,
c¢) does not vanish on the unit circle, and
d) satisfies the condition d(z)d(z) = 1.

For instance, a class of functions satisfying these conditions is given by

d(z) = Hdi(z), di(2) = (z — a;))* (2 — b)) (z — a; )™ (z — b; )77, (3.3.31)

where a; + 3; = 0, —fi/a; > 1,0 < a; = bi_ﬁ"/a" < b; < 1, all factors are defined by their

principal branch, and
O<ap<bi<aya<by<--<a,<b, <1

Note that a similar construction can be found for —1 < b,, < a,, < --- < by < a1 < 0,
and thus a larger class of functions can be found from multiplying functions of the first class
with those of the second class. Although we have a class of functions satisfying the required
properties, a complete categorization of functions satisfying the four required properties for d
is yet to be found. We emphasize that the conditions d(£1) = 1 required in [37] do not play

a role in the Riemann-Hilbert analysis. However, for d defined as in (3.3.31) one can check
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that d(1) = (—1)2=1(@+8) and d(—1) = 1. So in this sense we are considering functions d

which are slightly more general than those considered in [37].

Note that the condition d(z)d(z) = 1 renders the 23-element of the jump matrix J, zero;
indeed

~ w(z)w(z)

Ja23(2) = () — (2)

Hence, for the particular choices made above, the jump matrix G, reduces to

= (2)(1 — d(2)d(2)) = 0.

0 0 0 —¢(2)
—d(z) 0 0 0
Ja(z) = 0 b 0 0 . (3.3.32)
, (2) 5
S RE)

In order to factorize Jy, let us first consider the following Szegd functions

a(z) = exp {i /T Mm}, B(z) = exp [i /T wm}. (3.3.33)

2mi T—2z 27i T—2z

By Plemelj-Sokhotskii formula «, 8, & and § satisfy the following jump conditions on the unit

circle:

ai(2) = a (2)6(z),  Bil(2) = B-(2)d(2),

i (3.3.34)
a_(2) = ap(2)0(2),  B-(2) = B(2)d(2).

It turns out that knowing the value of 5(0) is crucial for finding an asymptotic expression for

hy, (see section 3.3.9) and the condition d(z)d(z) = 1 on the unit circle allows us to evaluate

£(0) easily. Indeed

/T In(d(r) L = /T In(d(r) L = /T n(d-1 ()T = — /T In(d(r)) L.

T T T T

Thus
d
/ In(d(r))- =0,  and therefore,  5(0) = 1. (3.3.35)
T
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We also note that a(z), 8(z) = 1+ O(z™"), &(z) = a(0)(1 + O(z™")) and B(z) = 1+ O(z71)
(by (3.3.35)) as z — co. Now we can write the solution of the A-RHP (in the case dd = 1 on

T) as

and
0
1
ATl =
> 0
0

o o = O

o = O O

- o O O

—B(z) 0 0 0
0 0 ~1 0
a(z)B(z)a(z) o2l <1,
0 —a(z) 0 0
0 0 0 —a(z2)
0 B(z) 0 0
0 0 0 = L
Bz)a(z)a(z) | | 2] > 1.
0 0 alz) 0
alz) 0 0 0
(3.3.36)
Cr(2) = ZLM ] %dﬂ
1
0 1 -
: 2) = —— . 3.3.3
0" T TR 0m e (3337
0

Using (3.3.34), the Plemelj-Sokhotskii formula and general properties of the Cauchy integral,
it can be checked that A(z) given by (3.3.36) satisfies the A-RHP.

3.3.8 The small-norm Riemann-Hilbert problem associated to D, (¢,d¢,1,1)

Let us consider
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R(z:n) := S(z:n)8(2)"". (3.3.38)

This function clearly has no jumps on I';,I', and T, since S and .S have the same jumps on

these contours. Thus, R satisfies the following small-norm Riemann-Hilbert problem
e RH-R1 R is holomorphic in C\ Xg.
e RH-R2 R (z;n) = R_(z;n)Jr(z;n), for z € Xp.
e RH-R3 Asz— oo, R(z;n)=1+0(z71),

where X ;=17 UI", and Jg is given by

o o %zGTiz;ng”z*l, z el
Jr(z;n) = S(2)Gs(z;n)S(2) ! = o( )Gl )O( ) © (3.3.39)

S(2)Gro(z;n)S(2)~', z €T,
Using (3.3.36), (3.3.37) and the definitions of Gr;, Gr,, Gx; and Gx; given by (3.3.15) and
(3.3.22) we find

Z" , zell

Jr(z;n) — 1 = (3.3.40)

L , zel’]

where
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el e )
595080 sepeat M T sopmaEa0)
_aa(z)8() D (2A0) | BEEEGE)
e TS B A W' BT T )
w(z)ﬁ(z) = — 1 d(z) w(2)a&(2)B(2)alz z
() = S on(s) = o (5~ wAREAEIC:)
L waE)BE)at L _a( 1 wEARGE)
ul2) &(2)a2(0) =750 (a<z>3<z>a2<z> a(z) )
(3.3.41)
Therefore by Lemma A.0.1 we have
0 Rl 12(2 n) 0 R1 14(2 Tl)
1 Jr(psn) — 1 Ry21(z;n) 0 Ry 23(2;m) 0
Rl Zn) = — d = )
( ) 27” /ZR H—=z 0 Rl 32(2,71) O Rl 34(2’ n)
R1 41 (Z, n) 0 R1’43(Z; n) 0
(3.3.42)
where
L[ Wgi(p) :
Ry jk(z;n) = — jd,u, gk =12,14,23, 43,
2m/F g (3.3.43)

1 ng.
Ry ji(z;n) = 5 /F mdu, jk = 21,32,34,41.

By Lemma A.0.1 we can also find Ry(z), k > 2, recursively. For instance

RQ 11(Z n) 0 R2 13(2 n)
1 [Rl (MQ ”)L (JR(MS n) — [) 0 R2,22(Z; n) 0 Ra24(% n)
Ry(z;n) = — dp =
21 Jrp, o=z Ry 51(2;n) 0 Rs33(2;n)
0 R2 42(2 n) 0 RQ 44(2 n)
(3.3.44)

where



1 Ry ke(p3n)]_ gej (1)
Z o d/.l/,
2m —z
Le{2,4}
“[Rake(psn)]_ gej (1)
Roxi(zm) = Z 2mi // -z .

1e{2,4}

1 "Ry g (s )L 91; (M)d n 1 e [Raks(3m)]_ gas (1)
2mi w—z 2mi Jr, w—z
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k,j=2,4.

(3.3.45)

Moreover, using (A.0.15) and a straightforward calculation one can justify that the matrix

structure (i.e. the location of zero and nonzero elements) of Ry and Ro, kK > 1, are similar

to that of Ry and R,, respectively. It is also straightforward to show that

Ryij(zm) = Oe™*"), n—oo, k=1,

for some positive constant c.

3.3.9 Asymptotics of h,,

From (3.2.21) we have

= lim 2"~ y21( Ln n).

n—1 z—0

Let us denote

1 0 0 O
| 02" 0 0
A(z;n) .= P (n)X(z;n)
0 01 0
0 0 0 2z

(3.3.46)

(3.3.47)

(3.3.48)

and also let us define the matrix B(n) in the following expansion for A(z; n), which is equivalent

to RH-X4:

A(z;n) = I+ B(n)z + O(2?), z — 0.

Therefore by (3.3.9), (3.3.12), (3.3.13) and (3.3.48) we can write

(3.3.49)
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1 0 0 O

o [ Cin) 1 C3(n) 0 _ 0z 0 0

X(z,n) = A(z;n) (3.3.50)
0 0 0 2"

Using (3.3.1) and (3.3.50) we can write

Vo (z7n) = 5(22(2!; n) = Cy(n)Aia(z;n)z " + Cy(n)Asa(z;n)27" + Aga(z;n)27". (3.3.51)

From (3.3.49) we have

2" A(zin) = 27" T+ 27" B(n) + 027" 1), z— 0. (3.3.52)

Therefore, as z — 0

2T HB(n) + O(27F2), i # ],
Ay (zin) = i)+ 0 77 (3.3.53)

z7" 4+ z‘”“Bﬂ(n) + O(Z_n+2), 1=].

Therefore by (3.3.47), (3.3.51) and (3.3.53) we have

1
hnfl

Tracing back the Riemann-Hilbert transformations, we find that for z € Qy we have

1 0 0 O
0 2z 0 0
X(z;n) = R(z;n)A(z2) , hence, A(z;n) = P71 (n)R(z;n)A(2),
0 0 1 0
0O 0 0 2"

(3.3.55)
by (3.3.48). Also from (3.3.14) and (3.3.55) we conclude that

P(n) = R(0;n)A(0). (3.3.56)



Let us denote the coefficients in the expansions of R(z;n) and A(z), as z — 0, by

R(z;n) = R(0;n)+ R (n)-z+ R® (n)-224+0(2*),

Therefore from (3.3.49), (3.3.55), and (3.3.56) we have

A(2)

= A(0)+AU

B(n) = A"Y(0)R7(0;n) RV (n)A(0) + A~1(0)AW,

Note that

RW(n) = L/E (Jr(p;n) — I)i—’l; + O(e M),

271

as n — o0o. More explicitly we have

0o RYm) o0

(1)
R(1)<n) _ R21 ( ) 0

RY(m) 0 REMm) 0
where
RW(n) = 1 . d
i (n) = 5 Flu gir () dp,
1 o
R (n) = 5 / 1" g () dp,
r,
and
1 —R1712(0;n) 0
—R121(0;n 1 —R123(0;n
R(0:m) = 121(0;n) 1,23(0; )
0 —R1,32(0;n) 1
—R1.41(0;n) 0 —R1.43(0;n)

From (3.3.36) and (3.3.37) we have

jk = 12,14, 23,43,

jk = 21,32, 34,41,

—31,14(0; n)

—I—O(G_Q(m),
—31,34(0; n)

1
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)24 A@ . 221 0(2P).

(3.3.57)

(3.3.58)

R7Y0;n) =1 — Ri(0;n) + O(e™ ™),

(3.3.59)

(3.3.60)

(3.3.61)

n — 00.

(3.3.62)
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0 0 0 —a0) o 0o o AY
—1 0 0 0 X AY 0 0 0
A0) = 1 ;o AW = 0 . (3.3.63)
0 0] 0 0 0 Ay O 0
—0,0a(0) 0 1 0 AY 0 AR 0
where
0) du 1 1 dp 1 1
AW — o0 /1 LAY = —— [logd(w) =L, A = /1 d
14 omi Sy og ¢(1) 2’ 21 2 )y og d(u) 02 32 21ic(0) Jy og (1) d,
1 du 1 du du
A(l) _ _/ = / — /1 d —
i =—a(0) {M Tp(u) pER Tp(u) . | log (1) )|
1 d
m_ L B ap
Aig =5 { /T log w(y)dp /T log ¢(11) #2}
(3.3.64)
From (3.3.58), (3.3.60), (3.3.62) and (3.3.63) we find that
Ry (n) R (n)
Bia(n) = ; Bza(n) = C,(0)Ryy' (n) —
o(0) ~a(0) (3.3.65)

Bun) =~z (Fann(Om) R () + Raa(0sm) R )

Note that Bia(n), Bsa(n) are of order O(e~“"), while By (n) is of order O(e~2*"). From (3.3.56)

we can write the asymptotic expansion for P(n)

—C ( ) ( )Rl 14(0 n) R1712(O;7’L) 0 R1714(O;n) —a(O)
= _P”L(OO;”) 0 —a(0)Rum (0:n)
P(n) = @ FO(em2m),
—CP<O)Q(O)R1734<O; n) — R1’32<0; TL) —m R1’34(0; n) 0
~0,(0)a(0) —%(00;”) 1 (0)Ry.01(0: )
(3.3.66)

as n — 0o. Revisiting (3.3.13) we have

(1 Ci(n) 0 Cg(n)) Pln) (Cl(”) D) O) (3.3.67)
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From this equation, in particular, we find the following four equations for the constants Cy

and C4

C’g(n)Pm(n) + P31(n) + C’4(n)P41(n) = CQ(’I’L), CQ(TZ)PQQ(H) + ng(n) + C4<TL)P42(TL) = 0,
(3.3.68)
Solving for Cy and Cy we find

Co(n) = Pyo(n) P31 (n) — Py (n) Psy(n) Caln) = — Pyy(n) P31 (n) 4 [1 — Pa(n)] Psa(n) .
(1= Po(n))Pi(n) + Pui(n)Poa(n)’ (1 = Po1(n)) Paz(n) + Pp(n)Paa(n)
(3.3.69)
From (3.3.66) we have
Co(n) = C(0) (1+0(c™), (3.3.70)
(ﬁ) R1,43(0; n) — CP(O)RLQ;}(O; Tl)
and )
Cy(n) = O] (14 O(e2m). (3.3.71)

(%@) Ri143(0;n) — C,(0) Ry 25(0; 1)
Combining (3.3.54), (3.3.65), (3.3.70) and (3.3.71) we obtain

%31,43(0; n) — C,(0)Ry23(0;n)
25 Ry (n) — C,(0)RY ()

«(0)

Bp_1 = —a(0) - (1+0(*™), n—oo.  (3.3.72)

Note that from (3.3.43) and (3.3.61) we have

Rigr(0;n) = RY (n+1),  for jk=12,14,23,43,

(3.3.73)
Rigi(0;n) = R (n—1),  for jk = 21,32 34,41.
Denoting
£(0) = (a0)" (<255 Rual0:) = Cy(0) Rraa(0in) ). (3:3.71)
and using (3.3.73) we can write (3.3.72) as
[ £ (14+0(e*™),  n— oo. (3.3.75)

En—1)
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We have to mention that our main objective in this part of the thesis has been to develop a
4 x4 steepest descent analysis for the Toeplitz+Hankel determinant and we have achieved that.
However, to obtain the asymptotics of D,(¢,dp,1,1) one has to derive suitable differential
identities. We propose that the differential identity has to be with respect to the parameters «;
in the function d given by (3.3.31). Thus, one has to perform m integrations in the parameters
a;, 1 < i <m. Note that for a; = as =--- = «,, =0, we have d = 1 and hence ¢ = w. Thus
the starting point of integration in « is given by the result of E.Basor and T.Ehrhardt in [37].
Integration of the differential identity in «y will provide us with an asymptotic expression for
D, (¢,d1¢,1,1), which also serves as the starting point of integration in ay. Thus we can find
asymptotics of D, (¢, dyda¢,1,1) which also serves as the starting point of integration in azs,
and so on. Repeating this procedure will finally lead us to the asymptotics of D, (¢, dp, 1,1).

In order to derive the differential identities mentioned above, one has to find recurrence
relations and prove a Christoffel-Darboux formula for the polynomials (3.2.2) and follow a
path similar to that introduced by I.Krasovsky in [4]. Note that the recurrence relations can
be found by analyzing the function M(z;n) := X(z;n+1)X~!(z;n), which is holomorphic in
C\ {0} and can be globally determined by its singular parts at zero and infinity.

3.4 Suggestions for future work

Through the proposed Riemann-Hilbert setting in this chapter, we think that a number of
open problems could be approached, here we mention at least three of such possible avenues

of research.

3.4.1 Ising model on different half-planes/Extension of the results to general

offset values r, s # 1.

In an unpublished work, Dmitry Chelkak has been able to express the expectation E[oy]
of the spin in the N-th column of the isotropic Ising model on the 45° rotated half plane and
also for the Ising model on the half-plane. Below we give a short account of his formulation.

First, let us denote
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e ¢ := sinh(2J/kT), so ¢ > 1 in the sub-critical regime and ¢ < 1 in the super-critical
regime, as the critical temperature T, in the isotropic homogeneous two-dimensional

Ising model satisfies sinh(2J/kT..) = 1 (see [39] and [40], for example).
e m:=2/(q+q ') €0,1] and thus, the critical case corresponds to m = 1.
o 1= (1+q 212

D.Chelkak has considered Ising models on different half-planes, however, for the purposes of
this thesis we only mention his findings on the 45° rotated half plane case. In this case one

has different expressions for odd and even columns, indeed

Elogn_1] = 2n ® det (di -t wz—i—y)?;:lo ) Eloan] = p?” det (Cbi—j + wz’+j+1)2j;10 .

(3.4.1)

where

1 2,210 1
wy, = _/ L —— 5V 1 —m?cos? 0db, (3.4.2)

o e2if — ¢2

and

1
O = _QZM\/ — m? cos? 0db. (3.4.3)

o
However we see that the matrix elements is not exactly given by the Fourier coefficients of a
symbol, however, if we let a := 26, then we get
1 2m

zkozq 6
- - /1 —=—m2 2 2
Wy . g \/ m? cos?(a/2)da

1 ’ 1kozq 6 o zkaq 6
yym e —\/1—m2cosz(a/2)da+— Z—\/l—mzcos2(a/2)
T J_on e

In the first of the above integrals , let v = a + 2, then we can write it as

1 2m ) 2 0y 1
—/ e””q.e—\/l —m? cos?(y/2)dy
0

47 e — ¢?

So we finally get

1 2T 1 0 2 i o 1
Wy = — elko‘L\/l —m?cos?(a/2)da = — e’zkaqe—\/l —m?cos?(a/2)da

2m Jo e T or —on -
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Therefore the Hankel symbol with the above Fourier coefficients is given by

2 ~1
q°—z 24+z+=2
w(e) = = \/ 1—m? (T) (3.4.4)

where z = €. It is already obvious that the same calculation gives the Toeplitz symbol ¢ as

6(2) = \/ 1 —m? (“ZTW) (3.4.5)

w(z) = f_‘quqs(z). (3.4.6)

Now let us find the branch points of ¢ given by (3.4.5). Assume that m # 0, and thus

and therefore

q ¢ {0,00}. Clearly z = 0 and z = oo are branch points of this square root. The other two

branch points z; and 29 are the roots of the following quadratic equation

4 2 2
Z+(2-—)z+1=0, and thus, no=— |1- S FVI—m?|. (3.4.7)
m? ’ m? 2
1
Note that 2120 =1, 0 < z; <1 and 2o = — > 1. We can write ¢ as
<1
Bz) = =22z — ) VA — ), (3.4.8)

where the principal branches are chosen for 27/ and (z — 2;)/2, while we pick the branch-

/2 and 0 < arg(z — 29) < 27. Equivalently, ¢(z) has branch-cuts

cut [z9,400) for (z — z2)
[0, 21] U [22, +00] and its branch is fixed by ¢(1) = v/1 — m?. Having fixed the branch of ¢,

the branch of w is automatically fixed as their ratio is a rational function. Also note that

2 2 1 1
m=-——, = = —q+1=0, = qo=—7F — -1
q+q m m m

1
where 1o =1, 0 < ¢ <1 and ¢ = — > 1. Note that
q1

2 2
¢y = — 1—ﬁ¢\/1—m2]. (3.4.9)
’ m 2
Therefore from (3.4.7) we have
4G = 2, and ¢ = 2. (3.4.10)

Now let us consider the three Temperature regimes:
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e At the critical temperature we have g =1 <= m=1 <= z; =2, = 1.

e In the sub-critical regime 7' < T, we have ¢ > 1 and thus we can write w as

— ,
2 = - P(z) = “Eﬁz(z — ) P (2 = ) (3.4.11)

w(z):q zZ—2 2q

e In the super-critical regime 7" > T, we have ¢ < 1 and thus we can write w as

L _
R O v e R R I (3.4.12)

w(z) =

It is important to note that the Toeplitz symbol ¢(z) = ?(z — )Y (2 — 27HY2 has
no winding on the unit circle for ¢ # 1, hence can be factorized using the Plemelj-Sokhotski
formula. Also note that

zZ — 29 Z9 Z— 21

T<T, . T <T,
1 9 [3) - 1 ) (3]

d(z) = w(z) S and hence, diz) == 4 #7 =
P(z) ¢ |z—2 T>T P |z 22 T
Z_227 cy 29 2—21’ c:

(3.4.13)
Therefore for both T < T and T > T, we have dd = 1, recalling that ¢? = 2, when T < T,
and ¢ = 2y, when T > T.. This ensures that Jy23 = 0, and hence (3.3.30) again reduces
to (3.3.32). This fact highly increases the prospects of solvability of the associated A-model
problem. However, in this case the function d does not have a zero winding number and hence
does not fit the criteria of section 3.3.7. This is a concrete application of Toeplitz+Hankel
determinants which motivates the study of large-n asymptotics of D, (¢, w,r,s) for proper

choices of w and r,s # 1.

3.4.2 Extension to Fisher-Hartwig symbols

One can study the large-n asymptotics of determinant D,,(¢, d¢, 1,1) (and with increasing
effort D, (¢, dp,r,s) for fixed r,s € Z) assuming that ¢ possesses Fisher-Hartwig singular-
ities {z;}™, on the unit circle. It is in fact in this level of generality that E.Basor and

T.Ehrhardt have been able to compute the asymptotics of D, (¢,d¢,0,1), D,(—¢,dp,0,1),
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D, (¢,dz¢,0,1), and D, (—z¢,d®,0,1) via the operator-theoretic methods in [37]. However,
the authors in [37] further require that the Fisher-Hartwig part of ¢ be even. In fact they
used some results of the work [9] of P.Deift, A.Its and I.Krasovsky to prove their asymptotic
formulas for Toeplitz+Hankel determinants, and for this reason they inherited the evenness
assumption from the work [9] where the authors needed evenness of ¢ in their 2 x 2 setting to
relate Hankel and Toeplitz+Hankel determinants to a Toeplitz determinant with symbol ¢.

From a Riemann-Hilbert perspective, in the presence of Fisher-Hartwig singularities, one
has to construct the 4 x 4 local parametrices near the points z;. Expectedly, these local
parametrices must be expressed in terms of confluent hypergeometric functions as suggested
by [9]. We have not yet worked out the details of this construction but we believe that it
should be well within reach. It would be methodologically important to achieve the results
obtained from operator-theoretic tools via the Riemann-Hilbert approach as well. Moreover,
we expect that the evenness of the Fisher-Hartwig part of ¢ would not play a role in our 4 x 4
setting, and in that sense there are reasonable prospects of generalizing the results of [37] to

symbols ¢ with non-even Fisher-Hartwig part.

3.4.3 Characteristic polynomial of a Hankel matrix

Perhaps one of the most important motivations behind studying Toeplitz+Hankel deter-
minants is to study the large n asymptotics of the eigenvalues of the matrix H,[w], as the
characteristic polynomial det(H,[w] — AI) of the Hankel matrix H,[w] is indeed a particu-
lar Toeplitz+Hankel determinant, with ¢(z) = —\. Unlike the characteristic polynomial of
a Hankel matrix, the key feature which allows an effective asymptotic spectral analysis of
Toeplitz matrices and, in particular, the use of the Riemann-Hilbert method, is that the char-
acteristic polynomial of a Toeplitz matrix is again a Toeplitz determinant with the symbol of
the general Fisher-Hartwig type (see e.g. [38]).

In this case, i.e. D,(—\,w,0,0), the associated A-model needs a special treatment, in a sense
it is a simpler problem as the symbol ¢ is identically equal to a constant, but more complicated

- compared to the situation in section 3.3.7 - as it does not enjoy Jj 23(z) = 0. In any case,
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the solution to this model problem provides us with the constant term in the asymptotics
of D,(—=A,w,0,0), and in the case of Fisher-Hartwig weight w, one can hope to obtain the
leading terms of this asymptotic expansion (up to the constant term, viz. the solution of
the A-model problem) from the local analysis near the Fisher-Hartwig singularities. This last

point is yet another motivation to pursue the goals of section 3.4.2.
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4. ASYMPTOTIC ANALYSIS OF A BORDERED-TOEPLITZ
DETERMINANT AND THE NEXT-TO-DIAGONAL
CORRELATIONS OF THE ANISOTROPIC SQUARE LATTICE
ISING MODEL

Abstract. In 1987 Au-Yang and Perk expressed the spin-spin next-to-diagonal correlations
of the anisotropic square lattice Ising model in terms of a bordered Toeplitz determinant [41],
[42]. We will relate this bordered Toeplitz determinant to the 12-entry of the 2 x 2 matrix
solution of the well known Riemann-Hilbert problem associated with Toeplitz determinants.
We will use this connection to find the large N asymptotics of the next-to-diagonal correlations

(0000N,~—1). This is a joint work with A.Its.

4.1 Introduction and Background

The two-dimensional Ising model is defined on a 2M x 2N rectangular lattice in Z? with
an associated spin variable o, taking the values 1 and —1 at each vertex (j, k), —M < j <
M —1and —N < k < N — 1. There are 4M N lattice points and hence 2*"V possible
spin configurations {c}. By a spin configuration we mean a fixation of the values o, for all
vertices (j, k). To each spin configuration {o}, we can associate its nearest-neighbor coupling
energy (Hamiltonian) given by

M-1 N-1

E({o}) == > > (0js0ise1 + Jo0jn0icrn) . . Jy > 0. (4.1.1)
j=—M k=—N

The probability of a spin configuration {c} is given by

P{a} = % €xXp (_ Ekgi;})> ’ (412)
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where kp is the Boltzmann’s constant and Z(T') denotes the partition function and is naturally

defined as
Z(T)=> exp (-%) , (4.1.3)

{o}

where the sum is taken over all configurations. Also the spin-spin correlation function between

the vertices (m/,n’) and (m,n) is defined as the following thermodynamic limit

(Gt T} = | Nim Z Zam o XD ( k(iUT})) . (4.1.4)

The quantity lim  (0000mn) is referred to as the long-range order in the lattice at a
m24n2—oco

temperature 7. Indeed, the spontaneous magnetization M is defined as square of the large-n

limit of diagonal correlations

M =,/ lim (09 00n)- (4.1.5)

n—oo
It is famously known that, unlike the one-dimensional case, the two-dimensional Ising model
exhibits a phase transition in the spontaneous magnetization at some temperature T, (see

40,43, 44]), characterized by
2Jy 2J,

kgT. kpT.

Remarkably, for the diagonal correlations (o gon n) and the horizontal correlations (o ooo ),

=1. (4.1.6)

sinh

one has Toeplitz determinant representations, indeed for the diagonal correlations we have

(0000n,N) = det(¢i—j)1<ij<n =: Dn[o], (4.1.7)

where the symbol ¢(z, k) is given by
1— k1271 2Jy 2J,
k)= ———— k = sinh —- sinh —% 4.1.
Ak =\ T sinh -y sinh s (4.18)
and ¢; are the Fourier coefficients of ¢

dz
¢; = /T 2 (2 k>2mz n € 7. (4.1.9)

The Toeplitz determinant representation for the horizontal correlations is given by
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(1 —a12)(1 —agz1)
- d t i—q i.9 y - 5 4110
(00,000,n) = det(Yi—j)1<ij<n ¥(z) \/(1 T ( )
where o and ap are given by
zn(1 = z,) 1— 2z, Jho
= T EE—— = —, v :t h_77 4111
a 1+ 2, 2= 0tz o = R ( )

and v;’s are again Fourier coefficients of .

The determinantal representation (4.1.7) allows one to compute the spontaneous magnetiza-
tion M. In the low-temperature regime, this is achieved via the Strong Szeg6 limit theorem
(SSLT) for Toeplitz determinants, which was originally proved by Szeg6 in 1952 for positive
and C'¢ symbols, € > 0, on the unit circle(see [45] and [46]). Following that achievement
many mathematicians tried to prove SSLT for a more general class of symbols and we refer

the interested reader to [40] for a comprehensive review of such developments.

Provided that ¢(z) is non-zero and continuous on the unit circle and has zero winding number,
then ¢(z) can be written as e”(*) for the continuous and periodic function V(z) = log ¢(2).

Here we state the strongest version of SSLT due to K. Johansson [47].

Theorem 4.1.1 (Johansson) Let V(e??) € L(St) be a (possibly complex-valued) function

on SY with Fourier coefficients {Vi}rez satisfying

> kW < oo, (4.1.12)
k=—o00
then ,
D, (e ) oo

In the temperature regime 7' < T, the symbols (4.1.8) and (4.1.10) enjoy the regularity
properties required by the SSLT. Applying the theorem (see [48], chapter 10) to (4.1.8) and
(4.1.10) separately one finds that the spontaneous magnetization can be found also from the

horizontal correlations as well, and is given by

M = <0-0,OO-N,N> = <O'0700'0’N> = (]_ — k‘_Q)l/S, T < Tc. (4]_]_4)
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For T = T, and T > T, the symbol (4.1.8) possesses Fisher-Hartwig singularities at z = 1
(see [49] and [40]), and the asymptotic analysis of the corresponding Toeplitz determinant can
not be obtained via SSLT. We will discuss these temperature regimes later in this chapter.

There have also been efforts to study correlation functions in the directions other that those
discussed above. For instance, in the isotropic case (J, = J,), the expressions for the correla-
tion functions (000 ) With (m,n) # (0,n), (m,0), (n,n), were explicitly derived by Shrock
and Ghosh in [50]. In particular, via the Pfaffian method they found expressions in the cases
(m,n) = (2,1),(3,1),(3,2), (4,1), (4,2), and (4,3), in terms of complete elliptic integrals K
and E. Furthermore, They inferred a general structural formula for arbitrary (ogoom,) in

terms of these elliptic integrals K and FE.

4.2 determinantal formula for next-to-diagonal correlations

In 1987 Au-Yang and Perk expressed the spin-spin next-to-diagonal correlations of the anisotropic

square lattice Ising model in terms of the following bordered Toeplitz determinant (see [41],

[42])

Qo o an—2 byq
a_y -+ an—3 by_
(Goponn 1) =det | N L N> (4.2.1)
ar-N -+ a1 bo

where

dz

o2miz’

dz

o2miz’

. Zj
a; = /sz(bYP(z;k) and, bj = Ch/jrmﬁp(z; k) (4.2.2)

Here the symbol ¢yp is defined as

1
byp(21 k) =1/ # =¢(z7 11 k), (4.2.3)

and the parameters S, S, and C} are given by

2J, 2J, 2J,
Sj, = sinh kB—;, S, = sinh T C}, = cosh ]@—;, (4.2.4)
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and thus k = S;,5,. The determinantal representation (4.2.1) was later used by Witte [51] to
express (0000, ,—1) as a solution to an isomonodromic problem associated with the particular
Painleve’ VI system, which charactrises the diagonal correlation functions.

In [51], N.Witte expressed the bordered Toeplitz determinant (4.2.1) in terms of the function
er(z) (see equations (34) and (59) in [51]) which is the Cauchy-Hilbert transform of the

reciprocal polynomial associated to one of the bi-orthogonal polynomials (for example, see

section 2 of [52]). More precisely, he found that

(G0.00N N-1) = %DN_l[gb]a}‘Vl(z*; K,  N>1, (4.2.5)
where "
2t = —S—;’, (4.2.6)
and
)= = [ ER000 s Q) =)

where () and @ are given by (1.2.2) and (1.2.3), respectively, and form the bi-orthogonal
system of polynomials on the unit circle with respect to the weight ¢ given by (4.1.8). Prior
to the latter work, In 2006, P.Forrester and N.Witte in [52] introduced a Riemann-Hilbert
problem for the bi-orthogonal polynomials on the unit circle and were able write down the rep-
resentation of a solution to that Riemann-Hilbert problem in terms of one of the bi-orthogonal
polynomials, its reciprocal polynomial and their respective Cauchy- Hilbert transforms; How-
ever there was no attempt to asymptotically solve that Riemann-Hilbert problem in [52].
We observed that by an explicit transformation the Riemann-Hilbert problem in [52] can
be mapped to the well-established Riemann-Hilbert problem found by J.Baik, P.Deift and

K.Johansson in [8] for Toeplitz determinants which is studied in great detail in [9].!

Using
this explicit relationship one can readily find the asymptotics of €¥ (z) and hence asymptotics
of the bordered Toeplitz determianant by the formula given in [51]. However, a more con-

venient way seems to be relating the bordered Toeplitz determinant (4.2.1) directly to the

!This Riemann-Hilbert problem will be referred to as the Y-RHP in the rest of this chapter. For the con-
venience of the reader, We have provided its asymptotic solution (corresponding to the weight (4.1.8) when
T < T.) in appendix B.
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12-element of the representation of the solution to the X-RHP (see section 1.2.1). The next

proposition, due to N.Witte, is the needed first step in making the desired connection.

Proposition 4.2.1 For all values of T, the next-to-diagonal correlations of the anisotropic

Ising model on the square lattice is given by

S,
<00,00N7N—1> = S_hDN [¢]5N_1(Z*; k), N 2 1, (427)
where
Chz C"Qn(C d¢
k) 4.2.
su(esh) s e [Py iy (128
Proof Note that from (1.2.2) we can write 2"Q,,(27!) as
Po R
X ¢1 Qo Dot
2"Qu(z7h) = det | S : : (4.2.9)
Dn[gb]Dn-&-l[Qﬂ
On-1 Pn—2 '+ O
2" gl 1
Now, recalling that &, = \/ D, [¢]/Dyy1(¢], we can write
Po b1 G—n
¢1 ®o G—ni1
z
Oon(z k) = — det : : :
R =51
¢n 1 (,ban e Qb 1
"ove(Gk) d " love(Gh) d Sy (C;E) d
fT (z 275'( fT z( 275'( T f?l‘ —z golch) 27r<zC
(4.2.10)

Note that (4.2.3) implies that a; = ¢;. Thus we can express (4.2.1) as
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Po 1 P-N+1
P11 9o P-Nt2
(0000N N—1) = det : : : , N > 1. (4.2.11)
ON—2 On-3 0 O
byt by -+ by

Now formula (4.2.7) follows from combining the formulas (4.2.2), (4.2.10) and (4.2.11). ®

The above proposition is basically an adaptation of proposition 3 of [51]. Our preference to
express the next-to-diagonal correlations in terms of ¢,, as opposed to € is rooted in the fact
that the former is, up to a constant, the evaluation at z=! of the 12-entry of the representa-
tion for the solution to the X-RHP in terms of the associated orthogonal polynomials. The

following lemma establishes this connection.

Lemma 4.2.1 The function 6,(z;k) is encoded in the (unique) solution of the Riemann-

Hilbert problem associated with D, [¢] through

On(z; k) = %X12<2_1;n). (4.2.12)

Proof Indeed

oy Oz [ CTQWQ) g A Chr [ TR dC
571(27 k) - _Sv/{n T C_l _ ngP(C 7k) 27T’LC - _Sv/fn T 1 — ZC ¢(C, k)m
_Cn [ Qu(Q) oy A Ch -1,
- S,k /’J]‘ ¢ — Z_1¢(<u k)QﬂiC” - S_UXIQ(Z lan)v
where we have used (4.2.3) and (1.2.5).
]
Now we combine (4.2.7) with (4.2.12) to get
Ch, 1
<UO,00N,N—1> = —DN_l[QS]Xlg(;;N — 1), N 2 1. (4213)

Sh
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Note that in the anisotropic case for z* given by (4.2.6), we have the following exclusive

possibilities

' < _1, Jh > Jv7
(4.2.14)

—1<2:<0, J,<J,
since for a fixed temperature, J, > J, is equivalent to S;, > S, and vice versa. This has an
important message, that the anisotropy plays the crucial role in the final asymptotic formula
for (g 00N, n—1) as the expression for Xi,(2; n) is quite different when |2| < 1 and |z| > 1. Since
we know the large-n asymptotics of X (z;n) (see appendix B), we can derive an asymptotic

expression for the next-to-diagonal correlations through the connection formula (4.2.13).

Corollary 4.2.1.1 For T < T,, we have the following asymptotics for (co00N N-1)

S0 k) ()14 o), Ju> o
(0000NN-1) = hCh 1 N — 00,
T (1 — k_2)1/4R1712(—*; N — ].)(Z*)N_l(l + 0(1))7 Jp < Jv7
ShOé(Z*> z
(4.2.15)

where a(z) and Ry12(z;n) are given by (B.0.7) and (B.0.14), respectively.

Proof Suggested by (4.2.13), to find the asymptotics of the next-to-diagonal correlations we
need the asymptotics of both D, [¢] and the solution of the X-RHP. When T' < T, the weight
(4.1.8) has no Fisher-Hartwig singularities and is analytic in a neighborhood of the unit circle.
In appendix B we have outlined how the solution of the X-RHP can be found in this case.

We will also use the well-known result (e.g. see [40,48])

Dylo] = (1 = k"HY41 +0(1)), N — . (4.2.16)

Recall that when J;, > J,, we have |z*| > 1 and hence from (B.0.16) we have

Loyvo 1) = a(i*)[l + O(e 2N, (4.2.17)

2+ z

Xiof

Combining (4.2.13) and (4.2.16) with (4.2.17) yields the first member of (4.2.15). On the

other hand if J;, < J,, we have |2*| < 1, hence from (B.0.16) we obtain
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1 1 ()" —2¢(N—1)
X12<—,N— 1) —R1’12( ,N 1) 1 [1"‘0(6 )]
*O‘Ni) (4.2.18)
1 o (%) —2¢(N—1)
= Ripo(—s N —1)—=—[1+O( )]
z Oé(z—*

This equation combined with (4.2.13) and (4.2.16) gives the second member of (4.2.15). ®

So if the vertical coupling dominates the horizontal coupling, the next-to-diagonal correlations
decay exponentially fast as N — oo and conversely if the vertical coupling is dominated by
the horizontal coupling, the next-to-diagonal correlations tend to a constant as N — oc.
Also it is important to remember that the original bordered Toeplitz determinant rep-
resentation (4.2.1) of Yang and Perk for the next-to-diagonal correlations is only valid for
the anisotropic case (J, # J,) and consequently we are not making any claims about the

asymptotics of the next-to-diagonal correlations in the isotropic case J, = J,.

Remark 4.2.2 As it is clear from (B.0.16), it is immaterial whether z* € Qg or z* €
in the case J, > J,; and similarly in the case J, < J, it is immaterial whether z* € Qq or
2* € Qy; to put it differently the freedom in opening of the lenses , i.e. the locations of Iy and

I'y, expectedly do not affect the asymptotics of the next-to-diagonal correlations.

Remark 4.2.3 One can also prove the analogue of the result in Corollary 4.2.1.1 for the cases
T=T.andT >T,.. Indeed when T'=T,, there is a FH-singularity at z = 1 with parameters
a=0and = —%. In this case both ingredients of the formula (4.2.13), i.e. the asymptotics
of the determinant and the asymptotic solution of the corresponding Riemann-Hilbert problem
are known(see respectively [49] and [9]). However the analysis of the case T > T, will be more
mnvolved as the FH parameters in this case are « = 0 and f = —1. This is an instance of
degenerate FH singularity (o, = 5; € Z_). Note that the X-RHP has not been solved in the
degenerate case in the pioneering work [9]. Nevertheless, the asymptotics of the corresponding

Toeplitz determinant can be found from lemma 2.4 of [9]%.

Zspecifically equation 2.12 which relates D, (2~ f(z)) to D, (f(2)).
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5. EMPTINESS FORMATION PROBABILITY IN THE
XXZ-SPIN 1/2 HEISENBERG CHAIN

Abstract. In this section we will derive an asymptotic formula for a Fredholm determinant
of interest in studying the Emptiness formation probability in the XXZ-spin 1/2 Heisenberg
chain. This Fredholm determinant corresponds to an integral operator with a generalized
Sine kernel. Apart from deriving the relevant differential identities, it turns out that the
Riemann-Hilbert approach to this generalized Sine kernel is very similar to the regular Sine

kernel studied in [53]. This is a joint work with K.Kozlowski and A.Its.

5.1 Introduction

In this section we will consider one special example of the generalized sine kernel which
has a particular importance in the theory of the XXZ spin-1/2 Heisinberg chain. Let V =1V,

be the trace class integral operator acting on L*(T,), where T, is the arc,
A =1 —a<argh<a O0<a<m,
depicted in Figure 5.1. traversed counterclockwise, with the kernel is given by the equations,

V()\, ,U,) _ (Am/Qlu_m/zet(w(A);/)(ﬂ)) o )\_m/Qlum/2et(¢(/\)g¢(u))) : (511)

2mi(\ — p)

where, as before, m is a positive integer, ¢ is the real parameter, and the function 3 (\)
is assumed to be analytic in a neighborhood of the arc I',. In the following we explain
the connection of this kernel to the XXZ spin-1/2 Heisinberg chain. The X XZ spin-1/2
Heisenberg chain of size N is determined by the Hamiltonian,

N
Hxxz = Z (oror 4+ olot, +A(oioi — 1) —hol), (5.1.2)

n=1
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where the periodic boundary conditions are assumed. In (5.1.2), 0, 0¥, 0 are Pauli matrices,
h, 0 < h < 2, is an external (moderate) magnetic field, and A is the anisotropy parameter,
—1 < A < 1. At the point A = 0, the model becomes the free fermionoic XX0 spin chain.
One of the principal objects of the analysis of the XXZ model is the emptiness formation
probability (EFP) which is defined at zero temperature as the correlation function,
" oi +1
2

P (m) = (0| |0). (5.1.3)

=1
The physical meaning of P")(m) is the probability of finding a string of m adjacent parallel
spins up (i.e., a piece of the ferromagnetic state) in the antiferromagnetic ground state |0)

for a given value of the magnetic field h. We shall denote,
P(m) :=1lim P (m), N — oo, (5.1.4)

the emptiness formation probability in the thermodynamical limit. The principal analytical
question is the large m behavior of P(m).
At the free fermonic case, when A = 0, the EFP is given by the explicit determinant

formula involving the integral operator (5.1.1). Indeed, one has that

P(m) = det(l - Vm>

(5.1.5)

t=0
The Fredholm determinant in the right hand side of this formula is simultaneously the Toiplitz
determinant whose symbol is the characteristic function of the complimentary arc, C'\ T',.
The large m asymptotic of this determinant was obtained in the classical work by Widom [54]
and it reads (see also [55], [53] for the error estimate),

1
P(m) =m?In cos% ~1 In <m sin %) +eo+O0m™Y), m— oo (5.1.6)

s
’
s
’
o
¢ /:\ ,,,,,,
N
N

Figure 5.1. The contour I,
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where the constant ¢j is the famous Widom’s constant,
1 /
co = Eln?—l—SQ (—1). (5.1.7)

There exists the Fredholm determinant representations for the EFP in the general XXZ
case as well. A remarkable fact is that this representation also involves the operator V,, but
this time with ¢ # 0. The exact formula relating P(m) and V,, for A # 0 was extracted by
N. Slavnov from the analysis performed in the series of papers which he wrote together with
Kitanine, Koslowski, Maillet and Terras devoted to the two-point correlation function in the
XXZ model (see [KKMST] and references therein). The function ¢(\) in Slavnov’s formula,
however, is not a scalar function, but is in fact a dual quantum field acting in an auxiliary

bosonic Fock space with vacuum |0). Indeed, Slavnov’s representation is the following.

det(l _ vm)

P(m) = (0]C(¢) - dt(l+ LK)

10), (5.1.8)

where the integral operator K and the quantity C(¢), which is also is expressed in terms of
certain Fredholm determinants, do not depend on m. The constant C'(¢) as well as the kernel
Va(z,2") depend on the dual field ¢(A) and ¥(A). The dual fields commute for all values of
spectral parameter z. Their contribution to the expectation value (5.1.8) is obtained through
the averaging procedure which suggests the decomposition of the dual fields on the relevant
creation and annihilation parts and then moving all exponentials of annihilation operators to
the right, picking up contributions whenever passing by a creation operator.

The general strategy of using Slavnov’s formula (5.1.8) can be formulated as the following
two step procedure. First, treating ©(\) as the usual function find the large m asymptotics
of det(l — Vm>. The second step would be then an averaging of the asymptotic formulae
obtained in the first step over the dual fields. . In this work we will pass through the first

step. Our main result is given in the following theorem:

!This strategy had already been used in the two point correlation function in the case of the 1D Bose gas at
the final coupling [56] - another fundamental non-free fermion model .
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Theorem 5.1.1 The large-m asymptotics of the Fredholm determinant associated to the ker-
nel (5.1.1) is given by
Indet(1—=V)=m lncos——l—m—/v,b ))0. Ing(2)dz

2
i (5.1.9)

1 a
—Zln(msm 47”/10 (2)dz+co+O(m™), m— o0

where L is a closed loop around the interval [—1,1], ¢y is the Widom-Dyson constant given by
(5.1.7), and the functions g and n are given by

1+ivz? — 1sin(a/2)

1+iztan(a/2)

9(2) = n(z) = d(. (5.1.10)

\/7 / AQ)
m - 2)
Note that, the kernel (5.1.1) is very close to the integrable kernel studied in [53]. Indeed,
the latter is the particular case of the former corresponding ¥(\) = 0. Moreover, as we will
see below, most of the results and the constructions of [53], after some minimal modifications,
can be used in the generalized case ¥(A) #Z 0. This observation allows us to simplify greatly
the evaluation of the large m asymptotics of the det(1 — V') with kernel (5.1.1). Basically the

only analytical ingredient which is needed, in addition to a modification of the results in [53],

is the relevant differential identity for det(1 — V') in the generalized case.

5.1.1 The 2) - RH problem

The kernel (5.1.1) is of integrable type(see (1.1.7)). Precisely,

ex (Ve (1) — ex(me-(3) _ fTNh(w)

V(A pu) = 2 — 1) = pp— (5.1.11)
where
_ im0 1 (e (V) 1 eV
ex(N) = AFz2e , fn) = 5 () , and h(X) = 57 o)
(5.1.12)

Therefore the arguments of Section 1.2.3 are applicable and we can associate with this
kernel the Riemann-Hilbert problem which consists in finding the 2 x 2 matrix valued function

) satisfying the following properties.
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RH-91 9) is holomorphic in C\ T, and it has continuous boundary values 2 (\)
in T, \ {e*}.

RH-2)2 D+ (A) =YD-(N)Jy(A), A € T, \ {eF*}, where

0 At ()
Jy(\) =1 = 27mif(\R"(\) = s : (5.1.13)
Mt 2

RH-Y3  9(\) = 0(1og A — eﬂa|), as A — e*ia,

RH-94 (o) = 1.

As shown in Section 1.2.3 the unique solution of this Riemann-Hilbert problem, which we will

from now on call §) - RH problem, admits the Cauchy representation (1.2.29), also

f(u)HT(u)dM
r,. H—Z .

Conversely, the vector functions F' and H from (1.2.28) are given in terms of 2) by the

D (z) =1+ (5.1.14)

equations (1.2.35) and (1.2.36).

5.2 The differential identity for the Fredholm determinant
In this section we will prove the following proposition.

Proposition 5.2.1 For the Fredholm determinant associated to (5.1.1), we have the following
differential identity

1

%lndet(l -V)= o /Cw()\) Trace (D (N)o30,(D (V) dA, (5.2.1)

where, C is a small counterclockwise loop around the arc I',.

Proof The starting point of the proof is the general formula In det(/—V') = Trace(In(—V")),

which yields
d d
— Indet(l — V) = —Trace(1 — V)ld_‘t/'

7 (5.2.2)



126

In our case,

A0 = () () () (1252))

which can be rewritten as,

O = 5P (0 ) — a1 (5.2.3)

Using the identity (1 —V)~! = 1+ R, it can be shown that the kernel of the integral operator
(1 =V)'4 is equal to

/ (1+R)(A, I/)dd‘t/(l/ p)du.

Since the trace of an integral operator with kernel K'(\, ) is, by definition, equal to [, K'(A, A)dA,

we have
Trace(1 —V // (1+ R)(u, A dV )\,,u)d)\dp
5 | ] R S G 0 ) - (30hal0)
~no+g [ R IS () - 0 hali) N
(5.2.4)
where,
himg [ VOV AAIW) = RO 4 (525)

Taking into account the identity,

PN -0 L[ W)
e e

where C is a small counterclockwise closed loop around I'y, we transform (5.2.4) into the

following equation

Trace(1—V)~ 0+—/¢ // NG S_M)(fl()\)hl(u)—f2(/\)h2(u))d/\duds

FT )\
= It o / 06 [ ey ) = Yl dNdpds (52:6)
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By a direct calculation one can check that

FT () H(N) (fr(Nha () — Fo(\ha(n) = Trace (F()R" (0)os fOVHT(N) . (5.2.7)

Hence, (5.2.6) can be further transformed as follows

Trace(1 - V)™ = Iy —/zp / / Traces_’i( U)‘“’(J;( )A) (A ))d)\duds

_IOJFR/w //Trace M( O)Ef() (D(Siu_kiu)dmﬂds
0+_/w //TraceF(u HmasfNHTN) 5y o

(s = A)?(s — n)
Trace ( u)hT (1)osf VHT (V)
47” /a /a 00— ) dAdpuds.
(5.2.8)
Using (1.2.29) we can rewrite formula (5.2.8) in terms of double integrals,
Trace(1 — V)~! AV I + 1 /¢ / Trace (((s) — ])sz()\)HT(/\)) s
dt . (s —A) (5.2.9)
Trace (Y(A) — Nosf(AN)HT (X)) o
I /¢ /Fa EESNE d\ds.
Furthermore, from (5.1.14) it follows that
Sy [ FVHT(Y
(D~ 1(s)) = / 05 dz. (5.2.10)
Therefore, we can simplify (5.2.9) as
Trace(l — V) ’ld—v =1+ L /w )Trace ( —1)o30,(D7'(s))) ds
Trace (Y(N)osf(A\)HT(N))
47” /w )Trace (038 ds ~ 1 /w /1“a (5= ) d\ds
T HT (MY (A
Iy + R/C@D(S)Trace (D(5)0305(D " (s))) ds — 4_7m W(s) /a race (03{8(_))\)2( )D(N)) d\ds.
(5.2.11)

Now we observe that, for A € I',, from (1.2.36) we have

H' (D) = b7 (), (5.2.12)
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and hence
Trace (o3 f(A)H" (MY () = Trace (a3 f(A)RT(N) = fi(A)hi(A) — fo(Mha(X).  (5.2.13)

Together with the identity,
1 Y(s)
2710 Jo (s — N)?

relation (5.2.13) allows us to rewrite the last integral in (5.2.11) as

dA = ' (N),

=5 L ) (ROWO) = £k b = 1o (52.14)

by (5.2.5). This means that the first and the last terms in (5.2.11) cancel each other and this

concludes the proof of the proposition. [ |

Formula (5.2.1) reduces the asymptotic evaluation of the det(1 — V') to the evaluation of

the uniform in ¢ asymptotics of the solution of the %) - RH problem.

5.3 The Riemann-Hilbert analysis

The goal of this section is to produce the asymptotic solution of the ) - RH problem.
This Riemann-Hilbert problem is very close to the Riemann-Hilbert problem that was studied
in [53]. In fact, if we put ¢ (A) = 0, then Y(A) will be the solution of the Riemann-Hilbert
problem whose asymptotics has been obtained in [53] (the m - RH problem of [53]). It turns
out that the presence of the nontrivial phase function ¢ does not affect the analysis of [53]
much, so that we will be able to use most of the results obtained in the case ¥(\) = 0 and to

shorten our analysis considerably. In the rest of this section we follow the steps used in [53].

5.3.1 Mapping onto a fixed interval

Define the linear-fractional transformation, A — z, by the formulae,

al—1 1+iztan &
FTTOYON T 1—iztan 2 (53.1)

2

This change of variable transforms the J—RH problem to the following RHP which we call
the W-RH problem posed on the interval (—1, 1), traversed from —1 to 1 :
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e RH-V1 U is holomorphic in C \ [-1,1],
e RH-U2 U,i(z) =V_(2)Ju(z), z € (—1,1), where

1+iztan($)
0 (#n(f)
_ <1+z’ztan(%) ) -m ot (AN=) 2
)
2

1—iz tan(

) o)

Ju(z) = (5.3.2)

e RH-U3 V(N = O(log |z F 1|), as z — +1.
o RH-U4 (o) =1

Once we have the solution W(z;m,t) of the ¥—RH problem, we can find the solution Y (\; m, t)
of the Y—RHP according to the equation

Dxim. 1) = (W(—icot %;m,t))l B(2(A):m, 1), (5.3.3)

5.3.2 g - function transformation

Following again [53], we introduce the g-function

1+ iv/22 — 1sin(a/2) '

1 +iztan(a/2)

9(z) == (5.3.4)

The branch of the square root is fixed by the condition
V221w~ 2z, Z — 00.
Let us list the key properties of the g—function (cf. Section 3.2 of [53]):
(i) g is holomorphic for all z ¢ [—1,1].
(ii) g(z) # 0forall z ¢ [—1,1]. At the points z = —icot(a/2) (or z = c0) and z = i cot(a/2)

(or z = 0) the values of the function g are :

g(—icot(a/2)) =1, and  g(icot(a/2)) = cos?*(a/2) =: k. (5.3.5)
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(iii) The boundary values g4+ (z),z € [—1, 1] satisfy the following equations :

1 —iztan(a/2)

and
g+(2)  1—+/1—22sin(a/2) (5.3.7)
g-(2) 141 - 2%sin(a/2) -
This means that for any fixed 0 < § < 1, the following inequality holds
It l<ep<1, zel-1+61-14], (5.3.8)
for some g9 = £¢(d) > 0.
(iv) The behavior of g(z) as z — oo is described by the asymptotic relation
1
g(z) = cos(a/2) + O(Z) (5.3.9)

These properties suggest to transform the Riemann-Hilbert problem for ¥ by the formula,

B(z) == V(z)g ™K 2% (5.3.10)

The matrix valued function ®(z) = ®(z;m,t) is the solution of the following RHP, which we
call the ®— RH problem :

e RH-®1

e RH-®2

e RH-$3

e RH-4

® is holomorphic in the complement of the cut [—1,1]).

O, (2) =D _(2)Ja(2), ze€(-1,1), where

0 e (A(2))
i ' (5.3.11)
—e WO 2 (g, (2)/g-(2))™

@(z):O<10g|z:F1|>, as z — +1.

O(o0) = 1.

Our original problem is now reduced to the asymptotic solution of the — RH problem.
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5.3.3 Global parametrix

By virtue of estimate (5.3.8), we have that for every z € (—1,1),

0 A=)

J@(z) — 3
_e @)

as m — oo. Hence, one expects that ® be approximated by its global parametriz P which

is the solution of the following Riemann-Hilbert problem:
e RH-Globall P> is holomorphic in the complement of the cut [—1, 1],
e RH-Global2  P!™(z) = P (2)J9(2),  ze(-1,1),  where
0 )
J®) () = : (5.3.12)
e RH-Global3 P (c0) = 1.

The behavior of P> near the end points, z = £1 is not specified. This problem admits an

explicit solution. Indeed, put

vz / 1__ C2 >>_Z ac, (5.3.13)

n(z) = —

where

0<V1—22=—i hrﬂo (z+1i€)? — 1, z e (—1,1),
e—

is the “plus” boundary value of the functiony/z2 — 1 on the segment (—1, 1), oriented from the
left to the right. The function 7 is analytic outside of the interval [—1, 1], and its boundary

values satisfy the relation,
n+(2) +n-(2) = Y(A\(2)), z e (—1,1). (5.3.14)
Observe also, that n is continuous at z = +1, in fact,

lim 7(z) = %w(A(il)). (5.3.15)

z—+1
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Therefore, if we make the transformation,
N(2) := e7t=03 p() (5)etn(2)s (5.3.16)

where,

Neo := lim n(z) = % /_1 z\i%dz, (5.3.17)

Z—00
the Riemann-Hilbert problem for the global parametrix will be replaced by the following

Riemann-Hilbert problem for the function N, enjoying constant jump on the segment (—1,1):
e RH-N1 N is holomorphic in the complement of the cut [—1, 1],
e RH-N2 Ni(z) = N_(2)JIn(2), ze€(-1,1) where,

ne =" (5.3.18)
-1 0

e RH-N3  N(oo)=1.

The latter problem has already appeared numerous times in the context of the nonlinear
steepest descent method, and its explicit solution is given by the formulae (see e.g. Section

3.3 of [53])
gt _pp!

N(Z) — 2 24

1(1 1 1 —
BB~ p4p 2
2

B , (5.3.19)

v —1 1 2

where

B(z) = (j J_r 1)1/4- (5.3.20)

This completes the construction of the global parametrix.

5.3.4 The local parametrix at z =1

According to the standard nonlinear steepest descent approach, we shall construct the local
parametrices in small enough neighborhoods of z = 1 and z = —1, respectively denoted by

UM and U, which are the solutions of the ®-RH problem in these neighborhoods except for
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the condition at infinity gets replaced by the requirement that the local parametrices should
match with P(>)(2) at the disks’ boundaries to the leading order.
Consider first the neighborhood U, The parametrix we are looking for is the matrix

valued function P() which solves the following local Riemann-Hilbert problem.
e RH-PW1 P® is holomorphic in UM \ [~1,1].

e RH-PW2  PY(2) =PY(2)Jp(z), z2e(-1,1)NnUWY.

1

e RH-PM3 PY(2) = (I+O(
m

NP(2),  zeauW.

Using the assumed analyticity of ¥(A(z)) around the interval[—1, 1], we can, in fact, get rid
of ¥(A(2)) in Jp with the help of the following simple transformation,

QW(z) := PO (2)ez?)7s, (5.3.21)

Note that we could not perform this transformation on the the full ®-RH problem, since we
shall not assume ¥ (A(z)) to be analytic everywhere in the z-plane. In terms of the function

Q (1)(2), the parametrix RH problem reads,
« RH-Q1 QWY is holomorphic in UM \ [-1,1].

e RH-QU2  QV(:) =QW(2)Jo(2),  z€(~1,1)nUY, where

Jo(z) = . (5.3.22)

t

e RH-Q®3 QW (2) = (I +O(=))P) (2)e2¥*A@)os » e oUW,

1
m
Up to the matching factors e #(2)93  etn=s and eéw()‘(z))"?’, this is exactly the local problem
which has been analyzed in [53]. Using the results obtained there, we arrive at the following
formula for Q™ (2) in terms of the Bessel functions Hél) and H(§2) (cf. equation (64) of [53]),
1 2
H(\/(()) Hy(\/((2))

QW(z) = E(2) X X F(2)" %, (5.3.23)
VR HDY(VCR) VERMHES) (Vi)
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where, the function f and new local variable, ( = ((z), are defined by the equations,

_14i(2® —1)Y2sin(a/2)
J&) = I =) P sin(a2)

(5.3.24)

and
1. 2
¢:= Z—le_”rm2 <1n f(z)) : (5.3.25)
The function f(z) is analytic and has no zeros in UM \ (1 — §,1] (and, in fact, in UV \

[—1,—1+6) as well), and the map z +— ( is a genuine local conformal mapping, such that (cf.

(54) and (55) of [53)),

C(2) = 2m?(z — 1) Sin2% (1 + (% - gsiDZ %)(z — 1)+ O((z - 1)2)> . (5.3.26)
In particular, this implies that for sufficiently small ¢, the following inequalities hold:
_??TW < arg /¢ < %”7 (5.3.27)
and
A sin% , (5.3.28)

for all z € QUMW The left matrix factor factor E(z) is supposed to be analytic in U, and
it should be chosen so that the matching condition on UM be satisfied. Following again [53],
we arrive at the following formula for E(z) (cf. equation (63) of [53]),

E(z) = \/gp(oo)(z)eizoseéw(k(z»as

T o, (5.3.29)
1 2
Inequality (5.3.28) implies that on the boundary of the disc U") the Hankel functions in
(5.3.23) can be replaced by their known asymptotics and the verification of the matching
condition is straightforward. It is also easy to verify that E(z) has no jump across the
segment (1 — §,1], and hence E(z) is analytic (and invertible) in UV, Together with (5.3.21)
equations (5.3.23), (5.3.29) yield the final formula for the parametrix of the solution of the ®
- RH problem at z = 1.

p(1)(2) — \/gp(oo)(z>ei203€§w()\(z))og C03/4

(5.3.30)

% fz) 276 2¢AE)os,
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The construction of the parametrix P~V at the point z = —1 is similar and again represents

a very minor variation of the corresponding construction of [53]. The formula for P~V reads,

p(1)(2):\/gp(w)(z)eijoseéw(k(@)% 1 = C03/4

(5.3.31)

where the local variable ((z) is given by the same formula (5.3.25), but is considered now in

UGY and is fixed by the expansion,

4 1
((2) = —2m2(z + 1) sin® % (1 + (3 sin’ % — P+ 1) +0((z + 1)2)> . (5.3.32)
The parametrix P~ solves the following local Riemann-Hilbert problem at the point z = —1.

e RH-P(-V1 PY is holomorphic in UV \ [—1,1].
e RH-P(V2  PUVG) = POV J4(2),  ze(~1,1)nUCD.

e RH-P(-V3 PED(2) = (I + O(i))P(‘X’)(z), 2z €Uy,
m

Following the nonlinear steepest descent method as it is featured in [53], we introduce the

function )

() (P<oo>)_1, 2 eC\ (UDUUED U (-1,1)),
R(z) = { ®(z)PD(2)7},  2eUW\ (1-4,1], (5.3.33)

P(2)PEV(2)7Y, 2e UV [-1,-1+49).

\

By construction, the function R has no jumps across (1 —4,1)U(—1, —1+49). Moreover, since
apriori R can have no stronger than logarithmic singularities at the points £1, the function
R is in fact analytic in the union of the discs U™ UUY. Tt solves the following RH-problem
on the contour ¥ := UM UoUY U (=1 + 6,1 — §), where OUY) and UV are oriented

clockwise:

e RH-R1 R(z) is holomorphic for all z ¢ ¥,



136

e RH-R2 Ry(2) = R_(2)Jr(z), 2z€XO® =%\{1-4 —1+6}, where

Jr(z) = P (z) b =27 P ()71, ze(—=146,1-46), (5.3.34)
0 1

Jr(z) = PW(2) P (2)71, z€ oUW\ {1 -6}, (5.3.35)

Jr(z) = PCY(2) P (2)7L, 2 € UV {=146}, (5.3.36)

e RH-R3 R(0) = 1.
This RH problem differs from the similar R - RH problem of [53] by the replacement,
N(2) = P () = =3 N(z)e =3

only. This modification does not affect the principal arguments of [53]. In particular, we have

that there exists a positive constant Cy, depending on 0 only, such that

|[fr(@)] < e,

for all =1+ < x <1 —4. Together with the matching conditions of the local parametrices
P with the global parametrix P we arrive at the following uniform in ¢ estimate for the
jump matrix Jg(z),

C
1T — Jr||Le)nczm) < Ea (5.3.37)

By the arguments in the appendix A, this ensures that the R-RHP is solvable for m > m,,

for some m* € N, and its solution can be written as
R(z) =14 Ri(2) + Ra(2) + ... + R.(2) (5.3.38)

where R; = O(m™7), as m — oo, 1 < j < r, uniformly for 0 < t < tg, for some ¢, > 0.
J J
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5.4 Asymptotics of the determinant

In this section we are going to compute the differential identity (5.2.1) in terms of the
Riemann-Hilbert data and finally perform the integration in ¢. Tracing back the chain of RH

transformations that led us from the original function )(A) to the function ®(z) we have that
D(\) = ﬁffsqu(—i cot %)<I>(z()\))gm"3(z()\))/<f%"3. (5.4.1)

where we have used (5.3.5). This would yield the following expression for the product

(D 1(N)Y(N) which is involved in the integral in the right hand side of (5.2.1),

D NV = ~mdrg(=(\)g ™ ((N)astr 2795 (2(0) 03 (87 (2(0) ) @(=(A)g ™ (=(A) w27,
(5.4.2)

and, in turn, using the cyclic property of the trace we have

Trace (D(N)aas (D (1))) = ~2mohg(=(N)g ™ (=(0) + Trace (o305 (97 (=(1) ) @(=(1) )

(5.4.3)
On the loop C the function ®(z()\)) can be approximated by the the global parametrix, P(>).
Indeed, from (5.3.33) and (5.3.38) we have that

B(2(N) = R(z(\) P (z(\) = (T+0(m™)) P z(\),  m — oo, (5.4.4)

where the estimate holds uniformly for A € C, and it is differentiable with respect to A.
Combining (5.4.4) and (5.4.3) we conclude that

Trace (Q(A)osdx(D (V) = —2mdrg(2(A))g~" (2(A))+Trace (ag,aA (P<°°>*1(Z(A)))P<°°>(Z(A)))+0(m*1).
(5.4.5)
Using the definition of the global parametrix P, we derive from (5.4.5) the following asymp-

totic formula for the integrand (5.2.1) expressed in terms of the known objects,

Trace (D(N)asdr (D (V) = — 2mdrg(=(N)g ™ (=(\)) + 200an(=(\))

+ Trace (30, (N7 (2(0) ) N (=(0) ) + O(m ™), (5:46)
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where the functions 7 and N are given by the equations (5.3.13) and (5.3.19), respectively.
Observe that

Trace ((738)\ (N_l(z()\))>N(z()\))) =0\ In B(z(/\))Trace(a3B_lagB> =0, (5.4.7)
where
B 1 —i 7
1

and the last equation in (5.4.7) is just a simple direct calculation of the trace indicated.

Therefore, the asymptotic formulae (5.4.6) reduces to the relation

Trace (D(N)asdr (D7 (V) = —2mdrg(=(N)g ™ (2(N) + 20an(zN) + O(m ™), (5.4.8)

as m — oo, uniformly for A € C. Substituting the estimate (5.4.8) into the right hand side of

(5.2.1) and changing the variable of integration, A — z, we obtain

jlndet 1-V)= /¢ )0 Ing(z )dz—2im V(N (2)0.n(2)dz+O(m™), m — o0,

(5.4.9)
where £ = z(C), is a small loop around the interval [—1,1] and the estimate is uniform
with respect to t. Integrating this estimate, we arrive at the following asymptotics for the

determinant,

Indet(l1 — V) =Indet(1 - V)

(5.4.10)

as m — oo. Using the known [54] (see also [53]) large m asymptotics of the det(1 — V)| |
t=0

we transform (5.4.10) into our final asymptotic result,

Indet(1 =V)=m lncos——i-m—/w )0, Ing(z)dz

271

1
—len<ms1na 4m/w (2)dz+co+O(m™), m— oo

(5.4.11)

o [ Y0 Ing(2)dz — — [ $(A(2)0:n(z)dz + O(m~

Bl
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where the constant ¢q is the famous Widom’s constant

1
¢ = 75 In2+3¢(-1). (5.4.12)
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A. NORMALIZED SMALL-NORM RIEMANN-HILBERT
PROBLEMS

In this appendix we include the basic facts from general Riemann-Hilbert theory regarding
the solvability of normalized small-norm Riemann-Hilbert problems. Here we mainly follow
the presentation given in chapter 8 of [57] which suffices for the purposes of this thesis. A
normalized small-norm Riemann-Hilbert problem is the problem of finding a matrix-valued

function R : C/¥r — GL(k,C) such that
e RH-R1 R is holomorphic in C\ 2.
e RH-R2 R,(z) =R_(2)Gg(2), for z € Xg.
e RH-R3 Asz— oo, R(z)=1+0(z1).

where G depends analytically on an extra parameter n such that

C C
||GR - I||L2(ER) < —, ||GR - I||Loo(ER) < E’ n Z My, (AOl)

= e

for some positive constants C' and . First, note that the solution of this Riemann-Hilbert

problem can be written as

R(z) =1+ %m/z 'OW)((/jR_(i) —D du, z€ C\ Xpg, n > n., (A.0.2)

where p(z) is the solution of the following singular integral equation

plz) =1+ 2%”/ p(m(fi(g_) — I>d,u, z € Xp. (A.0.3)

This can be easily justified using the Plemelj-Sokhotskii formula and standard properties of
the Cauchy operator (for a detailed justification see, e.g., chapter 3 of [57]). This integral

equation can be equivalently written as

po(2) = F(2) + K[po](2), z € Yp, po € L*(XR), (A.0.4)



and

1 po(p)(Gr(p) — 1)
K - diu=C_[po(Gp — I Sp.
() = gy [ P =Dy = O G = D)), <€
Note that
C
1l z22p) S NC- |2 |Gr — 1l]2(5) < et
and
[|Klpo] |22z C
1Kl 2emorzmm = sup i <O |2 lIGR — 1] (s < —-
poer?(zr)  |pollzzzr) n
Let us define the operator Ky : L*(Xg) — L*(Xg) by Ko[f] := F(2); note that

Koll2mmy—r2mr) = subP{||Kolf1l|c2mn)s 1 fl2mr) = 1} = [|F||22(5p) <

£

3

Now let £ : L*(Xg) — L?(Xg) be the operator £ := Ky + K, then

Cl (n) .

nE

L2z m—r2en) < Koz —r2en) + K| 2mp—r2mg) <

Ia
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(A.0.5)

(A.0.6)

(A.0.7)

(A.0.8)

(A.0.9)

Therefore the operator £ is a contraction and hence by the fixed point theorem L[pg] = po

has a solution in L*(Xg) with ||pol|r2(s,) < Ci(n)/n°. We can express po(z) as

po(2) = pox(z),  with  poo(2) = F(2).

(A.0.10)

and po(z), k > 1 can be recursively determined from the integral equation (A.0.4), they are

given by

por+1(2) = Klpor](2).

(A.0.11)
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Then from (A.0.2) we can write the solution of the R-RHP as

R(z)zui/ Mdlﬁiz/ PG =) ) e\ sy ps o
Sh 27rzk “ Jsr z

271 w—z W —
(A.0.12)

So we can write

R(z) =14 Ri(2) + Ra(2) + R3(z) + - -+, n > ny, (A.0.13)

where

Rl(Z) _ L/ Md,u, and Rk(Z) _ L/ pO,sz2<lu) (GR(M) B I)d[,b, E> 1.
2 Jy, WB—z 2 )y,

n—z
(A.0.14)
The following lemma provides a recursive description for Ry, k > 1.
Lemma A.0.1 We have the following recursive relations for Ry
1 Ry G -1
Ri(2) = _,/ B ()] (Crlp) >dﬂ, 2€C\Zp,  k>1 (A.0.15)
27 Jx, w—z

Proof The identity (A.0.15) is obviously true for k = 1, since Ry(2) = I, see (A.0.14). From
(A.0.5),(A.0.10) and (A.0.14) we clearly have

(R1(2))_ = poo(2), 2z €Zp (A.0.16)

Also note that from (A.0.14), for j > 1 we have

(R;(2))_ = %/Z po’j_Q(Hi (_G:_(H) = 1) dp = Klpoj-2] = poj-1(z), 2z €Zp. (A0.17)

From (A.0.16) and (A.0.17) we have

du = Ri(2), k> 1.
(A.0.18)
]

1 [ [Rea(w)l (Gr(p) — I)d _ L/ por—2(p) (Gr(p) — 1)
27 )y, Hw—z M=o Sk w—z
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B. SOLUTION OF THE RIEMANN-HILBERT PROBLEM
ASSOCIATED WITH THE ANISOTROPIC SQUARE LATTICE
ISING MODEL IN THE LOW TEMPERATURE REGIME

As suggested by (4.2.13), we need the 12 entry of the solution X to the Riemann-Hilbert
problem associated to the Toeplitz determinant with symbol ¢ given by (4.1.8). The Riemann-
Hilbert problem associated with Toeplitz determinants is the X-RHP introduced in section
1.2.1 ( [58], [9], [49]). Below we show the standard steepest descent analysis to asymptotically
solve this problem, in the case where ¢ is a symbol analytic in a neighborhood of the unit
circle and with zero winding number. Note that the symbol ¢ associated to the 2D Ising
model in the low temperature regime enjoys these properties. We first normalize the behavior
at oo by defining

Y(z;n)z7"8, |z > 1,
T(z;n) = (B.0.1)
Y(z;n), |z| < 1.

The function T defined above satisfies the following RH problem

e RH-T1 T(:;n): C\ T — C*? is analytic,
e RH-T2 Ty(z;n)=T_(z;n) , z €T,

e RH-T3 T(z;n)=1+0(1/z2), z = 00,

So T has a highly-oscillatory jump matrix as n — oco. The next transformation yields a
Riemann Hilbert problem, normalized at infinity, having an exponentially decaying jump
matrix on the lenses. Note that we have the following factorization of the jump matrix of the

T-RHP :



Figure B.1. Opening of lenses: the jump contour for the S-RHP.

Now, we define the following function :

/

T(z;n)J; Y (z;n), z€Q,
S(zin) = T(z;n)Jy(z;n), 2z € Qy,

T(z;n), 2 € Qp U Q.

\

Also introduce the following function on I's :=TqUT'; UT
(

Ji(z;n), z €Ty,

Js(zin) = ¢ J)(2), z€eT,

Jo(z;n), zeTly.

\

We have the following Riemann-Hilbert problem for S(z;n)
e RH-S1 S(:;n): C\ s — C**? is analytic.
e RH-S2 Si(z;n) = S_(z;n)Js(z;n), z€ls.

e RH-S3 S(z;n) =14+ 0(1/z), as z — 00.
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(B.0.3)

(B.0.4)

Note that the matrices Jy(z;n) and Ji(z;n) tend to the identity matrix uniformly on their

respective contours, exponentially fast as n — oo.

Global parametrix RHP

We are looking for a piecewise analytic function P(*)(z) : C\ T :— C?**? such that
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e RH-Globall P is holomorphic in C \ T.

e RH-Global2 for z € T we have

P™(z) = P™(2) . (B.0.5)

e RH-Global3 P)(2)=1+0(1/z), as z — o0o.

We can find a piecewise analytic function o which solves the following scalar multiplicative

Riemann-Hilbert problem

ar(z) =a_(2)¢(2) z e T. (B.0.6)

By Plemelj-Sokhotski formula we have

a(z) = exp {% /T WCZT} , (B.0.7)
Now, using (B.0.6) we have the following factorization
0 o(2)) _ 0a”'(z) 0 0 1) [{ai'(z) O | (B.0.)
—¢71(2) 0 0 a_(z) -1 0 0 ai(z)
So, the following function satisfies (B.0.5)
( -1
0 1 a'(z) <t
PO(2) = o 0 o) (B.0.9)
o) ’ : |z| > 1.
0 a'(z)

\

Also, by the properties of the Cauchy integral, P(*(z) is holomorphic in C \ T. Moreover,

a(z) =1+ 0(z71), as 2 — oo and hence
P (2) =T+ 0(1/z), Z = 0. (B.0.10)

Therefore P(>) given by (B.0.9) is the unique solution of the Global parametrix Riemann-
Hilbert problem.
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Small-norm RHP

Let us consider the ratio

1

R(z;n) :== S(z;n) [P(OO)(Z)]_ : (B.0.11)
We have the following Riemann-Hilbert problem for R(z;n)
e RH-R1 R is holomorphic in C\ (I'yUT').
e RH-R2 Ri(z;n) = R_(z;n)Jr(z;n), zeTyUTly,
e RH-R3 R(z;n) =14+ 0(1/z) as z — 00.
This Riemann Hilbert problem is solvable for large n(see appendix A) and R(z;n) can be
written as

R(z;n) =14 Ri(2;n) + Ra(2:n) + Rs(z;n) + -+ -, n >ng (B.0.12)

where Ry is given by the formula (A.0.15). It is easy to check that Rgs(2z;n) is diagonal and
Ropi1(z;n) is off-diagonal; ¢ € NU{0}. Let us compute R;(z;n); we have

( (

P(OO)(Z) 0 0 [P(OO)(z)} ! , z €I, ! _anbil(Z)Oﬂ(Z) )
n h—1 0 0 0
. g71(2) )
0 0 B 0 0
PeI(2) [PI(2)] 7, zeTy, ;
\ 27" z) 0 \ 27" (2)a2(z) 0
(B.0.13)
Therefore
0 L[ e,
Ry(zin) = S TR (B.0.14)

271 T — 2z

L[ e, .

z eI,

zeFl.
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Tracing back Riemann-Hilbert problems

If we trace back the Riemann-Hilbert problems R+ S +— T — Y we will obtain

(

alz 0
=) Z"03 2z € Q.
0 ai(z)
a(z) 0

ZnUS, z € Qg,

X(z;n) = R(z;n) (B.0.15)
'a(z)¢7(2) a(z) | ceay
—a (2) 0
! a(Z) R z e QO-
\ —a™(z) 0
Note that R(z;n) = G Buia(zim)(1+0(e7) , hence
Ria1(z;n)(1 + O(e™2m)) 1+ O(e %m)
a(z)z" Ry p(z;n)a™ (z)z™ | .
Rioi(z;n)a(z)2" a l(z)z™
a(z)z" —a N (2)p7 (2) Ri12(z;n)  Ryge(z;n)a=t(z)z"
, 2 €Y,
Rig1(z;n)a(z)z" — a H2)o (2 a (2)z
o) — (e (z:m)a(2) ()67 (2) %)
2"a(2)¢7H(2) — Ryga(z;n)at(2) a(z)
) z € (l,
—a 1 (2) + 2"a(2)¢ 7 (2) Ria1(2;n)  Riai(z;n)a(z)
—Ri12(z;n)a " (2) az) | ey
\ —a~1(2) Rio1(z;n)a(z)
(B.0.16)

1
We can now read the asymptotic expressions for Xj5(—; N — 1), for the cases |2*| < 1 and
Z*

|2*| > 1, see (4.2.13).
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C. AIRY, BESSEL AND CONFLUENT HYPERGEOMETRIC
MODEL RIEMANN-HILBERT PROBLEMS

We recall here some well-known model RH problems: the Airy model RH problem, whose

solution is denoted ®4; and the Bessel model RH problem, whose solution is denoted ®pe(-) =

$pe(+; ), where the parameter « is such that Ra > —1.

C.1 Airy model RH problem

(a) (PAi . (C \ EAi

(b) ®4; has the jump relations
Ppi(2) = Pai-(2)
Pai+(2) = Pai—(2)
iy (2) = Pai-(2)
DPaig(2) = Pai—(2)

(¢) As z — o0, z ¢ X, we have

Pri(2) = 2 —EN (

1 1
\/Li and cDAi,l =
11 )

where N =

As z — 0, we have

— C**? is analytic, and X,; is shown in Figure C.1.

0 1
, onR™,
-1 0
11
, on RT,
01
(C.1.1)
1 O 27mi
, ones RT,
11
]- 0 271
, one 3 RT.
11
> CI)Alk 2 23/24
Zzgm) " (€.12)
1
_1
6
=0O(1) (C.1.3)
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Figure C.1. The jump contour ¥,; for ®y;.

The Airy model RH problem was introduced and solved in [34]. We have

(

>

i(2)  Ai(w?z) i )
e 673, for 0 < argz < =,
(2) w?Ai'(w?2)

(
i) Ai(w?2) )e,g 1 0 .
(

./
1

e

<argz < T,
<!
i

=

s for 3
(2) w?Ai'(w?2)
<I>Ai(z) = MA X

>

i(z) —w?Ai(wz) i 10 )
€673 ,  for —m<argz < -5,
Ai'(z)  —Ai'(wz) 11
Ai(z) —w?Ai(wz .
() (w2) e 673, for —%”<argz<07
| Ai'(z)  —Ai'(wz)
(C.1.4)
with w = e%, Ai the Airy function and
) 1 O
My =+2mes . (C.1.5)
0 —i

C.2 Bessel model RH problem

(a) ®p.: C\ Xp. — C**? is analytic, where 3p, is shown in Figure C.2.
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(b) ®g, satisfies the jump conditions

0 1
(I)Be,—i—(z) = @Be,— (Z) ) , z € R7,

-1 0
]' 0 2711
Ope 1 (2) = Ppe.—(2) . , z€esRT (C.2.1)
e’TI'ZO( 1

1 0 27
Ppe 4 (2) = Ppe,—(2) , z€e 3R

e*ﬂ'la 1

(¢) As z — o0, z ¢ Xp,, we have

Bpo(z) = (2m22) TN ([ +) @Be,kz—’fﬂ) e?20s (C.2.2)
k=1
C(—(1+40?) -2
where ®p.1 = 15 .
—2i 1+ 402
(d) As z tends to 0, the behaviour of ®g.(z) is
O(1) O(log=z) )
o large] < 3,
O(1) O(logz) .
Ppe(2) = , if Ra =0,
O(logz) O(log z) )
, T < |argz| <m,
\ O(logz) O(log z
[ (o(1) o) .
1) o) z2%, Jargz| < &, (C.2.3)
o) o) .
Ppe(z) = . . , i Ra>0,
O(z"2) O("2))
. | T <lagz| <,
\ O(z7z) O(z2)
O(z2) O(z2
dp () — O O if R < 0.
O(z2) O(z2)
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Figure C.2. The jump contour ¥g, for ®p.(().

This RH problem was introduced and solved in [10]. Its unique solution is given by

.

1,(227) 1K ,(227) .
1 1 1 1 ’ |argz| < EN
2miz21](222) —222 K (222)
LHD (2(-2)%) LHP (2(—2)%) .
Dpe(2) = ? ) ? ) e T <argz <,
nzi (HO) (2(-2)3) w2t (HY) (2(-2)})
LHD (2(-2)%) —3H:(2(~2)7)
, , e 2 B —m<argz < —%’T,
—ret (HP) (2(=2)%) 72t (D) (2(-2)1)
\
(C.2.4)

where H((f) and Hg) are the Hankel functions of the first and second kind, and I, and K, are
the modified Bessel functions of the first and second kind.
C.3 Confluent hypergeometric model RH problem

(a) Pug : C\ Xug — C**% is analytic, and Yy is shown in Figure C.3.

(b) ®pg has the jump relations

(I)HG7+(Z) = CI)HG’_<Z)Jk, z eIy, (C31)
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Figure C.3. The contour Ygg = US_ T'y. Each T}, extends to oo and forms an
angle 7 with its adjacent ray.

where
0 e P 1 0 e 0
Jl = . ) ‘]2 = . . ) J3 = J7 = iTo
_6“1'/3 0 6—171'046@#,8 1 0 e~ 5
1 0 0 ¢ 1 0 1 0
Ja=1| . = . o Je=1 =
emae—zﬂ'ﬁ 1 _e—zﬂ'ﬁ 0 6—z7ra€—z776 1 emaemﬂ 1

(¢) As z — o0, z ¢ YXpe, we have

= ® .
Dpc(2) = (1 +3° %) 2P 59 N1 (2), (C.3.2)

k=1

Pne,1 = (52 - a_2) - 2 ) T(a, B) = _F(% - B)

4 —7(a, =) 1 B m7 (C33)



and

(
na . —infBo T
e 4 %3¢ 53, 5 <argz <,

_ima

o3 ,—infBos
e~ 1 %e ,

7r<argz<3§,

—5 <argz <0,

e” 18 , O<argz < 3.
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(C.3.4)

The factor z=# in (C.3.2), has a cut along iR™, such that z=# € R when z € R*. As

z — 0, we have

(I)H(;(Z) =

(I)H(;(Z) =

(I)Hg(z) =

(
O(1) O(log=z)
. 2elIIUIIIUVIUVII,

O(1) O(log=z)

O(logz) O(logz
( ) o )), z2elUIVUVUVIII,

\ O(logz) O(log z)
(
O(=%) O(%)
z2€lTUIITUVIUVII,
O("%) O(=%)

O(="%) O(="%)
., zelUIVUVUVIII,

Ra

e

S
—~
z\ZI
o[
~—
S
—~
I\

if Ra =0,

if Ra > 0,

if o < 0.

(C.3.5)

This model problem was introduced and solved in [5] for & = 0 and was later solved in the

general case in [9] and [33]. We consider the function

Una(z o, f) =

r(1+35-p) o . _ Eig r(1+35-p) o . —7i

V(e G(§+B,a;z)e 2 ——F(%iﬁ) H(1+§ —B,a;ze™™) e
I'(14+5+8) e — mia a -

r(142ra) G(1+§—|—5,a;z)e 2 H(§—5,Oé32’€ )
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where G and H are related to Whittaker functions :

M, H 1
G(a,a;z):%, H(a,a;z)zw%z(z), ,u:%, K:§+%—a. (C.3.7)

Now, the solution to the confluent hypergeometric model Riemann-Hilbert problem is given

by

Unads z €,
quG) z € [I,
UnaJs, zelll,
Une s, ' z €1V,
Puc(z) = (C.3.8)

Uyady W g I s, 2 €
Unady I NN, 2 e VI
UnaJy I zeVII,

UnaJy I z e VIII,

where Vg (z) = Yue(z; a, 8).
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