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Abstract. A Hilbert space operator is called universal (in the sense of Rota) if every operator on
the Hilbert space is similar to a multiple of the restriction of the universal operator to one of its
invariant subspaces. We exhibit an analytic Toeplitz operator whose adjoint is universal in the
sense of Rota and commutes with a non-trivial, quasinilpotent, injective, compact operator with
dense range, but unlike other examples, it acts on the Bergman space instead of the Hardy space
and this operator is associated with a ‘hyperbolic’ composition operator.

1. Introduction

The notion of models for linear bounded operators acting on separable infinite dimensional
Hilbert spaces H was introduced by Rota [21] in the sixties by proving the existence of linear
bounded operators U which models every separable infinite dimensional Hilbert space operator
through its invariant subspaces.

More precisely, let U be a bounded operator on H, and denote by B(H) the algebra of bounded
operators on H. The operator U is said to be universal for H if for each non-zero bounded
operator T on H, there is an invariant subspace M for U and a non-zero number λ such that λT is
similar to U |M , that is, there is a linear isomorphism S of H onto M such that S(λT ) = US.

Observe that if U is a universal operator for a separable, infinite dimensional Hilbert space H,
then every bounded operator on H has an invariant subspace if and only if every non-zero subspace
M of H of dimension greater than 1 that is invariant for U has a non-zero, proper subspace M0

such that M0 is also invariant for U . Therefore, understanding the invariant subspaces for any
linear bounded operator T on H becomes a question of understanding the invariant subspaces of
the universal operator U .

Universal operators have attracted the attention of many operator theorists for the last few
decades, mainly in connection with the Invariant Subspace Problem (see [2, Chapter 7] for
references). The “standard” example of universal operator is the adjoint of a shift of infinity
multiplicity, S∗, acting on a separable, infinite dimensional Hilbert space. Recently, in [8], the
authors introduced a universal operator acting on H2 = H2(D) satisfying a rather surprising
property: it commutes with a non-trivial, quasinilpotent, injective, compact operator with dense
range, a property no universal operator like S∗ has.
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The example provided in [8] (see also [5]) was accomplished in the classical Hardy space H2,
where the universal operator is the adjoint of an analytic Toeplitz operator T∗φ and the compact

operator is the adjoint of a compact weighted composition operator Wψ,J on H2. Recall that if ψ
and J are analytic maps of the unit disc D, with J(D) ⊂ D, the weighted composition operator
Wψ,J is defined by

(Wψ,Jf)(z) = ψ(z)f(J(z))

While Wψ,J is not always a bounded operator on H2, if ψ is a bounded analytic function on D,
then Wψ,J = TψCJ , where Tψ is a bounded analytic Toeplitz operator and CJ is the composition
operator induced by J , i.e. (CJf)(z) = f(J(z)) for f ∈ H2. Since all such composition operators
CJ and analytic Toeplitz operators Tψ are known to be bounded ([10], for example), the weighted
composition operator Wψ,J is bounded on H2.

The aim of this paper is taking the study of universal operators commuting with non-trivial,
quasinilpotent, injective compact operators further by exhibiting a universal operator T∗φ acting on

the Bergman space, A2(D) = A2, commuting with the adjoint of a weighted composition operator
Wψ,J = TψCJ and for which the associated composition operator is ‘hyperbolic’. As in the Hardy
space H2, if J is an analytic map of the unit disk into itself, the composition operator CJ on A2 is
the bounded operator for which (CJf)(z) = f(J(z)) . In our example, the relevant map J of the
disk to itself has a fixed point at 1 and 0 < J ′(1) < 1 which means it is in the ‘half-plane dilation
case’ of the model described in [6, pg. 70] or in [10, pg. 71] (also called ‘hyperbolic’ by some
authors). In this example, for each α in D, the iterates Jn(α) are an interpolating sequence and
converge to 1 non-tangentially. While all separable, infinite dimensional Hilbert spaces are ‘the
same’, the Toeplitz operators and composition operators Tφ, Tψ, and CJ acting on the Hardy space
H2 and the Bergman space A2, are quite different. We hope and expect that the easier to
understand hyperbolic composition operator, CJ , and more complex Hilbert space, A2, will allow a
more careful analysis of invariant subspaces for these operators than previous examples do.

As noted above, the best known example of a universal operator is the adjoint of a unilateral
shift of infinite multiplicity: for example, suppose S is an analytic Toeplitz operator on the Hardy
space H2 whose symbol is a singular inner function or infinite Blaschke product. In this case, S is
an isometric operator and S∗ has infinite dimensional kernel and maps H2 onto H2, so S∗ is a
universal operator by the Caradus Theorem (Theorem 1). Another widely known example of a
universal operator was presented in the mid-1980’s by Nordgren, Rosenthal and Wintrobe [19, 20]
who proved that if ϕ is a hyperbolic automorphism of the unit disc and µ is in the interior of the
spectrum of the composition operator Cϕ acting on the classical Hardy space H2, then Cϕ − µI is
a universal operator on H2. However, these operators cannot commute with any non-zero compact
operators (see [3, Thm. 10], [4], and [7]). Because Lomonosov’s Theorem [17] connects commuting
with a non-trivial compact operator with the existence of invariant subspaces, it seems reasonable
that a universal operator that commutes with a non-trivial compact operator might be helpful in
proving the existence of invariant subspaces.

Concerning the structure of this paper, in Section 2, we first state the Caradus Theorem [1] that
gives a sufficient condition for an operator to be universal in the sense of Rota [21]. Then, on the
separable, infinite dimensional Hilbert space A2, we construct an analytic Toeplitz operator and
use the Caradus Theorem to prove that the adjoint of the analytic Toeplitz operator is universal.
In Section 3, we construct a weighted composition operator and we prove the main theorem of the
paper, that is, its adjoint is an injective, quasinilpotent, compact operator with dense range that
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commutes with the universal operator just constructed. The main tool in showing that the
weighted composition operator is compact is Corollary 2 of Čučković and Zhao’s paper [11] (see
also [14, Proposition 3.1, (iii)]).

2. A New Example of a Universal Operator

The major work in this paper is set in the classical Bergman Hilbert space, A2. Of course,
because any two separable, infinite dimensional complex Hilbert spaces are isometrically
isomorphic, our choice of A2 is not limiting in any way. The space A2 can be described in several
ways:

A2 = {f analytic in D : f(z) =
∞∑
n=0

anz
n where ‖f‖2 =

∞∑
n=0

|an|2

n+ 1
<∞}

= {f analytic in D : ‖f‖2 =

∫
D
|f(z)|2 dA(z)

π
<∞}

In each case, the norms for f are the same. The space A2 is a “Hilbert space of analytic functions”
in the sense of [10]. In particular, this means that for f in A2, the map f 7→ f(α) is a continuous
linear functional for each α in the unit disk and 〈f,Kα〉 = f(α) where Kα(z) = (1− αz)−2, the
kernel function for α.

One of the main feature of A2 is that, contrary to the Hardy space, there exist functions f ∈ A2

having no radial limits a.e. on the boundary ∂D. Moreover, the structure of the lattice of closed
invariant subspaces for the shift operator has never been completely described and is known to be
extremely complicated. We refer to the monographs [12] and [15] for more on the subject.

Nevertheless, the following theorem gives is a sufficient condition to provide universal operators
on any Hilbert space.

Theorem 1. (Caradus [1, p. 527] or see [2, p. 214]) If H is a separable Hilbert space and U is a
bounded operator on H such that:

(1) The null space of U is infinite dimensional.
(2) The range of U is H.

then U is universal for H.

We begin by defining the classes of operators we want to use, analytic Toeplitz operators and
weighted composition operators. For φ a bounded analytic function on the unit disk, that is, φ is
in H∞(D), the analytic Toeplitz operator, Tφ, on A2 is the operator defined by
(Tφh)(z) = φ(z)h(z) for h in A2. For φ a bounded analytic function on the disk, Tφ is a bounded
operator on A2 and it is easy to prove that ‖Tφ‖ = ‖φ‖∞.

For J an analytic map of the unit disk into itself, the composition operator, CJ , on A2 is the
operator defined by (CJh)(z) = h(J(z)). The boundedness of CJ for any analytic function J
mapping the unit disk into itself is a consequence of the Littlewood Subordination Theorem [16] (or
see [10, pp. 30 & 117]). If ψ is in H∞(D) and J is an analytic map of the disk to itself, the weighted
composition operator, Wψ,J , on A2 is the operator Wψ,J = TψCJ , also a bounded operator.

To begin our construction, for z in D, let σ(z) = −i log(1− z) where we take the branch of the
logarithm that is analytic on C \ (−∞, 0] and satisfies log(1) = 0. The map σ is a univalent map on
the unit disk and Figure 1 illustrates the set σ(D).
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Now, we define the bounded analytic function φ by

φ(z) = eσ(z) − eσ(0) = eσ(z) − 1 (1)

Figure 1. The set σ(∂D) with Re (w) = ±π/2.

It will be helpful to point out some of the properties of σ and φ. We will use the set
Γ = {eiθ : 0 < θ < 2π}, the unit circle except 1, in this description.

[1] The map z 7→ 1− z takes 1 to 0 and the rest of the closed disk into the open right half
plane, so we see that σ is continuous on the closed disk except at z = 1, that for z in Γ, we
have −π/2 < Re (σ(z)) < π/2, and that σ([−1, 1)) is the ray {iy : y ≥ − log(2)}, (see
Figure 1). Also, σ(−1) = −i log(2), limr→1− σ(r) = +i∞, limθ→0+ Re (σ(eiθ)) = −π/2, and
limθ→2π− Re (σ(eiθ)) = π/2. Moreover, σ(0) = 0 is not on the curve σ(Γ).

[2] For each positive number t and for each w in σ(D), we see that w + it is also in σ(D).
[3] The exponential function maps the strip −π/2 < Re (w) < π/2 onto the annulus

{ζ : e−π/2 < |ζ| < eπ/2} which has center at the origin and inner and outer radii e−π/2 and

eπ/2, indeed, this is precisely the (infinite-to-one) covering map of the strip onto the
annulus. The function eσ maps the curve Γ onto a curve spiraling out from unit circle at
the center of the annulus and tending asymptotically to its inner and outer boundaries:

lim
θ→0+

∣∣∣eσ(eiθ)
∣∣∣ = e−π/2 and lim

θ→2π−

∣∣∣eσ(eiθ)
∣∣∣ = eπ/2

In particular, because each vertical line {x0 + iy : −∞ < y <∞}, for −π/2 < x0 < π/2,

intersects the curve σ(Γ) exactly one point, for each r with e−π/2 < r < eπ/2, the circle of

radius r centered at the origin intersects the curve eσ(Γ) in exactly one point. Moreover, the
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Figure 2. The set φ(Γ) in the annulus φ(D) including ‘x’ at 0.

closure of eσ(Γ) is the set σ(Γ) ∪
(
e−π/2∂D

)
∪
(
eπ/2∂D

)
and the distance of eσ(0) = 1 from

this closed set is positive.
[4] The function eσ is an infinite-to-one map of the unit disk, D, onto the annulus

{ζ : e−π/2 < |ζ| < eπ/2}.
Proof of [4]: For every r with e−π/2 < r < eπ/2, by part [3] above, the curve eσ(Γ) intersects

the circle of radius r with center at 0 exactly once. This means there is θr with 0 < θr < 2π
so that |eσ(θr)| = r. Now the ray {w = σ(θr) + iy : y > 0} is contained in Ω = σ(D). Since
the real parts of each of the numbers on this ray are the same, each point of the ray is
mapped by the exponential function onto the circle of radius r. Since z in the ray implies
z + 2nπi is on the ray for every positive integer n, the exponential function maps the ray
infinite-to-one onto the circle. Since the union of these circles is {ζ : e−π/2 < |ζ| < eπ/2},
this proves [4].

[5] The function φ = eσ − 1, defined in Equation (1), is bounded below on Γ, and therefore is
an invertible function in L∞(∂D).

Proof of [5]: Clearly ‖φ‖∞ ≤ 1 + eπ/2 because eσ(Γ) ⊂ eπ/2D. By [3] above, the distance from

eσ(Γ) to 1 is positive, so the distance from φ(Γ) to 0 is positive, (see Figure 2). This means
the function 1/φ is also in L∞(∂D) and φ is bounded below on Γ.

Lemma 2. Let φ be the function in H∞(D) defined in Equation (1). There is a bounded operator
S on A2 that is a left inverse for the analytic Toeplitz operator Tφ.
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Proof. For σ(z) = −i log(1− z), the map φ(z) = eσ(z) − 1 is a bounded analytic function on D and,
by [5] above, φ is bounded below on Γ = {eiθ : 0 < θ < 2π}. An easy calculation gives

φ′(z) = σ′(z)eσ(z) =
i

1− z
eσ(z)

which means that φ′(z) is never 0. Since φ′(z) 6= 0 on D, Theorem 6 of [9] shows that the inner
factor of φ is an interpolating Blaschke product, B. Since φ is bounded below on Γ, this means
φ = Bg where g is an invertible function in H∞(D).

Since the inner factor of φ is an interpolating Blaschke product, McDonald and Sundberg’s
paper [18, p. 609] shows that Tφ has closed range, that is, the subspace φA2 is closed. Since
analytic Toeplitz operators are injective, the closed graph theorem says there is a bounded
operator S on A2 so that STφ = I. �

Corollary 3. The Toeplitz operator T∗φ has a right inverse and T∗φ maps A2 onto itself.

Proof. From Lemma 2, we have STφ = I, so T∗φ S∗ = (STφ)∗ = I. This equality implies T∗φ maps

A2 onto itself. �

The following result is the first goal of this paper.

Theorem 4. If φ is the function defined in Equation (1), the Toeplitz operator T∗φ is universal for

A2.

Proof. We use the Theorem of Caradus (Theorem 1 above, [1], or [2, p. 214]) to establish the result.
First, Corollary 3 shows that the range of T∗φ is all of A2.
For n a non-negative integer, let wn = 2nπi. Notice that each of these points is in Ω. Since σ is

a Riemann map of D onto Ω, we let zn = σ−1(wn). Although we do not need it here, {zn} is an
interpolating sequence of real numbers in the disk that converges (non-tangentally) to 1.

Now, writing Kzn for the kernel for evaluation of A2 functions at zn, we see

T∗φ (Kzn) = φ(zn)Kzn =
(
eσ(zn) − 1

)
Kzn = (e2nπi − 1)Kzn = 0

which means for each n, the functions Kzn are in the kernel of T∗φ . But the functions Kzn are

linearly independent, so the kernel of T∗φ is infinite dimensional.

By Caradus’ Theorem, T∗φ is a universal operator for A2. �

3. A Compact Operator Commuting with the Universal Operator

The goal of this section is to construct a compact weighted composition operator that commutes
with the analytic Toeplitz operator Tφ. The following lemma answers the question ‘When does a
weighted composition operator commute with an analytic Toeplitz operator?’ This result is also
Lemma 6 of [8].

Lemma 5. For φ and ψ in H∞ and J an analytic map of the unit disk into itself, the analytic
Toeplitz operator Tφ commutes with the composition operator CJ or the weighted composition
operator Wψ,J if and only if φ ◦ J = φ.

Proof. The cases J constant or φ constant are trivial, so we assume neither is constant. It is easy
to see that two analytic Toeplitz operators commute with each other. Since Wψ,J = TψCJ , it is
enough to check the statement for Tφ and CJ . We have (TφCJh)(z) = φ(z)h(J(z)) and
(CJTφh)(z) = (CJφh)(z) = φ(J(z))h(J(z)). These are equal, for all z in D, for a non-zero h if and
only if φ(z) = φ(J(z)). �
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To create the desired compact weighted composition operator, we keep the lemma above in mind
and define J by

J(z) = σ−1(σ(z) + 2πi) (2)

where σ is the map σ(z) = −i log(1− z) of the disk into the strip defined in Section 2. We note
that J is well defined because σ is univalent on D, and J maps the disk into itself because σ(D) is
carried into itself by the translation w 7→ w + 2πi.

From this definition, an easy calculation shows that φ ◦ J = φ:

φ(J(z)) = eσ(σ−1(σ(z)+2πi)) − eσ(0) = e(σ(z)+2πi) − eσ(0) = eσ(z) − eσ(0) = φ(z) (3)

It will be helpful if we find a simpler expression for J , however. To begin, if
w = σ(z) = −i log(1− z) then

iw = log(1− z)
eiw = 1− z

σ−1(w) = z = 1− eiw

Now

J(z) = σ−1(σ(z) + 2πi)

= 1− ei(−i log(1−z)+2πi)

= 1− e(log(1−z)−2π)

= 1− e−2π(1− z) = (1− e−2π) + e−2πz (4)

That is, J is an affine map of the disk into itself that fixes 1 and maps the real axis to itself!

Lemma 6. For J as in Equation (4), the operator CJ has dense range in A2.

Proof. Clearly, if p is a polynomial of degree d, the form of J guarantees that CJ(p) is also a
polynomial of degree d. This means that the images of CJ(zk) for k = 0, · · · , n are linearly
independent for any positive integer n. It follows that every polynomial is in the range of CJ ,
which means the range of CJ is dense in A2. �

Lemma 7. For J as in Equation (4), the function

|1− J(z)|2

1− |J(z)|2
(5)

with the value at z = 1 assigned to be e−2π(1− e−2π)−1, is continuous and non-zero on the closed
unit disk.

Proof. From Equation (4), it is clear that J maps the closed unit disk into itself and that the only
point of the range of J that lies on the unit circle is its fixed point at 1. In particular, this means
the only point of the closed disk at which |1− J(z)|2 and 1− |J(z)|2 are zero is at z = 1 and that
the expression in (5) is indeterminate at z = 1. Assigning the value of the expression to be
e−2π(1− e−2π)−1 at z = 1 means that we have a well defined function on the closed unit disk that
is never zero. Clearly, this expression is continuous at all points of the closed unit disk besides
z = 1, so we only need to show that the function is continuous at z = 1 to prove the lemma.

For J(z) = 1− e−2π + e−2πz, clearly 1− J(z) = e−2π(1− z). Writing z = reiθ for 0 ≤ r ≤ 1 and
−π < θ ≤ π, we see that

|1− J(z)|2 = e−4π(1− reiθ)(1− re−iθ) = e−4π(1− 2r cos(θ) + r2)
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is continuous and that limr→1 |1− J(z)|2 = 2e−4π(1− cos(θ)). Similarly,

|J(z)|2 = (1−e−2π+e−2πreiθ)(1−e−2π+e−2πre−iθ) = 1−2e−2π+e−4π+2(1−e−2π)e−2πr cos(θ)+e−4πr2

It follows that

1− |J(z)|2 = e−2π
(
2− e−2π − 2(1− e−2π)r cos(θ)− e−2πr2

)
which is continuous and

lim
r→1

1− |J(z)|2 = e−2π
(
2− e−2π − 2(1− e−2π) cos(θ)− e−2π

)
= 2e−2π(1− e−2π)(1− cos(θ))

This means that for θ 6= 0, we have

lim
r→1

|1− J(z)|2

1− |J(z)|2
=

2e−4π(1− cos(θ))

2e−2π(1− e−2π)(1− cos(θ))
=

e−2π

1− e−2π

Therefore, with the assignment of e−2π(1− e−2π) for z = 1, we have the continuity of the function
in (5) on the closed unit disk. �

With these definitions and the Lemmas of this section, we are ready to prove the following
result, the main goal of this paper.

Theorem 8. If J(z) = (1− e−2π) + e−2πz and ψ(z) = (1− J(z))2, the operator W∗ψ,J is an
injective, quasinilpotent, compact operator with dense range that commutes with the universal
operator T∗φ .

Proof. Theorem 4 asserts that T∗φ is a universal operator in the sense of Rota.
The operator Wψ,J = TψCJ and since analytic Toeplitz operators and composition operators

have nullspace (0), the operator Wψ,J is injective. By Lemma 6, the operator CJ has dense range.
Since 1− J(z) = −e−2π(1− z) and T1−z is well known to have dense range, we see that Tψ has
dense range and therefore Wψ,J has dense range as well. It follows that W∗ψ,J is also injective and
has dense range.

By Lemma 5 and Equation (3), we see that Wψ,J and Tφ commute, so W∗ψ,J and T∗φ commute.

By Corollary 2 of Čučković and Zhao’s paper [11] (see also [14, Proposition 3.1, (iii)]) Wψ,J is
compact on A2 if and only if

lim
|a|→1−

∫
D

(1− |a|2)2|ψ(z)|2

|1− aJ(z)|4
dA(z) = 0

To check this condition, we note that∫
D

(1− |a|2)2|ψ(z)|2

|1− aJ(z)|4
dA(z) =

∫
D

(1− |a|2)2 |1− J(z)|4

|1− aJ(z)|4
dA(z)

=

∫
D

(
|1− J(z)|2

1− |J(z)|2

)2
(

(1− |a|2)(1− |J(z)|2)

|1− J(z)a|2

)2

dA(z)

=

∫
D

(
|1− J(z)|2

1− |J(z)|2

)2
1−

∣∣∣∣∣ a− J(z)

1− J(z)a

∣∣∣∣∣
2
2

dA(z) (6)

where the last equality follows from the identity:

1−
∣∣∣∣ α− β1− βα

∣∣∣∣2 =
(1− |α2) (1− |β|2)

|1− βα|2
, (α, β ∈ D)
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(see [13, Chapter 1], for instance).
Now, Lemma 7 shows that the first factor in the integral in Equation (6) is a continuous

function on the closed disk that is never zero, which allows us to conclude that
|1− J(z)|4/(1− |J(z)|2)2 belongs to L1(D, dA(z)).

Notice that the second factor in the integral in Equation (6) is no greater than 1 for a and z in
the unit disk: taking z to be fixed, since J(z) is a point of the disk, the resulting function of a is
the absolute value of an automorphism of the disk, so we see∣∣∣∣∣ a− J(z)

1− J(z)a

∣∣∣∣∣ ≤ 1

and we also see that, for each z in D,

lim
|a|→1

∣∣∣∣∣ a− J(z)

1− J(z)a

∣∣∣∣∣ = 1

Therefore, by the Dominated Convergence Theorem of Lebesgue, the limit in Equation (6) is zero.
This proves that Wψ,J , and W∗ψ,J , are compact on A2.

Finally, because the compact operator Wψ,J commutes with the analytic Toeplitz operator Tφ, if
λ 6= 0 were an eigenvalue of Wψ,J , then its eigenspace would be a finite dimensional invariant
subspace for Tφ which cannot be true. Thus, Wψ,J , and therefore W∗ψ,J , are both quasinilpotent
compact operators. This concludes the proof of Theorem 8. �

Corollary 9. If η is a bounded analytic function on the open unit disk for which the Toeplitz
operator Tη is invertible on A2, then the operator W∗ηψ,J is an injective, quasinilpotent, compact

operator with dense range that commutes with the universal operator T∗φ .

Proof. The operator W∗ηψ,J = W∗ψ,JT∗η . Since T∗η is invertible and commutes with T∗φ and W∗ψ,J is

an injective compact operator that commutes with T∗φ , W∗ηψ,J has these properties as well. The
quasinilpotence follows as in the proof of Theorem 8. �

This example of a universal operator that commutes with compact operators seems easier to use
than previously known examples, and at the same time, operates on a more complex Hilbert space
than H2. It is hoped that these examples will be fruitful in studying invariant subspaces for
general operators.
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