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TOPOLOGICAL EXPANSION IN THE COMPLEX CUBIC LOG-GAS
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Dedicated to David Ruelle and Yakov Sinai

ABSTRACT. We prove the topological expansion for the cubic log-gas partition function

ZN(t):/F"'/F H (Zj —2‘]@)2kl]illle_]\](_z‘j-Hz)dzl..AdZN7

1<j<k<N
where t is a complex parameter and I' is an unbounded contour on the complex plane
extending from e™ oo to e™/300. The complex cubic log-gas model exhibits two phase
regions on the complex ¢t-plane, with one cut and two cuts, separated by analytic critical
arcs of the two types of phase transition: split of a cut and birth of a cut. The common
point of the critical arcs is a tricritical point of the Painlevé I type. In the present paper
we prove the topological expansion for log Zx (t) in the one-cut phase region. The proof
is based on the Riemann—Hilbert approach to semiclassical asymptotic expansions for the
associated orthogonal polynomials and the theory of S-curves and quadratic differentials.

1. INTRODUCTION

The main goal of this work is to analyze the topological expansion in the cubic log-gas
model with a general complex coupling constant and semiclassical asymptotics of related
orthogonal polynomials. The partition function of the cubic log-gas model is given as

2
i

N
u) = Zi — Z 2 e_N( 2 _UZ?> z z
(1.1) Zn () /F/F I G- ng dzr .. dex,

1<j<k<N

where u > 0 is a coupling constant and the contour of integration I' goes from e™'oco to
e™/300. This work is a continuation of the works of Bleher and Deafio [6, 7].

FIGURE 1. The contour I' of integration.

2010 Mathematics Subject Classification. 33C47, 30E15, 31A25, 15B52.

Key words and phrases. Log-gas model, partition function, topological expansion, equilibrium measure,
S-curve, quadratic differential, orthogonal polynomials, non-Hermitian orthogonality, Riemann—Hilbert prob-
lem, nonlinear steepest descent method.

The work of the first author (P.B.) is supported in part by the National Science Foundation (NSF)
Grants DMS-1265172 and DMS-1565602. P.B. also gratefully acknowledges support from the Simons Center
for Geometry and Physics, Stony Brook University, at which some of the research for this paper was per-
formed. The second author (A.D.) acknowledges financial support from projects MTM2012-36732-C03-01
and MTM2012-34787 from the Spanish Ministry of Economy and Competitivity. The research of the third
author (M.Y.) is supported by a grant from the Simons Foundation, CGM-354538.

1



2 PAVEL BLEHER, ALFREDO DEANO, AND MAXIM YATTSELEV

As proven in [6], the free energy of the cubic log-gas model,

(1.2) Fu(u) = % n ?]iig)) ,

1

admits an asymptotic expansion as N — oo in powers of 7,

P20y,
(19 Fa() ~ 3 T,
g=0

for any u in the interval 0 < u < u., where

31/4
14 =30
(1.4) Ue = g

is a critical point. In addition, the functions F(29)(u) admit an analytic continuation to the

disk |u| < u. on the complex plane, and if we expand them in powers of u,

0o f2(2g)u2j

(1.5) FCD(y) =Y 2L
(25)!

j=1

then the coefficient fz(fg ) is a positive integer number that counts the number of 3-valent
connected graphs with 2j vertices on a Riemann surface of genus g. Asymptotic expansion
(1.3) is called the topological expansion. For more details on this aspect of the theory, we
refer the reader to the classical papers of Bessis, Itzykson and Zuber [4], Brézin, Itzykson,
Parisi and Zuber [5], the monograph of Forrester [25, Section 1.6], the works of Mulase [31],
Di Francesco [17], Ercolani and McLaughlin [22, 23], and references therein, or the very
readable introduction by Zvonkin [39].

As shown in [6], the coefficients fQ(JQ-g)/(Qj)! of power series (1.5) behave, when j — oo, as

59—7

2

(1.6) jgjg) _ l(ng

(2))! ug?
This implies that u,. is the radius of convergence of power series (1.5). In fact, u = u. is a
singular point of the functions (1.5). The topological expansion in a neighborhood of the
critical point u. has been obtain in the work of Bleher and Deatio [7]. This topological ex-
pansion is closely related to the Painlevé I equation. The relation to the Painlevé I equation
can be already seen in asymptotic formula (1.6). Namely, if we rescale the coefficients Ky,
n (1.6), by introducing the coefficients

(1 n O(fm)) . Ky > 0.

2
6-31/4 ’

and consider the following generating function:

I (%1 wk.
(1.7) ng:—( ) utKs

1-5g

(1.8) y(t) = Cogt 2",

then y(t) solves the Painlevé I differential equation,
(1.9) Y'(t) = aoy*(t) — aat,

with ag = 2331, a; = 2337 (see [3, 21, 0]).

It is noteworthy that the key ingredient in the proof of topological expansion (1.3) in [6]
is the derivation of semiclassical asymptotic formulae for the recurrence coefficients 72, 3,
of the corresponding monic orthogonal polynomials P,(z) = z™ + .... The orthogonality
condition is stated on the contour I':

(1.10) / Po(2)2*w(z)dz=0, k=0,1,...,n—1; w(z) = efN(%+uz3)
r

Namely, as proven in [6], for any u such that 0 < u < wu,, there exists € > 0 such that
as N,n — oo with 1 —¢ < & < 1+ ¢, the recurrence coefficients 72 and B, admit the
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asymptotic expansions in powers of %:
=1 n
2
e 2 o ()
k=0

=1 n 1
n ™~ 71) AT PYENE )
g kZ:;N% zk(N+2N “)

where the functions gox(s,u), bax(s,u), k = 0,1,..., do not depend on n and N and are
analytic in s at s = 1.

In the paper [7] this asymptotic expansion is extended to the double scaling asymptotic
expansion of the recurrence coeflicients at the critical point u.. In the double scaling regime
we set

(1.11)

(1.12) % =1+ uN"45,

where v € R is a scaling variable. Then as proven in [7], at u = u, the recurrence coefficients
72 and B3, admit the asymptotic expansions in powers of N —2/5 as N — oo:

— 1
Vo~ R+ Z WP%(U%
(1.13) =t

00 1 )
B ~ Be + Z ks q2k(0),
k=1

where the functions pog(v), gor(0) are expressed in terms of the Boutroux tritronquée so-
lution to Painlevé I and ¢ = v + N;/S As shown in [7], expansions (1.11) and (1.13)
can be extended for large N to u in overlapping intervals, [0,u. — N~%7] for (1.11) and
[u, — N7065 4] for (1.13), and this can be used to obtain the double scaling asymptotic
formula for the partition function.

Namely, let ©u—u, = C)\N_%, where C = 2-%3% and M is a complex scaling variable in
the double scaling regime. Then for A outside of a neighborhood of the poles of the Boutroux
tritronquée solution to Painlevé T y()\), the partition function Zy(u) can be written as

(1.14) Zn(u) = ZREu) Z3" 8 (\) (1+ O(N79)), >0,

where the regular factor is

(1.15) Z]r\fg(u) — NVPlatb(u—ue)+e(u—uc)?]+d

)

with some explicit constants a, b, ¢, d, and the singular factor is

(1.16) Z3E) = e Y,
where Y () is a solution of the differential equation
(1.17) Y7(A) =y(N),

with the boundary condition

26
45
Asymptotic formula (1.14) is used in [7] to prove the conjecture of David [12, 13] that the
poles of y(A) give rise to zeros of Zy(u).

This work is a continuation of [6, 7]. The main goal of it is to investigate the topological
expansion of the cubic log-gas model for complex values of u. Formula (1.1) is not very
convenient for this purpose because the contour of integration I' should be rotated to secure
the convergence of the integral. Instead, let us make the change of variables in (1.1),

(1.18) Y(A) (—A)/2 - % log(=A) + O((=A) /%), A = —.

_ 1
(1.19) 2= Bu) TG +
where we assume that « > 0 and (3u)~'/3 > 0. Then
22 . 1 ¢
1.20 N =—L +1(
(1.20) > U T sl — 3 T
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where
1

T 4(3u)A3
and with the help of the Cauchy theorem, formula (1.1) can be reduced to

(1.22) CN/ /F — () ﬁ e_N<_§+t<k>d§1 - dC,
k=1

where Cy is an explicit constant. Now the integral converges for any complex ¢.
The primary interest of the present study is the asymptotic analysis of the partition
function

(1.21)

1<]<k<N

N

(1'23) / / _ Zk; H NV(Z;t)dzl "'dZN,
r

1<J<k<N k=1
with respect to the parameter ¢ € C for the case when

3
(1.24) Viz;t) = -3 +tz, teC,

where I is an unbounded smooth contour such that for any parametrization z(s), s € R, of
I there exists € € (0,7/6) and so > 0 for which

{ larg(z(s)) = 7/3| < w/6 —€, s> S0,

(1.25)
larg(z(s)) —m| < w/6 — ¢, s < —so,

where arg(z(s)) € [0,27). The above conditions ensure that the partition function Zy(t) is
finite and due to analyticity of the integrand does not depend on a particular I" satisfying
(1.25). Hence, we shall denote by T the collection of all such contours.

We analyze the partition function via the corresponding monic orthogonal polynomials

(1.26) / 2P P, (2, Ne NVENdz =0, ke {0,...,n—1}.
r

Due to the non-Hermitian character of the above relations, it might happen that polynomial
satisfying (1.26) is non-unique. In this case we understand by P, (z;t, N) the monic poly-
nomial of the smallest degree (such a polynomial is always unique). One way of connecting
Zn(t) to Pn(z;t, N) is via three term recurrence relation. More precisely, it is known that

(1.27) 2P, (2;t,N) = Poy1(z;t, N) 4 Bn(t, N)Po(2;t, N) + ¥2(t, N)P,_1(z;t, N),
granted all the polynomials in (1.27) have prescribed degrees, where
PY*Z(LN) = hn(tN)/hnfl(taN)a

1.28
( ) /Ps(z;t,N)e_NV(Z;t)dz.
r

hin(t, N)

Observe that if P,(z;t, N) = P,y1(2;t, N) with both polynomials having degree n, then
hn(t,N) =0 and h,41(t, N) = co. More generally, it holds that h, (¢, N) is a meromorphic
function of ¢ and so is v2(t, N). It is further known that the recurrence coefficients v (¢, V)
satisfy the Toda equation,

2
(1.20) TEND _ 2 ), Fult) = 15 los Zn (1)
Another way of connecting Zx () to orthogonal polynomials is through the formula
N-1
Zn(t) = N! T] hn(t, N),
n=0

where h,(t, N) are given in (1.28). However, we shall not elaborate on this approach.
The structure of the paper is as follows:
e In Sections 2 and 3 we describe equilibrium measures and corresponding S-curves

for the cubic model under consideration. This leads us to a precise description of
the phase diagram of the cubic model on the complex t-plane.
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e In Section 4 we present the main results of the paper: the topological expansion in
the one-cut phase region and the asymptotic expansion of the orthogonal polynomi-
als and their recurrence coefficients.

e In Section 5 we obtain various results about the detailed structure of the S-curves
and critical graphs of the quadratic differential.

e In Section 6 we evaluate the g-function and its asymptotic behavior at singular
points.

e In Section 7 we apply the Riemann—Hilbert approach to derive the asymptotic be-
havior of the orthogonal polynomials and their recurrence coefficients.

e And finally, in Section 8 we prove the topological expansion in the one-cut phase
region.

2. EQUILIBRIUM MEASURES AND S-PROPERTY

It is well understood that the zeros of polynomials satisfying (1.26) asymptotically dis-
tribute as a certain weighted equilibrium measure on an S-contour corresponding to the
weight function (1.24). In this section we discuss these notions in greater detail. Our con-
sideration will use the recent works of Huybrechs, Kuijlaars, and Lejon [27] and Kuijlaars
and Silva [30]. Let us start with some definitions.

Definition 2.1. Let V be an entire function. The logarithmic energy in the external field
ReV of a measure v in the complex plane is defined as

By (v) = / / log ——du(s)du(t) + / Re V(s)du(s).

|s — ¢
The equilibrium energy of a contour I' in the external field ReV is equal to
2.1 Ey(T)= inf F ,
(21) VD) = inf | Bv(v)

where M(T') denotes the space of Borel probability measures on T.

When ReV(s) — log|s|] = +00 as I" 3 s — oo, there exists a unique minimizing measure
for (2.1), which is called the weighted equilibrium measure of T, say pr, in the external field
ReV, see [34, Theorem 1.1.3] or [27]. We shall use this definition in the case of the cubic
polynomial (1.24) and T' € T. The support of ur, say Jr, is a compact subset of I'. The
equilibrium measure p = ur is characterized by the Euler-Lagrange variational conditions:

=/, z € Jr,

(2.2) 2U*(z) + Re V (2) { > ceT\ Jp

where ¢ = /1 is a constant, the Lagrange multiplier, and

U"(2) = - [ loglz = sldu(s)

is the logarithmic potential of p, see [34, Theorem 1.3.3]. Any I' € T can be used to define
Zn(t) in (1.23), nevertheless, it is well understood in the theory of non-Hermitian orthogonal
polynomials, starting with the works of Stahl [35, 36, 37] and Gonchar and Rakhmanov [26]
that one should use the contour whose equilibrium measure has support symmetric (with the
S-property) in the external field Re V. We make this idea precise in the following definition.

Definition 2.2. The support Jp has the S-property in the external field Re V', if it consists
of a finite number of open analytic arcs and their endpoints, and on each arc it holds that

0 0
Hr — 228
(2.3) n ;s (2U"" + ReV) T (2U*" + ReV),

where % and ani_ are the normal derivatives from the (4)- and (—)-side of I'. We shall
say that a curve I' € T is an S-curve in the field Re V| if Jp has the S-property in this field.

It is also understood that geometrically Jr is comprised of critical trajectories of quadratic
differentials. Recall that if @ is a meromorphic function, a trajectory (resp. orthogonal
trajectory) of a quadratic differential —Q(2)dz? is a maximal regular arc on which

—Q(2(s))(¥())* >0 (resp. —Q(2(5))(2'(s)) < 0)
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for any local uniformizing parameter. A trajectory is called critical if it is incident with a
finite critical point (zero or a simple pole of —Q(z)dz?) and it is called short if it is incident
only with finite critical points. We designate the expression critical (orthogonal) graph of
—Q(z)dz? for the totality of the critical (orthogonal) trajectories —Q(z)dz2.

The following theorem is a specialization to V' (z;t) of [30, Theorem 2.3].

Theorem 2.3. Let V(z;t) be given by (1.24).
(1) There exists a contour T'y € T such that

(2.4) Ev(Ty) = sup Ev(ID).

(2) The equilibrium measure p; := pr, is the same for every Ty satisfying (2.4). The
support Ji of py has the S-property in the external field ReV(z;t).
(3) The function

(2.5) Qz:t) = (V'(Z;t) —/d“t(s))z, 2eC\J,

2 z—5
s a polynomial of degree /.
(4) The support J; consists of short critical trajectories of the quadratic differential
—Q(z;t)d2? that connect simple zeros of Q(z;t) and the equation

1
(2.6) due(=) = —— QY (zit)dz, ze Jy,

holds on each such critical trajectory, where Q'/?(z;t) = %22 +O(z) as z — oo.

Much information on the structure of the critical graphs of a quadratic differential can
be found in the excellent monographs [28, 33, 38]. Since deg Q(z) = 4, Jr, consists of one or
two arcs, corresponding (respectively) to the cases where Q(z) has two simple zeros and one
double zero, and the case where it has four simple zeros. In this paper we study the case of
a single arc and investigate the two-cut case in a later publication. In the next section we
discuss which values of ¢ correspond to the one-cut case and describe the geometry of the
critical graphs in more detail.

3. STRUCTURE OF I';

The structure of I'; and its dependence on ¢ has been heuristically described in [1, 2].
Our goal here is to provide rigorous mathematical justifications for this description, when
J; consists of a single arc. Clearly, in this case Q(z;t) should be of the form

(3.1) Q(zt) = 3(2 —a(t)(z = b(t)) (2 — c(t))*.
It follows from (2.5) in conjunction with (1.24) that

2
(3.2) Q(zit) = <_Z2+t —~ % + 0(2_2)> = % +2+C.
Thus, by equating the coefficients in (3.1) and (3.2), we obtain a system of equations
a+b+2c=0,
(3.3) ab+ ¢ +2(a+b)e=—2t,

2abc + (a + b)c? = —4.

By setting z := (a+b)/2 and eliminating the product ab from the second and third relations
in (3.3), we get that

(3.4) ¥ —tr—1=0.

To study the solutions of (3.4), denote by C the critical graph of an auxiliary quadratic
differential

(3.5) — (14 1/5)%ds?,

see Figure 2(a). We show in Section 5 that C consists of 5 critical trajectories emanating
from —1 at the angles 27k/5, k € {0,...,4}, one of them being (—1,0), other two forming
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a loop crossing the real line approximately at 0.635, and the last two approaching infinity
along the imaginary axis without changing the half-plane (upper or lower). Given C, define

() e—

(a) (b)

FIGURE 2. schematic representation of (a) the critical graph C; (b) the set A
(solid lines) and the domain Qone—cut (shaded region).

A = {x: 213 GC}.
Further, put Qone—cut to be the shaded region on Figure 2(b) and set
One—cut = Abien U { = 273} U Agorie U {32713 U Al

where Agpie connects —271/3 and e™/32-1/3, Afmh extends to infinity in the direction of
the angle 77 /6 while Af ., extends to infinity in the direction of the angle 7/6. Finally, let
t(x) := (3 — 1)/x and set

te:=3-2723 =¢(—271/3),

Oone—cut = t(Qone—cut)z

Coptic = t(Aspit), Ciren = t(Abinn)s Clian = t(Afien)
S = (ter,00), €*™/38 .= {z D e /3y ¢ S},

(3.6)

see Figure 3. The function ¢(z) is holomorphic in Qone—cyt With non-vanishing derivative

Oone—cut

FIGURE 3. Domain Ogne—cut (shaded region); dOone—cut consisting of the open
bounded arc Cspiit, two open semi-unbounded arcs C&,, and CP,,, and two points
ter and €?™/3¢.,; the semi-unbounded open horizontal rays S and e27/38 (dashed
lines).

there. It maps Qone—cut ONt0 Opne—cut in & one-to-one fashion. Hence, the inverse map x(t)
exists and is holomorphic. Altogether, the following proposition holds.

Proposition 3.1. There exists a holomorphic branch x(t) of (3.4) that maps Oone—cut cON-
formally onto Qope—cut- The function x(t) possesses analytic continuations across each of
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the arcs Cspiie, Coier and Cé’irth. The functions
alt) = (t) - V3V,
(3.7) bE) = alt) +iV2/VE),
c(t) = —x(t),
are holomorphic in Ogpe—cut, where \/x(t) is the branch holomorphic in Oope—cur Satisfying
Vx(0) = e™/3. It is a matter of a routine verification to check that they also satisfy (3.3).

Below, we adapt the following convention: I'(z1,z22) (resp. I'[z1, 22]) stands for the tra-
jectory or orthogonal trajectory (resp. the closure of) connecting z; and z2, oriented from
21 10 22, and I'(z,€!%00) (resp. T'(e?o0,2)) stands for the orthogonal trajectory ending at
2, approaching infinity at the angle @, and oriented away from z (resp. oriented towards z).'

FIGURE 4. Schematic representation of the critical (solid) and critical orthogonal
(dashed) graphs of —Q(z; t)dz2 when ¢t € Ogne—cut- The bold curves represent the

preferred S-curve I';. Shaded region is the set where Re (sz Q1/2(z; t)dz) < 0.

Theorem 3.2. Let iy and Q(z;t) be as in Theorem 2.5, J; = supp(ps). When t € Ogne—cuts
the polynomial Q(z;t) is of the form (3.1) with a(t), b(t), and c(t) as in Proposition 3.1 and
the set J; consists of a single arc. Moreover,
(D) if t € Oone—cut, then Jy = Ta,b] and an S-curve T'y € T can be chosen as
(a) F(e’“oo,a) U J; U F(b7 e“i/?’oo) when t belongs to the conmnected component
bounded by S U Cerir U e®™/38, see Figure /(a—e¢);
(b) I‘(e”ioo, a) UJyUT'(b,c)U I‘(c, e”i/3oo) when t € S, see Figure 4(f);
(c) T(e™oo,c) UT(c,a) U J; UT (b, e™/300) when t € e2™/38;
(d) F(e”ioo, a) UJ; U F(b, e‘”i/3oo) U F(e‘”i/goo, c) U F(c, 6”1/300) when t belongs
to the connected component bounded by S UCL .., see Figure /(g);
(e) I‘(e”ioo, c) U I‘(c, e*’”/?’) U I‘(e’”i/?’oo7 a) UJyu I‘(b, e”i/3oo) when t belongs to
the connected component bounded by e*™/3S U CE ., .
(I1) if t = te, (resp. t = €2™/3ty,), then J; = T'la,b], ¢ coincides with b (resp. a), and an
S-curve I'y € T can be chosen as in Case I(a), see Figure 5(a).
(IIT) if t € Copiit, then Jy = I'la,¢] UT[¢,b] and an S-curve T'y € T can be chosen as in
Case I(a), see Figure 5(b).

LThis notation is unambiguous as the corresponding trajectories are unique for polynomial differentials as
follows from Teichmiiller’s lemma, see (5.1) further below.
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(IV) ift € C, .y, (resp. t € C&.p ), then J, = Tla,b] and an S-curve Ty € T can be chosen
as in Case I(d) (resp. Case I(e)), see Figure 5(c).

We prove Theorem 3.2 in Section 5.

FIGURE 5. This is a continuation of Figure 4 for the case t € dOone—cut-

Remark 3.3. FEven though we shall not dwell on this point here, the reason for the nomen-
clature introduced above is the following. When t € Oone—cut, the double zero c(t) splits into
two simple zeros, say c1(t) and c2(t). When t crosses Cspiie, the trajectory connecting a and
b will split into two, one connecting a and c¢; and another connecting co and b. When t
crosses Chirth = C& . U Chi» @ critical trajectory conmecting ¢i and co will appear while a
and b will remain being connected by a trajectory.

Let us elaborate on all the configurations appearing on Figures 4 and 5. To this end,

(b) (c)

FIGURE 6. Schematic representations of (a) the set S (dashed lines); (b) the
sets AT (dashed lines) and Agie (solid curves within the shaded region); (c) the
images of A* and A under ¢(z).

we need to introduce the totality of the orthogonal trajectories of the differential (3.5)
emanating out of —1, say S, see Figure 6(a), the sets
Acrit = AN Qone—cut, At = {x 1 22% € S} N Qone—cuts

see Figure 6(b), as well as the sets

HAarit) =t Ol U Clyyy HAL) = S8, U Sty US U T3S,

crit crit

where C%.  S2. and C%,, S%, are incident with ¢, and e2™/3t,,, respectively, see Figure 6(c).

Theorem 3.4. The critical and critical orthogonal graphs of —Q(z;t)dz? have the structure
as on

e Figure 5(a,b,c) when t =tq, t € Cspiir, and t € CE, ., respectively;
e Figure /(f,d,b) whent € S, t € C.., and t € S,,, respectively;

cl crit?

e Figure /(g) when t belongs to the component of Oone—cut bounded by S U Ci .y ;
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o Figure /(e) when t belongs to the component of Oone—cut bounded by S U Cbrit; n

C

fact, C%.. is the reflection of CL.,, across the real line and the structure is the same
as on Figure /(g) reflected across the real line as well;
e Figure /(c) when t belongs to the component of Oone—cur bounded by C°. US>

e Figure /(a) when t belongs to the component of Oone—cur bounded by SZ, U S2..

In the rest of the cases one needs to pick the reflection of t across the line Ly 3, where
(3.8) Lo :={re? : r e (—o0,00)},

and then reflect the corresponding graph structures across the line Loy 3. This symmetry is
displayed on Figures 4(a) and 5(a).

We prove Theorem 3.4 in Section 5 as well.

4. MAIN RESULTS

In what follows, we always assume that ¢t € Ogne_cut While 3, (t, N) and 7, (t, N) are
recurrence coefficients (1.27) of the polynomials P, (z;t, N) satisfying orthogonality relations
(1.26) with V(2;t) as in (1.24) on a contour I' =TI'; as in Theorem 3.2.

Henceforth, we use interval notation preceded by I'; to denote subarcs of I';. For example,
Tt (u,v] stands for the subarc of T'; connecting u and v, not containing v and containing v,
and u precedes v according to the orientation of T';.

Below, we prove existence of various expansions that depend on the parameter ¢. To
indicate the way of dependence, we introduce the following two notions.

Definition 4.1. Given an increasing sequence (i) — 0o as i — 0o, we say that an expan-
sion

An(t) ~ Y AD (N
=0

holds t-locally uniformly if for any T C Ogne—cut such that T N Ogne—cut, T'N Cspiit, TN Chirth
are compact, there exist constants Ci(T) < oo for which

-1
|[An(t) — ZA@) (N <o(T)ND, teT.
i=0

Moreover, we say that an expansion is strongly t-locally uniform if C;(T) < oo exists as long
as T N Cepiit is compact, T N Cyiney is closed, and there exists €(T) > 0 for which

(4.1) Re ( /b (c:) Q1/2(z;t)dz> < —¢(T)

for all t € T N Ogpe—cut large with arg(t) € (0,7/2).

To understand (4.1) geometrically, notice that its left-hand side is equal to 0 when ¢ €
900ne—cut U C2. U CP.. see Figures 3 and 6(c), is positive when ¢ belongs to the part of

crit crit?
Oone—cut bounded by C&. U Cgplir U C’é’rit, and is negative otherwise. Thus, (4.1) describes the
way T is separated from Chjyy, When it extends to the point at infinity.
For functions that depend both on the parameter ¢ and variable z, we adopt the following

conventions.

Definition 4.2. We say that the equality fn(z;t) = O(N~%) holds (z,t)-locally uniformly
for z €V as N — oo if for each T such that T'N Ogne—cut, I' N Cepiit; T'N Chirth are compact,
and any collection of compact sets {K;}ier such that Ky C V, there exists C(V;T) < oo
for which

|fn(z:t)| SC(ViT)N™®, ze Ky, teT,

for all N large. Similarly, the notion of a property holding strongly (z,t)-locally uniformly
for z € V' should be straightforward in the view of Definition /J.1.
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4.1. Asymptotic expansion of Fiy(t).
Theorem 4.3. Let Fn(t) be the free energy (1.29). Then it holds uniformly on subsets of
Oone—cut satisfying (4.1) that

(4.2) Z FCR () N—2F,

where the functions Fk) (t) are holomorphic in Ogpe—cut and extend holomorphically across

each of the arcs Chirh, Cqpjip, and Cspllt In particular, it holds that

(4.3) F<o>(t):1_§x ()_Jog / / ( 1 m’(o) +620x”(0)>d0d7_7

where x' (t) is the derivative of x(t) with respect to t and the integmls can be computed along
any path in Oone—cut-

Functions F(?*)(t) encode information on the number of certain graphs on a Riemann
surface of genus k.

Remark 4.4. If we relabel the functions F'29) in (1.5) by FQ©9) then it holds that

[(0) = 23/2 1 —F©
{ (y) 3t 1log(4t) — FM(1), g = 3(415)3/4.
FCI(y) = FCI@), g>1,

We prove Theorem 4.3 in Section 8 using Toda equations (1.29) and the asymptotic
expansion of the recurrence coefficients.

4.2. Asymptotic expansion of +2(t; N) and 3, (t; N).

Theorem 4.5. Let x(t) be as in Proposition 3.1. Assuming that [ln — N| < Ny for some
absolute constant Ny, it holds that

1 oo
2t N) ~ ——— :n — N)N ok
72(t,N) Qx(t)+kz_jlaatk<t,n ) :

(4.4) -
Brn(t,N) ~ a:(t)—i—ZBatk(t;n—N)N_atk,

k=1

for some explicitly computable Gy, and Ba,k, where the expansions are t-locally uniform
and

(4.5) =1, a=1/2, and a;=1/5

for t € Ogne—cut; t € Chirth U Cypiir, and t € {tcr,e%i/?’tcr}, respectively. Moreover, the
expansion of v (t, N) is strongly t-locally uniform. The functions Gy (t;n—N) and By (t;n—
N) are holomorphic in Ogne—cut, can be holomorphically continued across each of the arcs
Cspiit, Clienr and C’girth, and

{ G(Qj—l)/5(t’ 0) = 07 t € {tCH e2ﬂi/3tcr}7

(4.6)
GQj_l(t; 0) =0, te Oone—cut;

jEN.

Using (4.4) we can deduce certain analyticity properties of 7% (¢, V).
Remark 4.6. The partition function Zx(t) is an entire function of the parameter t. Hence,
it follows from Toda equation (1.29) that v3 (t, N) is a meromorphic function of t. Moreover,

1
2x(t)

Tt N) =~ +O(NT)

strongly t-locally uniformly in Oone—cur by (4.4). Hence, for any closed set T C Oope—cut
satisfying (4.1), there exists an integer N (T') such that v%(t, N) is holomorphic on T for all
N > N(T), i.e., on some neighborhood of T that belongs to Ogne—cut-
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Observe that the recurrence coefficients for different parameters N are related. Indeed,
given Ny and N», it holds that

Po(z;t1,N1) = (No/N1)"3P,(w;ta, Na),
(4.7) Y2(t1,N1) = (Na/N1)*/342(t2, Na),
6n(t17N1) - (NQ/Nl)l/SBn(tQaNQ)y

where w := (N1 /N2)'/32 and ty := (N1 /N3)?/3t;, as follows from (1.26) and (1.27). Hence,
given N and t € Ogpe—cut, asymptotic expansions (4.4) can be expanded to a larger range of
indices n than those covered by Theorem 4.5.

Remark 4.7. Put N := {(t, u): t € Oone—cut, U E M}, where Ny is the largest open subset
of C\ (—00,0] such that ut € Oone_cut for all u € Ny (clearly, 1 € Ny). Define
{ Gop(t,u) = w3 1Gop(ut;0),

~ te Oonefcut and u < -/\/ta
Br(t,u) = uBFD/2B; (ut;0),

where we take the principal root of u*=V/2 which are holomorphic functions in N'. Then,
it follows from (4.4), (4.6), and (4.7), applied with Ny = N and No = n, that

fY’rQL(t7 N) ~ m + Z é2k(t> u)N_2k7 a3
(4.8) k=1 w= (3) ,

Bu(t,N) ~ x%) +3 " Bi(t,u)N7*,
k=1

whenever (7”L/N)’2/3 € N;, where the expansions are locally uniform in t and u.

In fact, following [8, Section 5], we can improve on the expansion of 3, (t, N).

Theorem 4.8. There exist holomorphic in N functions E%(t, v) such that

0o —-2/3
(4.9) Bult, N) ~ 3 Bog(t, o) N2, = (” +Nl/2> ,
k=0

whenever ((n +1/2)/N)~2/3 € N}, where the expansion is locally uniform in t and v.

Theorems 4.5 and 4.8 are proven in Section 8.

4.3. Strong asymptotics of P,(z;t,N). To describe the asymptotics of the orthogonal
polynomials themselves, we need to introduce complexified equilibrium potential

(4.10) g(z;t) :== /log(z —8)dp(s), z€C\Ty(eoo, b,

where we take the principal branch of log(- — s) holomorphic outside of T'; (e”ioo, s] and
is the equilibrium measure defined in (2.6). Since pu; is a probability measure, it holds that
(4.11) eIE) =2 1 O(1) as 2z — oo

and this function is holomorphic in C\ J;. In fact, the function e can be written explicitly.

Proposition 4.9. Let, as before, a(t) and b(t) be the endpoints of Ji, see (3.7). In what
follows, we set

Viz—at)(z=bt) ~2z as z— o0

to be the square root with the branch cut along J;. Then the function
(412)  D(z5t) i=exp { (3V () = 227(1) + (22 + 2(t) — 20) /(= — a(0) (= — b(0))) /6 }

is holomorphic in C\ J;. Moreover, it is non-vanishing there, D(co;t) = 1, and it has
continuous traces on Jy that satisfy

(4.13) Dy (s;t)D_(s;t) = exp {V(s;t) — 22°(t)/3}, s € J.
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That is, D(z;t) is the Szegd function of V(-;t);, normalized to have value 1 at infinity.
Furthermore, it holds that

(4.14) 9=t = 05 2y
where the functions A and B are defined by

A(z;t) =

B(zt) = + ((j:g(ﬁ))m - (’Z:Z(;)l/4> ,

and the branches of the 1/4-roots are principal and have the branch cuts along Ji; in par-
ticular, A(oo;t) = 1 and B(oo;t) = 0. The function F(z;t) == —iA(z;t)/B(z;t) can be
equivalently written as

(4.16) F(zit) = g 2 o0 (z N RO b(t))>

and is holomorphic and non-vanishing in C\ Jy, has a simple pole at infinity, and its traces
on Jy multiply to 1.

N
/
7N
W | w
[
Q| o
—~
~ | =+
N
~__
—
~
>
+
7 N
ISR
[
o
—~
~ |~
=
~_
—
~
>
~_—

(4.15)

—

\V]

We prove Proposition 4.9 in Section 6.

Theorem 4.10. Let ay be as in Theorem 4.3 and |[N —n| < Ny for some fized constant Ny.
Then

(117) Pu(t.N) = (14 O(N~)) A(z: ) DN~ (a1 )=,

(2, t)-locally uniformly for z € C\ J; (or z € C\ (J; U{c}) when t € Chinn), where O-term
vanishes at z = oco. In particular, deg(P,(-;t, N)) = n for all N large. Moreover,

(4.18) Py (s;t,N) = (1+O(N—*)) A+(S;t)fon(s;t)e”QJr(S?t)—{—
{1+ O(N)) A_ DY (s )59

(s,t)-locally uniformly for s € T'y(a,b) (or s € T'y(a,c) UT(c,b) when t € Cyiie). When
n =N, O-terms in (4.17) and (4.18) are strongly (z,t)-locally uniform.

Theorem 4.10 is proven in Section 7. Combining Theorem 4.10 with observation (4.7),
we obtain the following corollary.

Corollary 4.11. Given t € Oope_cut, assume that u := limy_ o (n/N)~2/3 exists and ut €
Oone—cut- Then it holds locally uniformly in C\ Jy; that

u? P, (2/ust, N) = (1+ o(1)) A(z; ut)em 5.
5. S-CURVES
For brevity, we set w; := —Q(z;t)dz>.

5.1. Critical graphs: local structure. The differential w; has two critical points of order
1, namely a,b, a critical point of order 2, namely ¢, (unless ¢ coincides with either a or b
in which case w; has critical points of orders 1 and 3), and a critical point of order —8 at
infinity. All other points are regular with respect to w; (order 0).

Through each regular point of w; passes exactly one trajectory and one orthogonal trajec-
tory, which are orthogonal to each other at the point. Two distinct (orthogonal) trajectories
meet only at critical points [38, Theorem 5.5].

As Q(z;1) is a polynomial, no finite union of (orthogonal) trajectories can form a closed
Jordan curve while a trajectory and an orthogonal trajectory can intersect at most once [33,
Lemmas 8.3]. Furthermore, (orthogonal) trajectories of w; cannot be recurrent (dense in
two-dimensional regions) [28, Theorem 3.6].

If zo € {a,b,c} has order m, there are m + 2 critical trajectories emanating from zg at
angles

((2k + 1) — argQ(m)(ZO;t))/(m +2), ke{0,...,m+1},
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see [38, Theorem 7.1]. Thus, there are 3 critical trajectories of w; emanating from a, 3 critical
trajectories emanating from b, and 4 emanating from ¢ (under the condition ¢ # a,b). Since
the point at infinity is a pole of order 8, there are 6 distinguished directions, namely,

7/6+kn/3, ke{0,...,5},

in which the trajectories can approach it. Moreover, there is a neighborhood of infinity
such that every trajectory entering this neighborhood necessarily tends to infinity, [38, The-
orem 7.4]. The above discussion applies to the orthogonal trajectories as well. In particular,
they can approach infinity only at the angles k7 /3, k € {0,...,5}.

A geodesic polygon with respect to w; is a Jordan curve in C that consists of a finite
number of trajectories and orthogonal trajectories of w;. According to Teichmiiller’s lemma
[38, Theorem 14.1], it holds that

(5.1) 3 (1 - a(z)"rd(;m> =2+ Y ord(2),

™
zeP z€int(P)

where P is a geodesic polygon, ord(z) is order of z with respect to w;, and 6(z) € [0, 27],
z € P, is the interior angle of P at z. Clearly, both sums in (5.1) are finite as only critical
points of w; and vertices of the polygon have a non-zero contribution.

To simplify the forthcoming discussion, let us observe that the differential w; possesses
several symmetries. Firstly, notice that when ¢ belongs to the subregion of Ogne_cut bounded
by CL ., and C%., see Figures 3 and 6(c),we have

crit?

(5.2) @) =z(t) = wi(z)=m(2)
That is, for such ¢, the critical (orthogonal) graph coincides with the reflection across the
real axis of the critical (orthogonal) graph for #. Secondly, it holds that

65 SE) =TT 5 m(z) = s G,

That is, the critical (orthogonal) graph for ¢ coincides with the reflection across the line
Lary3, see (3.8), of the critical (orthogonal) graph for 1e?™/3 (which is the reflection of t
across the line L, /3). Symmetries (5.2) and (5.3) yield that we need to concern ourselves
only with the case

(5.4) 2 € Qope—cur and  27/3 < arg(z) < .
Notice also that (5.2) and (5.3) are precisely the symmetries described in Theorem 3.4.

5.2. Critical graphs via level lines. To continue, it will be convenient to observe the
following. Let R(z) := /(2 — a)(z — b) be the branch holomorphic outside of some arc, say
Yab, joining a and b and such that R(z) = z 4+ O(1) as z — oo. Expressing a, b, and ¢
through z via (3.7), we have

(5.5) (z 4 2)R(2) = 2QY%(2;1) = 2% + % —z? + % +0(27?)

as z — oo. Therefore, the function
L(z2) = / (s 4+ 2)R(s)ds = 2/ QY?(s;t)ds
b b

(5.6) = %R%z) +a(z — 2)R(2) +log (M)

is defined up to an addition of an integer multiple of 47i (depending on the path of inte-
gration) and is analytic (multi-valued) in C \ 4. From the previous subsection we know
that there are 3 trajectories emanating from a and the three from b. As there are only three
finite critical points, there always exists at least one trajectory out of a and at least one
trajectory out of b that extends to infinity. Pick one such trajectory for a, say 7,. Then
I.(z) is a well-defined holomorphic function in C\ (v, U vap). Write,

U.(z) :=Re(I;(2)) and V,(z):=Im(I.(2)).
Then we can see from (5.6) that U, (z) is a harmonic function in C \ 744 while V,(z) can be

defined harmonically in C\ (v, U ~ap). Since Uz(a) = U, (b) = 0, the zero level set of U,
contains the trajectories emanating from both a and b and is independent of the choice of
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~Yab (the analytic continuation of I, (z) across 7, is given by —I,.(z) that preserves the zero
level set of U,). Similarly, the orthogonal trajectories out of b are part of the zero level set
of the selected branch of V, while the orthogonal trajectories out of a are part of 27 and
—2m-level sets of V.

It is obvious from their definition that the harmonic functions U, continuously depend on
the parameter x. Hence, their corresponding level sets converge to each other in Hausdorff
metric on any compact subset of C (to see this around 7, recall that U, can always be
harmonically continued across v45). Moreover, if we subtract from U, the real part of the
polynomial part of the first two terms in (5.6) and log|z|, the obtained function will be
harmonic at infinity and will continuously depend on z. Therefore, we can control the
behavior of the level sets of U, not only on compact subsets of C but around the point
at infinity as well. Thus, if for some fixed zq all four critical trajectories out of ¢ = —x
approach infinity, then the critical trajectories out of ¢ = —x will approach infinity in the
same directions for all z in a small neighborhood of xy. Hence, if x belongs to an open
connected set on which U,(—x) # 0 (this necessarily implies that trajectories out of ¢
cannot end at a or b), then the trajectories out ¢ approach infinity in the same directions
for each x on this set. Similar considerations hold for V, as well.

5.3. Critical graphs: transitions. It follows from the previous subsection the structure
of the critical (orthogonal) graph can change only when U,(c) =0 (V. (¢) = 0, £27). Let us
identify for which x these harmonic functions vanish at ¢. From the choice of the branch of
the square root we have that R(—x) = —2x+/1 + 1/223, where the root is equal to 1 when
x = oo. Moreover, we see from (5.4) that we are interested only in the values Im (z3) > 0.
Hence,

3 1\*? 1\ 14 /1+1/243
I.(—z) = 87 (1+> + 423 (1—1—3) + log +—+/x
2z 1—+/1+1/223
9 253 1 3/2
5.7 = = 14+ - d
(5.7) 3/_1 <+3> >

where the path of integration lies in the upper half-plane. That is, we need to understand
the integral (5.7) of the quadratic differential (3.5) in the upper half plane. From the general
principles, we see that U, (—z) = 0 (V;(—2) = 0) if and only if 223 belongs to a (orthogonal)
trajectory emanating from —1.

Differential (3.5) has a zero of order 3 at —1, a pole of order 3 at the origin, and a pole
of order 4 at infinity. Thus, there are 5 trajectories emanating from —1, one of which is
clearly (—1,0). There is one distinguished approach of the origin, which is necessarily along
the negative real axis since (—1,0) is a trajectory. There are two distinguished directions at
infinity, which are along the imaginary axis. Moreover, according to the three pole theorem
[28, Theorem 3.6], this differential does not have any recurrent trajectories. The last fact
implies that the four trajectories out of —1 (excluding (—1,0)) either approach infinity or
form loops. Going through the possible cases and using Teichmiiller’s lemma, we see that
the trajectories emanating from —1 at the angles +27/5 form a loop”, and the other two
approach infinity (it is a simple calculus exercise to see that they cannot touch the real line).
Hence, Figure 2(a) is indeed correct.

On the other hand, the local structure of the critical orthogonal trajectories near critical
points must be the same. It is obvious that (—oo,—1) and (0,00) are critical orthogonal
trajectories. Thus, by repeating the same analysis, we get that the critical orthogonal graph
is as on Figure 6(a) with the orthogonal trajectory (0, 00) not displayed.

Combining the above analysis with explicit computations and (5.7), we see that the values
of Uy (c) and V,(c) are as displayed on Figure 7.

5.4. Critical graph: global structure. Let Agyie and Af,,, be as defined before (3.6),
while Agi: as defined before Theorem 3.4. Write Aqir = A2 U AP where A and AF L,

crit crit?
are incident with the same point, see Figure 8. Then it follows from the preceding subsection

2The loop crosses the real line approximately at 0.6349131623.
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FIGURE 7. The values U, (c) and Vi (c) (c = —z) when 22* belongs to the dis-
played trajectories and orthogonal trajectories of (3.5).

that
Ur(c) =0 & € Afiu, UAY UALL UAYL U {- 21/3} U {21/3€m/3}-
Denote by €. the subdomain of Qone—cye bounded by A, and A, e € {a,b}, and by Qg

crit?

the subdomain bounded by A2, Al. and Agpyi, see Figure 8. Recall that we only need to

crit? crit?
study the cases when z satisfies (5.4).

FIGURE 8. Domains Q., Q4, Q, Qup and their boundaries; the shaded region is
the one from (5.4).

Let x € Q4. From what precedes we know that the trajectories out of ¢ approach infinity
in the same four directions. The case x € Loy /3, see (3.8), has been worked out in [27]
(to obtain the setting of [27] one needs to perform the transformations z ~ e™/%z and
t — e™/3K in (1.24)). It was shown that there exists r* such that for z = re?™/3, r < r*,
there are no critical trajectory of w; connecting a and b and for » > r* such a trajectory
exists and the critical (orthogonal) graph is as on Figure 4(a). Thus, the trajectories out of

¢ approach infinity at the angles
Tn/6+ kw/3, ke€{0,1,2, 3},

for each x € Q,;,. Now, if there always exists a trajectory connecting a and b, the other two
trajectories out of b must approach infinity at the angles 7/6 and 7/2 and the trajectories
out of @ must approach infinity at the angles 57/6 and 77/6 by Teichmiiller’s lemma (5.1),
which would finish the description of the critical graph in this case.

Assume to the contrary that such a trajectory does not exist. It follows from Teichmiiller’s
lemma that both a and b must belong to the sector of opening 7 at infinity delimited by the
trajectories out of c. In this case two trajectories out one of the points a,b will approach
infinity in the directions 57/6 and 77 /6, forming a sector say X,, and two trajectories of the
other point will approach infinity in the directions /6 and 7 /2, forming a sector say Xp, see
Figure 9. We further can choose the arc 7,4, outside of X,UXj, that is, belonging to geodesic
polygon with four corners a, b, 00,00 and respective angles 27/3,27/3,0,0, see the dashed
arc on Figure 9. Denote by X the region that does not contain ¢ and is bounded by 7, and
a part of 0X,U0X,. As trajectories cannot intersect, X contains one trajectory arc, say 7.
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Recall that around each simple zero of @y, the differential can be written as (3/2)2¢d(? for
some local parameter ¢, [38, Theorem 6.1]. This means that U,(z) has constant sign locally
in X, and Xj, but it also is continuous and cannot vanish there. Hence, it has a constant
sign in each of these sectors. As we can always choose a branch of the logarithm in (5.6)
so that I,(z) is holomorphic in the closure X, U X U X;, we have I,.(z) = 23(1/3 + o(1))
as z — oo uniformly in X, U X U X,. Thus, U,(z) has the same sign in X, and X;. The
same local structure and continuity yield that U,(z) has the opposite sign in X \ 7" and is
zero on T by construction. As U, (z) is harmonic in X, the latter contradicts the maximum
principle and therefore our assumption is false. Therefore, when x € Q;, the critical graph
of w; has indeed the structure as on Figure 4(a,b,c).

FIGURE 9. The dashed arc is ~y4b, the shaded regions are part of the open set
{z: Us(z) < 0}.

Let & € Qp, which is also connected. The case & € L, N Qone—cut has been investigated in
[6]. It was shown that the critical and critical orthogonal graphs are as on Figure 4(f) when
x € Ly Ny and Figure 5(a) when z = —21/3_ This fixes the behavior of the trajectories
out of ¢. Arguing as in the previous paragraph, we get that ¢ and b must be connected by a
trajectory and therefore the behavior of the whole critical graph is fixed, see Figure 4(e,f,g).
Let now z € Al,.. Continuity with respect to parameter implies that the structure of the
critical graph should be obtained through the limiting process from within both ., and
Qp, which necessarily yields that it must be as on Figure 4(d).

Finally, let € Agplic. Denote by €2, a domain whose boundary contains Agpyir that has
empty intersection with Qope—cyt and A (defined after (3.4)), see Figure 8. It was shown
in [27] that the critical graph and critical orthogonal graphs for x € Lg./3 N Q. are as in
Figure 10. Hence, the trajectories out of ¢ approach infinity in the directions —7/6, /2,

FI1GURE 10. The critical graph of w; when t crosses Agpiit-

57/6, and 3w /2. It follows from Teichmiiller’s lemma (5.1) that the points a and b must
be separated by the trajectories out of ¢. Hence, there are no trajectory joining a and b.
Continuity with respect to the parameter immediately yields that the critical graph of w;
is as on Figure 5(b) when x € Agyi.

5.5. Critical orthogonal graph: global structure. In what follows we shall refer to the
key observation: given an unbounded domain whose boundary consists of critical trajectories
that are consecutive at each point of intersection (such intersections have zero contribution
to the left-hand side of (5.1) and the two trajectories extending to infinity necessarily form
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an angle of magnitude 7/3 there), (5.1) implies that any orthogonal trajectory entering this
domain will remain inside. Recall further, that orthogonal trajectories cannot intersect.

AN

FIGURE 11. The dashed lines are those where V;(c) = 0, solid lines are those
where Ug(c) = 0, and Vz(c) = —n on the dashed-dotted line. The shaded region
is the one from (5.4).

Let x € Lar/3N Qone—cut- In this case the graphs must be symmetric with respect to the
line Ly, /3 by (5.3). This symmetry, the global structure of the critical graph, and the key
observation yield that the orthogonal critical graph is as on Figure 4(a) or Figure 5(b).

When z € Agriﬂ the global structure of the critical graph and key observation along fix
the critical orthogonal graph to be as on Figure 4(d), see also Figure 4(c,e).

Consider z in the region bounded by Lg./3 and Ab.. The critical graph is always the
same, see Figure 4(a,b,c). The key observation fixes three orthogonal trajectories out of
¢ except for the one, say T, that becomes I'(c, 627“/300) when = € Laz/z N Qone—cut, S€€
Figure 4(a), and becomes I'(c,e™/300) when = € Al.., see Figure 4(d). Notice also that
fixing T, fixes the entire critical orthogonal graph as orthogonal trajectories cannot intersect.
Observe also that besides becoming a short orthogonal trajectory I'(c, b), those are the only
options for T,. Indeed, it could have happened that T, = I'(c,e™00), but then it would
necessarily hold that T, = I'(c,a) for some x by continuity. In this case we would have
Vz(c) = —2m, which is impossible as V,(¢) > — in the considered region, see Figures 7
and 11. Thus, the critical graph is as on Figure 4(a,b,c) in the considered region. Since
Vi(c) < 0 when T, = T'(c,e*/300), V,(c) = 0 when T, = T'(c,b), and V,(c) > 0 when
T, = I'(c,e™/30), the corresponding claims of Theorem 3.4 follow.

When z € L; N Qone—cut, we know that the critical orthogonal graph must be symmetric
with respect to the real axis by (5.2). This symmetry, the global structure of the critical
graph, and the key observation imply that the critical orthogonal graph must be as on
Figure 4(f) or Figure 5(a).

Finally, let « belong to the region bounded by L, N Qone—cut and Alc’rit. Since the critical
graph is always the same, the critical orthogonal graph can be only as on Figure 4(e,f,g).
Continuity considerations similar to the ones above imply that it is as on Figure 4(e) for the
considered z. This finishes the proof of Theorem 3.4 and therefore of Theorem 3.2.

6. g-FUNCTION

In this section we discuss properties of g(z;t) defined in (4.10). We consider the parameter
t € Ogne—cut t0 be fixed and stop indicating the dependence on t of the various quantities
appearing below whenever this does not introduce ambiguity.

6.1. Global properties. It follows directly from definition (4.10) that

0.9(z;t) = / dL(S),

zZ— S

where 0, := (9, —19y)/2. Therefore, we can deduce from (2.2) and (2.5) that
(6.1) g(zt) = Lz;g — 4 +/ QY/(s;t)ds,
b

where, as usual, we take the branch Q'/2(z;t) = 222 + O(z), and ¢} is a constant such that
Re (¢;) = ¢; (the explicit expression for ¢; can be obtained from (5.6) and the fact that
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g(z;t) =logz+ O(271) as z — o0). In the view of (6.1), define
z
(62 o) =2 [ Q(sit)ds, e (ab),
€

holomorphically in C\ T [b, 6”1/300) when e = b, and in C\T;(e™00,a] when e = a (observe
that (5.6) provides an explicit formula for these functions). It follows from (2.6) and (6.2)
that

op(2) = ¢do(z) £ 27, z € C\Ty,
(6:3) { Op(8) = £2mip, (Ft[& b]), s € I'i(a,b),
where, in the first relation, the plus sign is used if z lies to the left of I'; and the minus sign
if z lies to the right of T';. By combining (6.1) and (6.3) we get that
0, seTy(be™/30),
(6.4) gi(sit) —g_(5i) = Ena(s), s€Tulah),
27i, sely (e”ioo, a)7
and that
ou(s), seTy (b, e“i/3m),
(6.5) g+ (s;t) +g-_(s;t) = V(s;t) + 4; = 0, se€Tly(a,b),
da(s), seTy (e’“oo,a).

To control the error terms in Theorem 4.10, we need to have precise information on the
behavior of ¢, around a, b, and ¢, when the latter belongs to I';. This is exactly the goal of
the following two subsections.

6.2. Local analysis at e € {a,b}, e # c. Given e € {a,b}, e # ¢, set
(6.6) Ue:={z: |z—e| <bep(t)|a—bl},

where J, € (0,1] to be adjusted later and we shall specify the function p(t) further below in
Section 6.4. Define

(6.7) Jo:=U.NJ, and I, :=U.n(T,\Jp),

where the arcs J. and I, inherit their orientation from I';. Since I. is a subarc of the
orthogonal trajectory of w; = —Q(z;t)dz?, it holds that

(6.8) Pe(s) <0, sel.
Moreover, we get from (6.3) that
(6.9) o (8) = £2mico it (o) = 2meTe Fipy (),
where J; . is the subarc of J, with endpoints e and s,
1, =0,
(6.10) e, = { ¢
-1, e=a,

and the second equality in (6.9) follows from (6.8) and the fact |¢.(2)| ~ |z — e|>/2. Thus,
we can define an analytic branch of (—¢.)?/3(z) that is positive on I,. Then (6.9) yields
that
(~00) X (s) = —(@mue(1.0))*°, s e .,

that is, (—¢.)?/3(2) is holomorphic across J,. Since (—¢.)?/(z) has a simple zero at e, it
is conformal in some region around e. It will be clear from the choice of p(t) in Section 6.4
that this region contains U,. Thus, we get that (—¢,)?/3(z) maps U, conformally onto some
neighborhood of the origin and satisfies

(=¢e)*2(Je) € (=00,0),
{ (=¢e)*2(L) € (0,00).
Furthermore, if we define (—¢.)'/%(2) to be holomorphic in U, \ J. and positive on I, then
(6.12) (—00)Y/ () = ei(=60) (). s € .

(6.11)
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6.3. Local analysis at c. Assume that t € {tcrit, 62’Ti/3tcrit}. Then either ¢ = b or ¢ = a.
In any case c is a triple zero of Q. Define e, by (6.10). Define U, by (6.6) with

(6.13) plte) = p(e2™/3ty,) :==1/3,

where again 6. € (0,1]. Let I. and J. be as in (6.7). It follows from (3.1) that ¢.(z) ~
|z — ¢|?/? as z = ¢. Since ¢. < 0 on I, and the angle between I, and J, is 37/5, we can
define a branch of (;S?/ ® that is conformal around ¢, in fact, in U, (see the analysis in the next

section) and is negative on J.. That is, qbz/ g maps U, conformally onto some neighborhood
of the origin and satisfies

o1 { (1) {21 ang(z) = eerl,
2Py < {z: arg(z) =e.2n/5}.
Moreover, (6.12) is replaced in this case by
(6.15) oel10(s) = et M(s), s € Je.
Let now t € Cspiit. Determining the left and right sides of I'; by its orientation, set
—¢p(z), =z 1is to the left of T'y,
(6.16) (2) = { zZEz;, z is to the right of tI‘t.

It follows from (6.3) that ¢ — ¢(c) is holomorphic across J;, vanishes at ¢, is negative purely
imaginary on I'¢(a, ¢), and positive purely imaginary on I';(¢,b). Moreover, (3.1) yields that
lo(2) — p(c)| ~ |z — ¢|* as z — ¢. Therefore, we can define a branch of (¢ — o(c))'/? that is
conformal around c and satisfies

{ (0= @(c)!/? (Telc,b)) C {z: arg(z) = m/4},
(0 —@(c)/? (Tela,c)) C {z: arg(z) = 3m/4}.
As before, we attach a circular neighborhood to ¢ of the form
(6.18) Ue:i={z: |z —c| <bcp(t)]a—bl},

where, as in (6.6), p() is a function that will be specified in the next section (in particular,
it will ensure conformality of (¢ — ¢(c))'/? in U,), and 6. € (0, 1].

Finally, let us consider the case t € Cfyy,» € € {a,b}. Define ¢, := ¢ — ¢e(c). Notice
that ¢, has a double zero at ¢ and it is real negative on I'y around c. Hence, we can select
a branch of (—¢.)'/? that is conformal in U, of the form (6.18), satisfies

(6.19) (—¢e)*(TyNU.) CR,

and preserves the orientation (positive direction on I'; is mapped into the positive direction
on R). As it will be important latter, let us also observe that ¢.(c) is purely imaginary.

(6.17)

6.4. Neighborhoods U,. The goal of this section is to specify the function p(t) appearing
in the definition of the neighborhoods of Ue, e € {a, b, c}, in (6.6) and (6.18). We would like
to show that this function can be chosen in such a fashion that the corresponding map is
conformal in U, and the image of U, under this map contains a disk

(6.20) {2 |2] < bep(t)/32},

where 5(t) is a continuous positive function in Ogne_cut \ {tcr,e%i/g’tcr} that is separated
from zero when ¢ — oo, and the constant 1/32 is introduced for convenience only.

The main tool in showing that the above requirement can be met is the Basic Structure
Theorem, see [28, Theorem 3.5]. It states in particular that the function ¢.(z), defined in
(6.2), is conformal in each connected component of the complement of the joint critical graph
(critical and critical orthogonal) of w; (see Figures 4 and 5 for the possible configurations
of this graph). Recall that Re ¢.(z) is constant on the critical trajectories and Im ¢.(z) is
constant on the critical orthogonal trajectories. Therefore, each connected component of
the complement of the joint critical graph is mapped by ¢.(z) into a quadrant, semi-infinite
strip, or a rectangle, see Figure 12. Moreover, if two such regions share a side that is the
image of the same part of the joint critical graph, then ¢.(z) extends conformally through
this side. As |94 (b)] = |¢p(a)| = 27 for any ¢, the inverse of the restriction of ¢. to any
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l2ﬂ'i

FIGURE 12. (a) The critical graph of w; with some of the connected components
of its complement numbered; (b) The images of the numbered components from
part (a) under a certain branch of the map ¢»(z). The interior of the dashed
circle from panel (b) is mapped conformally by ¢; ' (2) onto the corresponding set
bounded by the dashed curve and joint critical graph on panel (a).

connected component is conformal in the intersection of the image of the component under
¢e(z) and any disk of radius at most min {27, |¢c(c)|}. In particular, the inverse of (—¢. )/
is conformal in a disk

{25 2l < pe(®)/2},  pelt) = (min {2, 6c(c)]})

It follows from a direct computation and (3.7) that

2/3

2/3

(6.21) ‘<(¢e)2/3), (6)’ = |j/_7(;)| ‘1 + \/21263/2

for any t # te, €2™/3t,. Koebe’s Quarter Theorem then yields that (—¢.)%/? is conformal
in any disk (6.6) with

)1 p(t ie —2/3 ~ e _

p(t) :== min {3, 8‘1;9)73 '1 + \/53:3/2 } ,  p(t) := min {pa(t),pb(t)},
which, together with Koebe’s Quarter Theorem used once more, implies that (6.20) indeed
takes place (we bound p(t) by 1/3 for convenience only). Notice that the rate of decay to
zero of p(t) as t — {te,e*™/3t, } can be deduced from (5.7) as |@y(c)| = |I,(—x)| and the
fact that an analogous formula holds for |¢,(c)|.

It is not hard to see that the above argument can be applied to the conformal map around
¢ when t € Cgplit U Chirth to show that the conclusion (6.20) still holds for U, as in (6.18) with
p(t) now defined as min {4 (t), pu(t), pc(t) }, where

~2 . mln{|¢6(a>‘7‘¢0(b)|}7 te Cbirth7
min {|<p(a) - @(C)L |<p(b) - @(C)|}a te C’split-

6.5. Functions D(z;t), A(z;t), and B(z;t). Let D(z;t) be given by (4.12). Asin (5.5) we
can compute that

111 1 1/, 3
(Z—a)(z—b)—z—l“—FxZ‘f'zz—FZ&<l‘-2m2>+z4<l‘—2x>+0(

and therefore
3 1
22z t0 (,23> ’

from which the analyticity and normalization at infinity follow. The equality in (4.13) is a
trivial consequence of the behavior of the square root along the branch cut.

I
m‘ =

(6.22) (22 + 22— 2t)\/(z —a)(z — b) = 2 — 32t + 22° +
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1/4 1/4
Define F'(z) as in (4.16). Since (S_b) =i (S_b> for s € Ji, it holds that
+ —

(6.23) Ay(s;t) =£Bg(s;t) = Fy(s)F_(s)=1, se€J.

Notice also that neither A nor B is equal to zero in C. Indeed, denote by R the Riemann
surface realized as two copies of C\ .J; glued to each other crosswise along J;. Lift A2 to
one of the sheets of R (a copy of C\ J;) and B? to another. It follows from (6.23) that thus
defined function is rational on R. As it only has two poles (at the places that project to a
and b), it has exactly two zeros. Since B? has a double zero at infinity, the claim follows.

We further deduce from the previous paragraph that F(z) is non-vanishing and finite
in C\ J; and has a simple pole at infinity. Hence, it follows from (6.23) that by lifting
F to one of the sheets of R and F~! to another, we construct a rational function with a
single pole and a single zero, both projecting to the point at infinity. Clearly, a similar lift
of the right-hand side of (4.16) and its reciprocal to R produces a rational function with
the same properties. The normalization at infinity then gives (4.16). Observe also that the
above argument applied to the ratio of the right- and left-hand sides of (4.14) together with
(4.13), (6.5), (6.23), and the normalization at infinity implies the validity of (4.14) as well.

For further use, let us also record several estimates. By the very definition of U, in (6.6)
and (6.13), we have that

2 1 s—b 1 4

2 55 = = 5=l = ) = 3
where we used the estimate d,p(t) < 1/3 and our convention (6.13). Since an analogous
bound holds on 9Uy, we get that

(6.25) |A(28)], | B(2:8)] < (min{da, 0 }p(t)) """, 2 €T\ (U, UU),

where the bound extends outside of U, U Uy by the maximum modulus principle applied on
the lift OU, U OU, to R to the rational function on R comprised of the lifts of A% and B2.
Similarly, we deduce from (6.24) that

s € 9U,,

(6.26) |A(s; )71, | B(s; )| ™ < 8(max{da,0}p(t)) ", s € aU, UL,
and therefore it follows from the very definition of F'(z) as the left-hand side of (4.16) that
(6.27) |FELU(2)| <8, 2€U,Ul,,

independently of ¢, where we apply the argument with é, = §, = 1 on the corresponding
0U, U 90U, and then extend the bound inside by the maximum modulus principle applied on
R. In fact, it also holds that

(6.28) [F~1(2)] = O(1)

uniformly for z € @\ J; and t € Ogne—cut- Indeed, by the maximum modulus principle and
the analyticity of F~1(2) in C\.J;, we only need to prove (6.28) for the traces Fy'(s), s € J;.
Moreover, the compactness argument shows that it is sufficient to consider only |¢| large. As
explained in Section 6.4, in such situations the inverse of (—¢.)?/3, e € {a, b}, is conformal
in the disk of radius (27)%/3. Moreover, (—dq)?/3(b) or (—¢3)?/3(a), depending on whether
e =a or e = b, belongs to the boundary of this disk. Hence,

—1 —1
1 ((=00?) @)U (=) (), U= {z: J2] <202m)*/3}.
Then it follows from Koebe’s distortion theorem and (6.21) that
-1
|s —e|] < constla—b|, se€ N ((7%)2/3) ),

for some absolute constant. Therefore, |s — e| < const|a — b| for all s € J; and e € {a, b}.
This estimate and the explicit expression

Fl(z) = bfa <zb;“ (za)(zb))

immediately imply the desired bound on J;.
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7. ASYMPTOTIC ANALYSIS

7.1. Initial Riemann-Hilbert problem. In what follows, it will be convenient to set

1 0 0 1 1 0
I'(O 1), 01.(1 O)’ and 03.<0 _1>.

We are seeking solutions of the following sequence of Riemann-Hilbert problems for 2 x 2
matrix-valued functions (RHP-Y):

(a) Y is analytic in C\ T’y and lime\r, 5,00 Y (2)27"78 = I;

(b) Y has continuous traces on 'y \ {a, b, c} that satisfy

vie-vo@(y )

The connection of RHP-Y to orthogonal polynomials was first demonstrated by Fokas,
Its, and Kitaev in [24] and lies in the following. If the solution of RHP-Y exists, then it is
necessarily of the form

P,(z CPe NV (z
- Y(z)<_ (2) ( )(2) )

2P (2) — 25 (CPy e NV)(2)

n—1

where P, is the polynomial satisfying orthogonality relations (1.26), hj are constants defined
by (1.28), and Cf is the Cauchy transform of a function f given on I, i.e.,

1 f(s)
C = — —ds.
(€1)(z) 27 Jp, s — 2 s
Below, we show the solvability of RHP-Y for all [n — N| < Ny and N large enough
following the framework of the steepest descent analysis introduced by Dieft and Zhou [19].
The latter lies in a series of transformations which reduce the initial problem to a problem
with jumps asymptotically close to the identity.

7.2. Renormalized Riemann-Hilbert problem. Suppose that Y is a solution of RHP-
Y. Put

(n—N)o
(7'2) T := eNtios/2 <b4> 3 Y(Z)eiN(nge:/z)USF(N*n)os’
—a

where the function ¢ is defined by (4.10), ¢; is introduced in (6.1), and F = —iA/B is a
function from (4.16). Then

T. =T (Fy JF_)N-ne=Nlgt—9-) (F, F_ )= NeNlg+tg-—V+E)
. B 0 (F_/F_;'_)N*ne*N(g—*g.F) )

on I'y, and therefore we deduce from (4.11), (4.16), (6.4), (6.5), and (6.23) that T solves
RHP-T"

(a) T is analytic in C\ I’y and lime\r, 5.0 T'(2) = I;
(b) T has continuous traces on I'; \ {a,b, ¢} that satisfy

2(n—N)N¢ i
((1) F 1 e b)) on Ty(b,e™/3o0),
14—,2(N7n)e_]\]¢bJr 1
_ +
T, =T_ < 0 F2O-N) NGy | on TI'(a,b),
2(n—N) ,Néa )
((1) F 1 € ), on Ft(e”‘oo,a).

Clearly, if RHP-T is solvable and T is the solution, then by inverting (7.2) one obtains a
matrix Y that solves RHP-Y.
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7.3. Lens opening. As usual in the steepest descent analysis of matrix Riemann-Hilbert
problems for orthogonal polynomials, the next step is based on the identity

ap L\ _ (1 0\/0 1) 1 0y = _
0 a ) \a_ 1)J\~1 0)\ay 1) "t 77

which is applicable by (6.3) and (6.23). To carry it out, we shall introduce two additional
arcs. Denote by Ji smooth homotopic deformations of J; within the region Re (¢3(2)) > 0
such that J lies to the left and J_ to the right of J;, see Figure 13. Moreover, we shall

FIGURE 13. The thick arcs represent I';y and thiner arcs represent Ji. Shaded
region is the set where Re (¢(2)) < 0.

fix the way these arcs emanate from e € {a,b}. Namely, let U, be a disk centered at e as
described in Sections 6.2-6.4. Assume first that we are in a generic situation when e # c.
Then we require that

(7.3) arg((—¢e)??(2)) = £ec(2n/3), z€U.NJy,

where ¢, is defined by (6.10). The latter is always possible due to (6.11). Suppose now that
e = c € {a,b}. Then we require that

(7.4) arg(¢2/°(z)) = £e.(4n/5), z€Uc.NJy,

where ¢, is still defined by (6.10) and such a choice is possible according to (6.14). In
addition, when ¢ € J; \ {a, b}, it necessarily holds that J_ touches J; at c. We shall choose
J_ around c so that

(7.5) (p — () 2(U.NJ-) CR,

where ¢ is defined by (6.16) and such a choice is possible due to (6.17).
Denote by O the open sets delimited by J+ and J;. Set

1 ! €0
(7.6) S(z) = T(x)d \FFN-M(z)eNonlz) 1) #€ 0%

I, otherwise.

Then, if T solves RHP-T', S solves RHP-S:
(a) 8 is analytic in C\ (I'y U J4 UJ_) and lime\p, 500 S(2) = I;
(b) S has continuous traces on I'; \ {a,b,c} that satisfy RHP-T'(b) on I';(e™00,a) and

Iy (b, e“i/3m), as well as
0 1
(_1 O) , S€ Jt7

1 0
F2N=m) (g)e~Nen(s) 1) s € Jy.

As before, since transformation (7.6) is invertible, a solution of RHP-S yields a solution of
RHP-T'.

Si(s) = S-(s)
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7.4. Model solution. The model Riemann-Hilbert problem RHP-M is obtained from
RHP-S by removing from the jump matrices in RHP-S(b) the quantities that are asymp-
totically zero. Thus, we are seeking the solution of RHP-M:

(a) M is analytic in C\ J; and M (c0) = I;

(b) M has continuous traces on I't(a,b) that satisfy

M. (s) = M_(s) (01 (1)) . seTy(a,b).

Using (6.23), one can easily verify that RHP-M is solved by

_ [A(zt) —B(zt)
) Mle):= (B(Z;t% A(iat) )

where A(z;t) and B(z;t) are given by (4.15). Observe also that det(M) =1 in C.

7.5. Local parametrices. The jumps discarded in RHP-M are not uniformly close to the
identity around e € {a,b,c} (the point e = ¢ is included when ¢ € 9Ogne—cut). The goal
of this section is to solve RHP-S within the disks U, introduced in Sections 6.2-6.4 with a
certain matching condition on dU,. More precisely, given e € {a, b, c}, we are looking for a
matrix-valued function P, that solves RHP-P,:

(a) P, has the same analyticity properties as S restricted to U., see RHP-S(a);

(b) P. satisfies the same jump relations as S restricted to U, see RHP-S(b);
(c) P.=M(I+ O(N~*)) holds uniformly on U, as N — oo for some a, > 0.

7.5.1. Parametriz P, around e € {a,b}, e # c. Let U., J,, and I. be as in (6.7). In this
section we are looking for a matrix function P, that is holomorphic in U, \ (T'; U JL U J_),
fulfills RHP-P.(c), and whose traces satisfy

<_01 (1)> , s€Je,
1 0
(78) Pe-‘r(s) =P._ (S) FZ(N—n) <s>e—N¢e(s) 1) s€Ji N U€7
2(n—N) Noe(s)
<(1) F (18)6 ) , s€l..

Notice that we replaced ¢y, by ¢, as compared to RHP-S(b). Such a substitution is possible
due to the first relation in (6.3).

Let A be the Airy matrix [15, 16]. That is, it is analytic in C\ ((—o0,00) UL_ U L),
Ly :={z: arg(z) = £2r/3}, and satisfies

(_01 (1)) 5 € (~00,0),

A =a@{ (1 ]) see

<(1) 1) . se(0,00),

where the real line is oriented from —oo to oo and the rays L4 are oriented towards the
origin. It is known that A has the following asymptotic expansion at infinity:

a0 oS85 ) (1) ()

k=0

where the expansion holds uniformly in C\ ((—oo,00) UL_ U L), and

_ I(Bk+1/2) oo Bkl
© B4REIT (k+1/2)]

S():lf():].7 Sk ks k>1.

T k-1

Set Ay := A and A, := o3A03. It can be easily checked that o3Acs has the same
jumps as A only with the reversed orientation of the real line and the rays Li. Moreover,
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one needs to replace each occurrence of i by —i in (7.9) when describing the asymptotic
expansion o3Acz. Then (6.3), (6.11), and (7.3) yield that the matrix function

(710) Pe(Z) _ Ee(Z)Ae ([ i (3/4)N¢5(2)} 2/3) e—N¢e(Z)03/2F(N—n)U3 (Z)

satisfies RHP-P,(a) and RHP-P.(b) for any matrix function E. holomorphic in U.. Thus,
we only need to choose E. so that RHP-P,(c) is fulfilled. Choose

1 —ed) [= B/4Ns(2)] "
—Eel 1 V2

whose analyticity in U, follows RHP-M (b), (6.23), and (6.12) with €, given by (6.10). Then
we deduce from (7.9) and (7.10) that

E.(2) := M(z)F"=Nos () (

(7.11) P.(2) ~ M(2)F("=N7s () (I + N~@e i Pe,k(z)zvk> FIN=mos (),
k=0

where the expansion inside the parenthesis holds uniformly on U, and locally uniformly
for t € Ogne—cut \ {tcr, 62“i/3tc,} by (6.20), the parameter a, = 1, and

(712)  Pujr(2) = (il —iei) (séf ti) <€e((—_11))’€ki slei> (_ ¢e2(z))_k7 .

7.5.2. Parametriz P. around ¢ € {a,b}. The local problem at e = ¢ is formulated exactly
as before with the jumps as in (7.8). However, the above solution does not apply because

(—¢¢)?/? is no longer conformal (we shall replace it by oo/ %) and the arcs I, and J, no longer
form an angle 7 at ¢ (it is 37/5).

As in the previous subsection, we shall need an auxiliary matrix-valued function. This
time it depends on two parameters: o, A € C, and solves the following Riemann-Hilbert
problem (RHP-W):

(a) ¥, is a holomorphic matrix function in C\ ((—oo, OJUL;_ULy ULy UL2+)7 where
Lyt := {z: arg(z) = +2kx/5}, the rays (—o00,0) and Loy are oriented towards the
origin while Ly4 are oriented away from the origin;

(b) ¥, has continuous traces on (—00,0) U L;_ U L1+ U Ly U Loy that satisfy

0 1

(_1 0) , §€(—00,0),
1 0
11

1 11—«
<0 1 ), S€L1+,

1 «
0 1
(c) W, satisfies
C703/4 1 —i _ 4,5/2 1/2y,
T, (G = RO (I+(’)<§ 1/2))63(54 +A¢ )
uniformly in C\ ((—0070] UL ULy ULy U L2+).

RHP-W characterizes tronquée solutions of Painlevé I equation [29]. That is, ¥, (¢; )
satisfies the following system of linear ODEs:

ERS L2:|:7
Coi(s;A) = Ta_(s;A)

s€Li_;

Oc(Wa(GA)Ta(GAN)TH = <—3Aya 2<2+2<ya+x+zyg>

2¢ — 2y, NI

0 ¢+ 2yaq
1 0

(7.13)
TN =
with the functions y,(\) forming a one parameter family of solutions to y”(\) = 6y(\) + A

and satisfying yo(A) = /=A/6(1 + O((—=\)7>/2)) as [\| — oo, |arg(\) — 7| < 27/5, where
the parameter a appears when describing the more detailed asymptotics of 4. In particular,
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each such solution is pole free in the sector |arg(A) — 7| < 27/5 for |A| large, and therefore
is a tronquée solution as designated by Boutroux [10]. Moreover, the functions yo(\) and
y1(A) are known to be tritronquée solutions as they are asymptotically pole free in sectors
larg(\) — 7n/5| < 4 /5 and |arg(A) — 37/5| < 47/5, respectively.

It is known that RHP-W is solvable if and only if A is not a pole of the corresponding
solution y, [20, Section 4.6]. It is also known that tritronquée solutions are pole free in a
disk around the origin [11, Theorem 1]. Hence, the matrices ¥q(+;0) and ¥y(+;0) exist and
have the properties described by RHP-W.

Set By := Wy(+;0) and B, := 03%;(-;0)03. As before, one can check that o3¥,05 has
the same jumps as ¥, only with the reversed orientation of the rays. Moreover, one needs
to replace the anti-diagonal elements in RHP-W(c) by their negatives when describing the
behavior of o3W,03 at infinity. Then (6.3), (6.14), and (7.4) yield that the matrix function

(7.14) P.(z) = E.(2)B, ([(5/8)N¢c(z)}2/5) e~ Noe(2)08/2 p(N=n)as )

satisfies RHP-P.(a) and RHP-P.(b) for any matrix function E. holomorphic in U,. Thus,
we only need to choose E. so that RHP-P.(c) is fulfilled. Choose

1 ec> [(5/8)No(2)]
€1 —i V2 ’

whose analyticity in U, follows (6.15), (6.23), and RHP-M (b). It can be readily verified
that (7.14) satisfies (7.11) uniformly on U, with a, = 1/5 and

i (s ]

where the O(¢71/2) ~ 377, W;,(~*/? is the error term from RHP-W(c) and the matrices
W, can be found recursively using (7.13).

0’3/10

E (2) := M(z)F"=Nos () <

7.5.3. Parametriz P. around ¢ € T'¢(a,b). Recall that U, is given by (6.18). We always can
adjust the constant J. so that J. N U, = &. In this case P, is a holomorphic matrix in
U:\ (Jr U J_) that fulfills RHP-P,(c) and whose traces satisfy

(& o) se@nmne,
(7.16) P.i(s)=P._(s)

(FQ(N—n) (i)e_N%(s) 0) y S€ (UC n J*) \ {C}

Let C be the following matrix-valued function:

. o<’ 0 1l e erfc(—iﬁ(), Im (¢) > 0,
(7a7) cl)= (b(() e—<2>’ HO) =5 { —erfe(iv2¢), Im(¢) <o.

Equivalently, we could have defined b(¢) as +(27)~Y/2U(1/2; F2i¢), +Im (¢) > 0, see [18, Eq.
(12.7.5)], where U(a; z) is a parabolic cylinder function solving [18, Eq. (12.2.2)]. Observe
that

—_

by(z) —b_(z) = %e"”z (erfc( — 1\/51‘) + erfc(ix/ﬁx)) —e

for £ € R and therefore

11
Moreover, since Re (—i¢) > 0 when Im (¢) > 0 and Re (i) > 0 when Im (¢) < 0, it holds that

(7.18) Cc.-cC._ (1 0) on R.

b(¢

T A = e

uniformly in the upper and lower half-planes by [18, Eq. (7.12.1) or Eq. (12.9.1)]. Thus, we
deduce that

(719) C(¢) = <6_421b(§) (1)> oy <I+Z( 8) C—(2k+1)> 77 as ¢ — oo,
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where the expansion is uniform in the lower and upper half-planes. Set

0 -1
, z€eUT,
J(2) = (1 0) e
I, ze€U7,

where U} is the part of U, that lies to the left of J; and U_ that lies to the right of it. We
claim that RHP-P,. is solved by

(7.20)  Po(z) = M(2)F" N7 (2)J (2)eN @7 2C (/N]2[p - o(e)] (2))
> Jfl (Z)efN¢b(z)03/2F(N7n)ag (Z)

Indeed, RHP-P,(a) is satisfied due to the choice of the branch of (» — ¢(c))*/?, see (6.17),
and the choice of J_, see (7.5). Further, since J = I in U, analyticity of M, ¢y, and F'
across J_ \ {c} as well as (7.5) and (7.18) imply that P, has the jump there as in (7.16).
Moreover, observe that

M(:)F"7(2)J(2) and M990 (VN]2[p - o(0)] /(2)

are analytic across J; by RHP-M (b), (6.23), and the choice of J. Hence, since ¢p1 +¢p— =0
on J; by (6.3), it follows from the definition of J that P, has the jumps across J; \ {c} as in
(7.16). That is, RHP-P.(b) is fulfilled as well. Finally, we get from (6.16), (6.20), and (7.19)
that (7.20) satisfies (7.11) uniformly on OU, and locally uniformly on Cgpir with o, = 1/2
and P given by

2k +1/2e=Nele) /o _p, q 2k+1/2g=Ne(c) 0 0
(9(2) — p(e)FF172 (0 0) M G) — p(Q)Fi (bk 0)

in U} and U_, respectively (recall also that |e?(¢)| = 1).

(7.21)

7.5.4. Parametriz P. around c € T'; (e”ioo, a) urly (b7 e’ri/g’oo). Pute=aifcely (e”ioo, a)
ande="0bifc eI} (b, e/ 300). We are seeking a matrix function holomorphic in U, \ T’y that
fulfills RHP-P.(c) and whose traces satisfy

2(n—N) Née(s)
Poi(s) = Po_(s) <é d (18)6 ) . selnU.
The Riemann-Hilbert problem RHP-P. is solved by

(7.22)  Po(z) = M(2) P N7 (2)eN0e075/26,C ([ = (N/2)60(2)] ') 1%

~ 67N¢E(z)<73/2F(N7n)c73 (Z)

i

where C is defined by (7.17) and (—¢.)'/? is the branch chosen in (6.19). Indeed, it can be
readily verified using (7.18) that

(7.23) (01Cay), = (01Coy)_ (é 1) on R.

As M and F are holomorphic in U., (—¢.)'/? is conformal there, satisfies (6.19), and
preserves the orientation, we see that RHP-P.(a) is fulfilled. The above properties and
(7.23) yield that RHP-P.(b) is fulfilled as well. Finally, we get from (7.19) that

01C({)oy ~ <I+ Z (8 bg) C—(2k+1)> e=C7s g ¢ = o0
k=0

uniformly in the lower and upper half-planes. Therefore, by (6.20) and since ¢.(z) = ¢.(z) —
oe(c), (7.22) satisfies (7.11) with the expansion in parenthesis being uniform on 9U. and
closed subsets of C& ., UCE ., a. =1/2, and

2k+1/28N¢e(c) (0 bk)

(7.24) P.i(z) = o212 \0 0

(again, notice that |e?<(¢)| = 1).
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7.6. Riemann-Hilbert problem with small jumps. Set ¥ := [(I‘t (e”ioo,a) UJyu
J_UTy (b, e”i/3m)) OD] U [Ue 8U4, D :=C\ U.U., where e runs over a and b as well as c
when ¢t € O0gne—cyt (in what follows, we shall always understand the symbol U, this way),
see Figure 14. Consider RHP-R:

(a) R is holomorphic in C\ ¥ g and lime\p, 5.0 R(2) = I;

(b) R has continuous traces on X%, that satisfy

P.(s)M ™ (s), s € OU,

1 0

R, (s)=R_(s
+2) (&) M(s) (F2(N—n)(8)e—N¢b(s) 1) M_l(s)v s€JLND,

where OU, is oriented clockwise, M is given by (7.7), and P, is given by (7.10),
(7.14), (7.20), or (7.22) depending on e; as well as
1 F2=N)(5)eNeels) -
Ri(s) = R (M) (5 B b,

for s € Ty (b7 e”i/?’oo) ND with e = b and for s € Ty (e”ioo, a) ND with e = a (observe
that M~ is well defined since det(M) = 1).

FIGURE 14. The contour X g (continuous lines). The dashed lines represent the
part of I'; that does not belong to X r.

Let us show that the jump matrices in RHP-R(b) are uniformly close to I. To this end,
set

(7.25) A=R'R, - T

to be the deviation of the jumps of R from the identity matrix.
Firstly, it follows from RHP-R(b) and (7.11) with P, ; given by (7.12), (7.15), (7.21), or
(7.24) that
(7.26) A~ N0 (MF("—NWSPG,,CF(N—")UBM—l) NF on 8U..
k=0

The above expansions of A(s) are uniform in s on each dU,. Moreover, the expansions
on U, and AU, are also locally uniform in Ogne_cut \ {tcr, 62”1/3tc,} by (6.25) and (6.27).
Furthermore, the expansion on OU. is uniform on compact subsets of Csyit, Chiyy, and
CL ., by (6.25) and a compactness argument applied to maxcor, |[F¥!(s)|. In addition,
the expansion on dU.. is uniform on closed subsets of CZ ., and CP ., when n = N because
the term F(™~N)%s ig no longer present. Altogether, we get by looking at the first term in

expansion (7.26) that
(7.27) AL, ov.) < Co(t, )N, oy =mina,, §:=minde,
where the constants §, were introduced in (6.6) and (6.18), Cy(t,d) can be chosen to depend

continuously on ¢t and § with additional property of being bounded as t — oo for each fixed
0 >0 whenn=N.
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Secondly, since T'; \ J; consists of orthogonal trajectories of —Q(z;t)dz2, it holds by (6.2)
that ¢.(s) < 0 on the corresponding part of (I'; \ J;) N D. More precisely, there exists a
constant 0 < C1(t,6) < 1 such that

(7.28) |2 =N (5)eNoe) | < OV (¢,6), s e [Ty\J]ND,

for all N large. Since the quantities on the left-hand side of (7.28) depend on ¢ continuously,
one can clearly choose Cy(t, N) to be a continuous function of ¢ and §. Hence, a simple
compactness argument shows that the estimate (7.28) is (s, t)-locally uniform. In addition,
notice that ¢, is monotone on each connected piece of Ty \ (J; U {c}). Therefore, |eN®<()|
achieves its largest value on (I'; \ J;) N D either at ¢ (when ¢ belongs to I'y) or on 0D. Then,
assuming n = N, it follows from the properties of the function p(¢) in (6.20) and the way
we construct the conformal maps in (6.11) and (6.19) that Cy(¢, N) is bounded away from
1 on closed subsets of Cg,, and Cé’irth, and subsets T' C Ogpe—cut satisfying (4.1). That is,
(7.28) is strongly (s, t)-locally uniform in the notation of Definition 4.2.

Lastly, recall also that the arcs J1 were chosen so that Re (¢3(s)) > 0 on Jx N D. In fact,
we can choose them to be level lines of Re (¢y). Clearly, the maximal level will depend on
the maximal value of Re (¢3) on OU,U0U, (also on OU, when t € Cqyic) as well as Re (¢ (c)).
Therefore, there exists a constant 0 < Ca(t,d) < 1 such that

(7.29) |F2N=m) (5)e= N | < OV (¢,6), se JenD.

Again, it holds that Cy(t,d) depends on its parameters continuously and is bounded away
from 1 when ¢ belongs to closed subsets of Ogne—cut \ {tct, ez’ri/?’tc,} and n = N.
Summarizing, we get from (7.26), (6.25), (7.28), and (7.29) that

(7.30) A =0 (max {CY(t,6),C (t,0)}) on Zg\|JoU..

Estimates (7.27) and (7.30) show that A is uniformly close to zero on X g. Since the entries
of A are geometrically small as I'y 3 s — 00, A is close to zero in L?-norm as well. Then it
follows from the same analysis as in [14, Corollary 7.108] that R exists for all N large and

(7.31) |R—1I| <co(t,6)N—

in any matrix norm, where cq(t,0) continuously depends on ¢ and 4, blows up as § — 0
or t — o0, but is bounded as t — oo along either C{, ., Cgirth, or subsets T C Ogne—cut
satisfying (4.1) when n = N.

7.7. Solution of RHP-Y. Given R, the solution of RHP-R, it is straightforward to verify
that RHP-S' is solved by
RM in D\ [T \J)UJpUdJd_|,
(7.32) S= m DA[CAJ) U Ty U]
RP, in U.,.
Let K; be a compact set in C\ T';. We can always adjust quantities d, in (6.6) and (6.18)

as well as the arcs Ji so that K; lies entirely within one of the unbounded components of
the complement of X . Then it follows from (7.2), (7.6), and (7.32) that

(7.33)  Y(2) = ((b—a)/4) "7 NGO 2R(2) M (2)eN 00+ /273 pln=Nos ()
on K. Subsequently, by using (4.14), (7.7), and the definition of F', we see that

Y]i1(2) = ([Rlii(2)[M]11(2) + [R]i2(2)[M]21(2)) DV " (25 t) e
= ([Rli1(2) + [Rh2(2)F 1 (2)) A(z; ) DN =" (2;)em9(=0).

Equation (4.17) now follows from (6.28) and (7.31). To handle compact sets K; in C\
(Je U{c}), it is enough to consider only the sets belonging to sufficiently small Hausdorff
neighborhood of T';. In this case the curve I'; can be deformed locally around K in such a
fashion that (7.28) still holds on a deformed curve, perhaps with a different constant. As
the rest of the analysis is the same, the full claim (4.17) follows. The (strongly) (z,t)-locally
uniform character of (4.17) follows from the continuity properties of ¢o(t,d) in (7.31).
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Take now K; C I'y(a,b) \ {c}. Then it follows from (7.2), (7.6), (7.32), and (4.14) that
Y] = (Rl ([M]is £ (Ml FEY eV ) s pY =y

+ [Rhz ([M]ars + [Mggs FEN e Nors ) enos pY=,
Hence, we get from (7.7), (6.23), (6.4), (4.14), and some algebra that
[th = [Rhl (A+Df—neng+ + A_D]_V—neng,) +
+ [R]12 (B4 DY "e™9+ + B_DN""em9-)
Therefore, we deduce from the definition of F' that
(Y] = ([Rlu1 + [RhoFy ') Ay DY e™* + ([R]iy + [RhioFZ') A_DY e
Formula (4.18) now follows from (6.28) and (7.31).

8. ASYMPTOTIC EXPANSIONS

In this section, we first improve (7.31) to a full asymptotic expansion following the tech-
nique of [16, Theorem 7.8 and Theorem 7.10]. Then we show how recurrence coefficients
appear within the matrix Y and use (7.33) and the expansion of R to prove Theorem 4.5.
Next, we discuss the so-called string equations and prove Theorem 4.8 using them. Finally,
we employ Theorem 4.5 and Toda equation (1.29) to prove Theorem 4.3.

8.1. Error matrix R. Let us show that

(8.1) R(z) ~ I+ ri(zin— N)N~*,
i=1

(strongly when n = N) (z,t)-locally uniformly in C, see Definitions 4.1 and 4.2. Indeed, as
shown in [16, Theorem 7.8], it holds that

(8.2) R:I—i—iC(CZ(I)A),
k=0

where, as before, C is the Cauchy transform, A was defined in (7.25), and

(8.3) Ca(F):=C_(AF), F cL*(Zg).

It follows from (7.27) and (7.30) that

(8.4) Call = O (N0

(strongly when n = N) t-locally uniformly. Define
-1

(8.5) A(s) = N~ (MF<"—N>”3Pe,kFW—")%M—l) (s)N~F, seaU.,
k=0

and set A; =0 on Xg \ |JOU.. Observe that the coefficient next to N~F depends neither
on n nor N individually, but does depend on the difference n — N. Clearly, it follows from
(7.26) and (7.30) that A; approximate A, that is,

(86) A=Al + 1A = Adllpamg + A = Al (s = 0 (N7

(strongly when n = N) t-locally uniformly. Define Ca, as in (8.3) with A replaced by A;.
Clearly, Ca, satisfies (8.4). Moreover, it holds that

-1
(8.7) R-I-) c(ck,(ma)=0 (N—at(l-i-l))
k=0

(strongly when n = N) (z,t)-locally uniformly in C. Indeed, similarly to (7.31), equations
(7.27), (8.4), and deformation of ¥ g technique yield that

(8.8) ic (ckma)=o0 ( N—at<z+1))
k=l
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(strongly when n = N) t-locally uniformly. Furthermore, it holds by (8.6) and an analogous
argument that

-1
(8.9) SYe(ehma-ay)) =0 (N—(a,,m)
k=0

(strongly when n = N) t-locally uniformly. Finally, were deduce from (8.6) and deformation
of ¥ r technique that

-1
(8.10) Y c((CAI) —Ch, () A) =0 (N—<2at+l>)
k=0

(strongly when n = N) t-locally uniformly. Estimates (8.8)—(8.10) imply (8.7). Now, to
derive (8.1), it only remains to notice that C (I)A; has an asymptotic expansion in powers
of N~™%t whose coefficients up to the order | do not depend on [ or n, N individually.

8.2. Recurrence coefficients. It follows from (1.27) and (1.28) that
,Yg(t7N) = hn(taN)/hn—l(t7N)a
ﬂn(t7 N) = (Pn)nfl - (Pn+1)n7
where we write P,(z;t,N) = 2" + ZZ;S(Pn)kzk. Hence, we get from (7.1) that
1((P)no1 —2= 1 Y (n;t, N 1
Y(2)z7"? =1+ — <( gm' ! 27”) +0 <2> =TI+ Ya(mit, N) +0 () .
z = * z z

22

hp—1

Therefore,

(8.11) { vﬁ(t,N) [Yl(n;t’N)] 12 [Yl(n3t7N)] 217

ﬂn(tvN) = [Yl(n;t7N)]11 - [Yl(n+lat7N)]11
We deduce from (7.33), (4.14), (3.7), and the definition of F' that

(n—N)o )
Y (2)2 "0 = (b a> ? NEou/2 (IJr Ri(n;t,N) JrJ\/Il(t)+

4 z
+nG1(t)03 + (N —n)D:(t)os Lo <1>> NEas /2 (b_a>(Nn)03
z 22 1 ,
where we write
G = 2+ Gl +0(:),
D(zit) = 1+27'Di(t) +O(7?),
K(z) = I—|—z—1K1(n;t7N) +O(z_2), K € {M.R).

In fact, it follows from (4.12) and (6.22) that D;(t) = 1/422(t), and analogously we deduce
from (4.14) and (4.16) that G1(t) = —z(t) + 1/42%(t). Further, using (7.7), (4.15), and (3.7)

we see that
0 —1//22(t
M Vo

1/+/2x(t) 0
Therefore (8.11) can be rewritten as
(8.12) Tt N) = —1/(2z(t)) + ([Rili2 — [Ri]21)/v/22(t) + [Ri]12[Ri]2n

' Bu(t,N) = a(t)+ [Ri(nit,N) — Ri(n+ 1;t,N)| .

Hence, (4.4) follows from (8.1) and (8.12). Moreover, as 7% (t, N) is expressed only through
R, (N;t,N), its expansion is strongly ¢-locally uniform.

To see the analyticity of Gi(t;n — N) and Bi(t;n — N) in Ogpe—cut, We need to examine
the dependence of Ry on t. To this end, write

-1
(8.13) R, = ! <Z CX, (I)Al> (s)ds+ O (N_(l+1)) ,

211 uau, =0
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which we can do according to (8.7), where A, is given by (8.5). Notice that on each U, the

function A; is a trace on 9U, of a meromorphic matrix-valued function in U, with a single
pole at e. Indeed, it is clear that A; is holomorphic in U, \ J; and on J; it holds that

-1

—a n—N)o 0 1 — N—n)o —

A N-eepg pn=Nes (_1 0) <§ P, N ’f) FNTmMos ot
k=0

-1
NfagM_FEan)a‘q, <Z Pe,k—Nk> (_01 é) Fj_an)Ungl =A,,
k=0

where the first and the last equalities follow from RHP-M (b) and (6.23) while the second
can be verified by using the explicit expressions (7.12) and (6.9), (7.15) and (6.14), (7.21)
and (6.17). Hence, A; is indeed meromorphic in each U, with a pole at e. From this, it is
easy to see that CX (I)A; is a trace on QU of a meromorphic matrix-valued function in U,
with a single pole at e. In particular, the integral in (8.13) does not depend on the radii of
the disks U,. Thus, its t-dependence comes only from the points a,b,c and the conformal
maps constructed in (6.11), (6.14), (6.17), and (6.19). It follows from Proposition 3.1 that
a(t), b(t), c(t) are holomorphic functions of ¢ € Ogne—cyt With holomorphic continuations
across each of the arcs Cspit, CZ ., and CZ ., . The conformal maps (—¢,)%/® and (—¢p)%/3,
see (6.11) and (6.2), have the same type of dependence on ¢t. Thus, we indeed see that the
functions R; are analytic functions of ¢ € Ogpe_cut-

Let now n = N. The first claim of (4.6) was derived in [7, Corollary 4.2]. Observe that
to show the second claim, it is enough to prove that

(814) Ri= Y (—P2j+1 Q2j+1>N_zj_1+ ) (pzj ZZ)N_QJ'JF

1<2j11<i-1 q2j+1  P2j+1 a<hici 1 —q2j
e (N—<z+1))

for some constants pg, gk, as then it obviously holds that [R;]12 — [R1]21 and [R1]12[Ri]e1
have asymptotic expansions only in even powers of N 1. Using (7.12) and (7.7), it is tedious
but straightforward to verify that the expansion for A; has exactly the same form as the
right-hand side of (8.14) (without O-term), where

pai v (s2 ) (—e/2)7,

q2; o dee(s2; — tag) (—de/2) 7%,

poj+1 > 20AB(s2j41 + taji1 +Ee(S2j41 — toj41)) (—0e/2)"H L,

G241 —2AB(ec(s2j41 — toja1) + S2j41 + bojp1) (—¢e/2)"H L,
on OU,. Clearly, Ca,(I) = C_(A)) also has the same form as the right-hand side of (8.14).
Another boring computation shows that the product Ca,(I)A; has the same form as well.

By induction, we get that all the summands under the integral sign in (8.13) have this form,
from which (8.14) clearly follows.

8.3. String Equations. To prove Theorem 4.8, we need to introduce discrete string equa-
tions (see, e.g., [9]):

, n
’Yn[v (Q)]n,n—l = N 5
[V/(Q)]nn =0,
where [A],m is the (n, m)-th element of the matrix A,
oo 11 0 0O
N B2 0
Q=10 7 B

0 0 7 pBs

and 7, and 3, are recurrence coefficients (1.27) for polynomials satisfying orthogonality
relations (1.26) with respect to a potential V. For the potential V as in (1.24), the discrete
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string equations become
2 n
[-@ +t1]m =0,
where, this time, I is the semi-infinite identity matrix. This gives the equations
n

2 —_
(815) ’yn(ﬁnfl + Bn) N )

Vnsr +om+ B =
To prove (4.9) using (8.15), let us set

n+1/2 —2/3 n\—2/3 v3/2
U.—( N ) and u*—(ﬁ) = 1_W

~

Then for all N large, the value By(t,u,) can be computed as a series

o] ) 03/2 —-2/3 @
k(L ) 11— — -1] .
“ (- 5)

i=

—2/3

Using the Taylor expansion of (1 ( x)” 2/3 at the origin, we can rewrite the above expression
as a series in powers of N with coefficients that are holomorphic in N functions. Thus, (4.8)
can be equivalently written as

N) ~ Zék(tvv)Nika
k=0

where the functions By (t,v) are holomorphic in /. Hence, to prove (4.9) we need to show
that Boj_1(t,v) = 0 in . To this end, let us represent each By (t,v) as a series in powers

of N=L:
o _ —2/3
~ . n+1/2 2/8 ul'?
v) :}:OBk’j(t,u*)N 7 v= ( N ) =u, |14 5N .

Notice also that
(8.16) Bro(t,u) = Br(t,u) and Boo(t,u) = z(tu)/ /.
Then it also holds that

oo —2/3 3/2\ ~2/3
~ s n—1/2 Uy
B jz:o Brglhywall =), - w = ( N ) - <1 TN ) '

Hence, we get that

(8.17) Bn(t, N) + Bn_1(t, NQZ ZBkQJtu* “2 | Nk,

with the expansion valid locally uniformly in both variables. Then the constant term in the
expansion of v2(8,_1 + 3,) is equal to
_2Booltw) _ sp
2u,x(uyt) - N
by (4.8) and (8.16). Thus, it follows from the first relation in (8.15) that the rest of the
terms in the expansion of 2 (83,_1 + 3,) must be equal to zero. The N ~!-term is given by

_ §2H1,o(t,u*) _ _521+1(t’u*)
Us (U l) Use T (U l)

by (4.8), (8.17), and (8.16). This implies that By (f,u,) = 0. As we can vary n and N, the
last equality holds on a set with a limit point in A;. Hence, El(t, -) = 0 by holomorphy in
the second variable. Assuming that By_q(¢,-) = 0 for all | < L, we get from (4.8), (8.17),
and (8.16) that the N~ L+ _term in the expansion of v2(3,_1+4 3,) is given by (8.18) with

(8.18) . 1=0,
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Il = L. Previous argument yields that §2L+1(t, ) = 0 and the desired claim now follows
from the principle of mathematical induction.

8.4. Free energy. In [6, Proposition 5.1], it was shown that the free energy Fy(¢) and the
recurrence coefficient vy (t, N) satisfy Toda equation (1.29) for all real t > t.,. It was further
shown in [6] that

2 1 torT 1 1
1 F = 23/2 _ Zog(4 +// 2(0,N) — —— — —
(8.19) N (t) 3t 1 og(4t) v (o, N) 5/ o? dodr,

o o0
where the integrals are taken along positive reals. It was also proved in [6] that an asymp-
totic expansion for Fy(t) can be obtained by simply plugging the asymptotic expansion
for 4% (t, N) into (8.19) and integrating term by term; that is, (4.2) is valid uniformly on
closed subsets of (tc;,00), where the functions F(2%)(t) can be computed via the following
equations:

FO®@) = 21y (4t)+/t/T S D ) ear
-3 1% o\ 22(0) 2/ 402 ’
t T
FCR @) = //sz(U;O)dodT7 k>1,
(oo} [ee]

(the integrals in (8.20) are well defined as it was shown that Ga(t;0) = O(t~7/2) and
z(t) = =Vt + 2% + O(t*‘r’/z) uniformly as Ogpe_cut 2 t — 00).

Since Zn(t) is an entire function of ¢, the free energy Fi(¢) is a meromorphic function
of the parameter t. Hence, Toda equation (1.29) extends to the entire parameter plane.
Recall that 7% (¢, V) are holomorphic functions of the parameter ¢ on each closed subsets
of Ogne—cyt satisfying (4.1) for all N large enough (depending on the subset). Hence, using
(3.4) and some algebra, we can rewrite (8.19) as

FN(t):lfng(t)félog —2x(t / / (ny (o, N) + 72 )+20$ (o )>d0d7,

where 2/(t) is the derivative of x(t) with respect to ¢. Hence, for any closed subset T C
Oone—cut satisfying (4.1) there exists a constant N(T') such that the functions Fy(t) are
holomorphic on T. Similarly, we see that the functions F(?¥)(t) are in fact holomorphic
in Ogpe—cyt and can be holomorphically extended across Cspiit, Cgiyyy, and C’fjirth. This, in
particular, gives formula (4.3). Thus,

K-1 t T
Fu(t)— 3 F@O (N2 :/ / (w o, N) Z Gian (£ 0) —2k> dodr = O(N—2K)
k=0 o0

o0

(8.20)

uniformly on closed subsets of Ogpe_cut satisfying ('4.1)7 which implies that asymptotic ex-
pansion (4.2) does indeed hold in Ogpe—cut as claimed.
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